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FIRST COUNTABLE HYPERSPACES

R. E. SMITHSON

ABSTRACT. An example is given which shows that the space of compact
subsets K (X) of a first countable space X need not be first countable in the
finite topology. Further, it is shown that if K (X) is first countable then each
compact subset of X is separable. Finally a characterization of ¥ (X) first
countable in terms of a weak second countability condition is derived.

1. Introduction. Let X be a topological space and let K (X) be the set of
nonempty compact subsets of X. If U}, ..., U, are open subsets of X, then a
base for a topology on K (X) is generated by sets of the form (U,, ..., U,»

={KeXX): KcU!”_,U,KnU #@,i=1,...,n}. This topology
is called the finite topology and was studied extensively by Michael [1]. (In [1]
the topology was studied for the set of nonempty closed subsets and the
nonempty subsets of X as well as K (X).) In [1] Michael asserted that a space
X is first countable if and only if 9 (X) is first countable (Proposition 4.5,
Part 3). It is easy to see that if  (X) is first countable,then so is X. However,
the purpose of this note is to show that X first countable does not imply that
H(X) is first countable. In §2 we give an example of a first countable,
compact, Hausdorff space X such that K (X) is not first countable. Next we
prove a theorem which gives a necessary condition for K (X) to be first
countable. Then we derive a characterization of spaces in which X (X)) is first
countable based on the basic open sets defined above for the finite topology
and on a countability condition on X. Finally we introduce another counta-
bility condition and ask some related questions.

2. First countable hyperspaces. Before presenting the example we need the
following lemma.

LEMMA 1. Let U =<U,, ..., Uy and NV =(V,,..., V> be two basic
open sets in the finite topology on K (X). Then V' c A if and only if for each
U, there is a V; such that V.c Uy and U»-.V c uy”

l—]

Proor. First suppose ¥ C Q. Then U j,,V C U,_,U Otherwise let
x; €V, fori=1,...,k and x,,, be a point of U ,,Vj which is not in
U,_,U Then {x; ’j IL...,k+1} € V\aL. Next suppose that there is
aUsuchthatV\U#Qallj ...,k and let x; € V;\ U,. Then {x;:
j= ., k} € ‘V \ 9 . Hence, for each U, there is a v, such that v, C U
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Now to prove the converse let K € H(X) and K € V. Then K C
Uf.,¥; and thus K C U7, U, Further, let ¥, be such that ¥, C U,. Then,
since KNV, #@,Kn U #@. Hence, KN U; # Q@ foralliand K € U.
Then V c Q.

The space used in the following example is Example 97 in [2].

ExampPLE. Let X consist of fwo concentric circles C,, C, in the plane.
Assume that C, is the outer circle. A subbase for the topology on X is
constructed as follows. First let each singleton in C, be open. Then take an
open interval of C, together with all of its radial projection on C, except the
midpoint of the projection.

With this topology X is first countable, Hausdorff and compact. Further-
more, if K is a closed (proper) subinterval of C, together with its radial
projection, then K is compact. Let (k,, k,), (k5, k), . . ., (k,_, k,) be a finite
set of intervals of C, which cover K n C,. Letc,, ..., c, be the midpoints of
the projections of the intervals (k,_, k). Finally let a, b be the endpoints of
K n Cyand U,, ..., U, be the open sets generated by the intervals (k,_, k).
Then U = (U,,..., U, {¢,},...,{c,}, {a}, {b}) is an open set contain-
ing K when ¢, € K. Next if & c U, and if V ={V,,..., V,), then for
each singleton {c;} there must be a V; such that {¢;} = V. Since K N C, is
uncountable, there are an uncountable number of ways of constructing the
set Q with different singleton sets. Thus there cannot be a countable basis
for the neighborhoods of K in K (X).

Next we give the theorem referred to earlier.

THEOREM 2. Let X be such that each compact subset is regular. If W (X) is
first countable, then each compact subspace of X is separable (in the relative

topology).

