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CESARO SUMMABILITY OF THE CONJUGATE
SERIES AND THE DOUBLE HILBERT TRANSFORM

Abstract. Uf(x,y), a 2tt periodic function in each variable, has a modulus

of continuity wy(6) = o(l/log(l/ô)) then

¿n(x,y,f)

.       -      lf(x + u,y + v) - j(x -u,y + v) -fix + u,y - v) + f(x - u,y - o)l
— I      /      - du dv

h/nh/n 4 tan(u/2)tan(i)/2)

—» 0    uniformly in (x. y)

where 5„(x, y, f) is the first arithmetic mean of the conjugate series. This

theorem is best possible in that o(l/log(l/5)) cannot be replaced by

0(l/log(l/o)).

Given a 2tt periodic function f(x, y) we shall define f(x, y), the conjugate

of f(x, y) with respect to the double Hilbert transform, to be

lim
e,7)-»0

J_  r* r* lf(x + u,y + v) - f(x - u,y + v) - f(x + u,y - v) + f(x - u,y - y)]

tP- Je  Jt, 4 tan(u/2)tan(u/2)

In [3, p. 170] K. SokohSokotowski proved that if f(x, y) is 2vt periodic in

each variable and belongs to the class Lp, p > 1, then f(x, y) exists almost

everywhere.

In this paper we shall show that if f(x, y) is sufficiently continuous then

°n(x,y,f)

[f(x + u,y + v) — f(x — u,y + v) — f(x + u,y — v) + f(x — u,y — v)]

-if\/nJ\/n 4 tan(u/2)tan(ü/2)

^0    uniformly in (*,>•).

where 5n(x,y, f) is the first arithmetic mean of the conjugate series.

Before we proceed we shall need the following definitions and inequalities.

Define

1    {*   rv   [f(x + u,y + v) - /(x - u,y + o) — f(x + u,y — o) + f(x - u,y - v)]

\/J\/n 4 tan(u/2)tan(ü/2)
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178 J. O. BASINGER

Sn(x,yJ) - -T I     /    /(x + m,7 + ü)5„(i/)f5„(o) cfw at>

= -r r ru*,*+**+»)-/(* - «.j«+o)
7T  •'O   ■/0

-/(jc + «,y - o) + /(x - w,y - u)]5„(«)5„(tj) du ou,

where

n

5„(") = 2 (sin(*u))(#i + 1 - *)/ (« + 1)
* = i

= | tan(u/2) - sin(« + \)u/ (n + 1)(2 sin(w/2))2

= i tan(«/2) -//„(«)

is the first arithmetic means of the conjugate Dirichlet kernel. It is well known

that

8„(X)   >   0, 0   <   X   <   77,

|5„(x)| < n/2,    \5n(x)\ < i4/jc,    |W.'(*)| < ¿/(/i + l)x2.

Theorem 1. Let f(x,y) be a continuous 2m periodic function with modulus of

continuity wf(8) = o(l/log(l/ô)). Then

fan  5„(a, b,f) - fx/„ (a, b) = 0    uniformly in (a, b).

oss of generality let a = 0 and 6 = 0.  By definition,

„ nx      if« /•" I/UjO -/(-*,.y) -/(*, -jO +/(-*, -j>)1   .   ,
/./.(0.0) = ?/    r-4tan(*/2)tan(,/2)- **

5.(0,0,/) = 3 r('[f(¿y)-f(-x,y)-f(x, -y)+f(-x, -y)]
77      •'O   •'0

Let

and observe that g(x, y) has a modulus of continuity vvg(5) < 4wy(<5) =

o(l/log(l/<5)). Since g(x, 0) = 0 for all x and g(0, y) = 0 for all y, we have

\g(x,y)\ < min(0(l/log(l/x)),a(l/log(l/7))).

We can now write

1 fit    f*7T

5,(0,0,/)-/,/„ (0,0) = i rrg(x,y)5„(x)5n(y)dxdy
IT     J0   J0

J_  /•«   /•* g(*,>0
772 J\/nJ\/n 4 tan(x/2)tan(^/2)

Since
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'\/nJ0
f f   "\g(x,t)\5n(x)5n(y)dxdy

<['  ¡Uno(\/\ogn)(n/2)5n(y)dxdy

<   o(\/log n) T S„(y)dy =  0(1)
-'l /„'!/«

and

("f   "\g(x,y)\Sn(x)5n(y)dxdy

r \/n r\/n n2

< o(l/logn)[      f      \ dxdy
J0      J0 4

= o(l/\ogn),

we can rewrite (1) as follows:

°(l) + -2 i Í s(^y)[-(nn(y)/2^(x/2))

(2)

- (77„(x)/2 tan(y/2)) + H„(x)Hn(y)] dx dy.

Choose 0 < a < 1 and break the integral in (2) into four parts:

(3) p    p    +p     ,l/*^rl/.'r    +fi/»'fVn*

J\/n"J\/na      J\/n'J\/n J\/n     ■'l/n"       J\/n     J\/n

The first of these is majorized by

(4)    CXJte'Á ^4*+ jn-úyV2 + ̂ i^y}dx +■

Setting G = max|g(jc,>>)| we can bound (4) with

GA[0(na log na/ (n + 1)) + 0(na log na/ (n + 1))

+ 0(n2a/(n + l)2)] = o(l).

The second and third regions in (3) are majorized by

hln-hln       S\ »a I
+ + dx dy

(n + \)y2x   '   (n + \)yx2   '   (n + ifxY

= Wj(^)[0(««log/i/(n+ 1))+ 0(nlogna/(n + 1))

+ 0(n°n/(n+l)2)]

=  0(1).

The fourth region is majorized by
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rl/n« rl/n"      I    \    \

L L m^) + dx dy
(n + l)y2x       (n + l)x>>2       (« + ifxY

= wg(^-)[0(«log«/(«+ 1)) + 0(«log«/(«+ 1))

+ 0(«2/(«+l)2)]

-o(l).

Therefore

lim  5„(0,0,/)-/1/n(0,0) = 0.

In order to show this theorem is best possible, we shall construct a

continuous 2-n periodic function / with modulus of continuity wy(S) =

<9(l/log(l/5)) for which lim^^iO, 0,/) - fx/n(0, 0) ¥> 0.
Let

nk = 2<2*> + 1,

&(*) =

1/I0g(l/(X-T7/«J),

l/l0g(l/(277/«,  -X)),

0

m/nk < x < 3m/2nk,

3m/2nk < x < 2m/nk,

otherwise,

and h(x) = 1,'£=xgk(x). Since the support of the gk(x), k = 1, . . . , are

disjoint, the modulus of continuity wh(8) of h(x) is equal to sup/fewa(5). But

each gk(x) has a modulus of continuity wg (8) = l/log(l/<5); therefore wh(8)

= l/log(l/ô). Next we define

f(x,y) =

0<x<77, 0 < y < x,

0<x<m,x<y<m,

-m<x<0, OT-m<y<0,

h(y)

h(x),

o,
_ •      Í • 1

277 periodic,        otherwise.

The function f(x, y) is a continuous 277 periodic function with modulus of

continuity wy(fi) = l/log(l/ô).

Since f(x, y) is 0 for — 77 < x < 0 or — 77 < y < 0,

5„(0, 0,/) - /1/n(0, 0)   = -L  r rf(x,y)5n(x)5„(y) dx dy
77   -'0 •'o

l   ff /•» f(x,y)

772 k/Ji/H 4 tan(x/2)tan(.y/2)
dy dx.

Since f(x, y)5„(x)d„(y) > 0 for {(x, y)\0 <x<m, 0 < >- < 77},

5„(0,0,/)-/1/n(0,0)

1

\/nJ\/r,

>\T  r f(x,y)[5n(x)5n(y) - Ï cot(x/2)cot(7/2)] dy dx.
m2  J\/nJ\/n L
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For \ < a < 1 we shall break the integration into four regions.

From the proof of Theorem 1 we have that the first of these regions is

O (n2a/n2). Because f(x, y) is symmetric about the line^ = x, the integrals of

the second and third regions are equal. In the second region

i'    f1/n"f(x,y)[5n(x)ën(y) - \ cot(*/2)cot(>/2)] dy dx

(5)

= /      /'    h(y)
J\/naJ\/n

-H„(x) Hn(y)

2 tan(.y/2)        2 tan(x/2)
+ Hn(x)Hn(y) dy dx.

Breaking the right-hand side of (5) into three parts we have that the first of

these is

/•»     ri/n" h(y)H„(x)

J\/n'J\/H    2tan(>/2)

(6) /•* ri/n'      h(y)= L°~HÁX)     L    2^ijj2)dy-

From its definition /¡(0) = 0 and h(y) < l/log(l/y). Therefore (6) is majorized

by

0(na/n)0 C/n \/y \og(\/y) dy

0(na/n)0(-\og\ogn" + log log n)

= 0(\/nx~a).

The third part of (5) is majorized by

wh(*){'    (l/"°-—■,- dydx= 0(\/nx-a).
hK   [h/n'h/n      (n + \)2xY

The second part of (5) is

K«    r\/n"h(y)Hn(y)

(7)
x/nJx/n     2tan(x/2)   Jy UX

ÇTT Ç 1

J\  I„*J\  I

= -a(0(\) + log n) f1/n"h(y)Hn(y) dy.
J] /n

For n = nk — \ where k > k0(a) sufficiently large

(8) h(y) =

0, 1/rt < y < tr/nk,

gk(y)> */«* < y < 2tr/nk,

0, 2ir/nk <y < \/na.

Therefore (7) becomes
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-a(0(\) + log«)   ç2m/nk gk(y) sin(« + \)y
—  I -r— dy

K/nk (2 sin(.y/2))2« + 1

a(0(\) + log«)   flv/Ank gk(5m/4nk)(-sin(5m/4))

J5n/4nk« + 1 Js*/4nk (2 sin(y/2))2

ot(0(\) + log«)(-sin(577/4))   f7v/4nk a

(9)

(« + 1) \og(Ank/m)

> c > 0.

From symmetry and (8) we have that the 4th part is

Çlv/4nk   A       ,
J ~   dy
J5w/4nk     y¿

Jit/nk

+ f2./*kn/n-2Hy)
J"/i>k    J2iT/nk

Hjy) ",W
2 tan(x/2)       2 tan( v/2)

+ Hn(x)H„(y) dx dy.

Since Hn(x) < 0 for 77/«^ < x < 2m/nk, both the first integral in (9) and the

first term in the second integral are positive. Therefore (9) is greater than

f2^fl/n2h(y)
¿mr In,        *^7w /n,J7r/nk     J2ir/nk

Hn(x)
+ Hn(x)Hn(y) dx dy

2 tan(j>/2)

whose modulus is majorized by

O (-log log(2w/«*) + iog\og(m/nk)) + 0(l/log«) = o(\).

Combining the above results gives

5„(0, 0,/) - fx/n(0, 0) > o(l) + c    for n = 2(2'> - 1.
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