PROOF. Suppose that ' (X) is first countable and let K ¢ X be compact.
Let % (K) be a countable base for the neighborhoods of K in K (X). We may

assume a member B, of B (K) is of the form (Uf, ..., Ur) where UF is
open in X. Assume k is fixed and pick a point g, ; € UF N K for each
i=1...,m, and set 4, ={q,,;: i=1,...,n}. Now set 4 = U A4,

We claim that 4 is dense in K. For let x € K and let U be a K-open set
containing x. Let V' be a K-open set such that x € V C V* C U where V*
denotes the closure of V' (in K). Then there exist open sets (in X) W, and W,
such that U= K N W, and K\ V* = K 0 W,. Since K € (W,, W,) there
is a member B, of B (K) such that K € B, c {(W,, W,) and hence, by
Lemma 1 a set U* c W,. Thus a,, € U. Hence, 4 is dense in K and
therefore each compact subset of X is separable.

REMARK. Theorem 2 could have been used to show that K (X) need not be
first countable whenever X is. In fact Theorem 2 could have been applied in
the above example.

Now by means of the following definitions, we give a characterization for
H (X) to be first countable. In this definition a proper cover of a set A is a
cover A such that U € QU implies that U N 4 # Q.

DEFINITION. A topological space X is called compactly second countable if
and only if for each compact set K C X there is a countable collection of
open sets B so that whenever {U,, . .., U,} is a proper cover of K there is a
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proper cover {V,..., ¥, } C B of K such that UJ_, ¥, c U/.,U, and for
each U, thereisa V; with V, C U,.

THEOREM 3. A space X is compactly second countable if and only if K (X) is
first countable.

PrROOF. Let X be compactly second countable and let K € K (X) with %
the given countable collection of open sets. Let % (K) be the collection of
open subsets of J (X) which are constructed from the finite proper covers of
K contained in % . Then % (K) is countable. To see that it is a base for the
neighborhoods of K let K € (U,, ..., U,>. Then {U,, ..., U,} is a proper
cover of K. The definition of compactly second countable and Lemma 1
imply that there is a proper cover (V, ..., V,} of K in % such
that <V, ..., V,> c U, ..., U, Thus K (X) is first countable.

Next let K (X) be first countable. Then for K € ¥ (X) there is a count-
able base 9B (K) for the neighborhoods of K. We may assume that each
member B, of B (K) has the form B, = (Uf, ..., Ux>. Nowlet B = (UK
k>, 1<i<n} If (U,...,U,} is a proper open cover of K, then
(U, ..., U, is an open set containing K. Thus there is a B, € B (K) such
that B, C (U, ..., U,)> and {Uf, ..., Uk} is the desired proper cover in
% . Hence, X is compactly second countable.

By combining Theorems 2 and 3 we obtain

COROLLARY 4. If X is a compactly second countable, regular space, then each
compact subset of X is separable.

REMARK. If X is compactly second countable, then each compact set is in a
sense weakly second countable in the relative topology. But it does not
appear to imply that a compact subspace is second countable. Moreover, the
assumption that each compact subspace is second countable (in the relative
topology) does not imply that X is compactly second countable. For there is a
subspace of the Tychonoff plank in which each compact set is metrizable but
the space is not first countable. Thus we ask the following question.

QuEesTiON 1. Under what conditions is a space whose compact sets are
second countable compactly second countable?

Next we introduce another similar definition.

DEFINITION. A space is called compactly first countable if and only if each
compact subset has a countable base for its neighborhoods.

REMARK. It follows from the definitions that a compactly second countable
space is compactly first countable. Hence, if K (X) is first countable, then X
is compactly first countable. Moreover, it is also straightforward to show

PROPOSITION 5. If X is metrizable, then X is compactly first countable.

It is not known whether or not Proposition 5 can be extended to general
first countable spaces. Thus we end with some questions.

QuEsTION 2. The example given above is a first countable space which is
not compactly first countable. Thus what additional conditions are needed in
order that a first countable space be compactly first countable?

QuEsTION 3. Under what conditions is h (X) first countable for a com-
pactly first countable space?
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