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SOME REMARKS ON SUMMABILITY FACTORS!

LLOYD A. GAVIN

ABSTRACT. Bosanquet [2] showed that a necessary and sufficient condition
for 372 x; ¥y to be Cesaro summable of order n (n is a nonnegative integer)
whenever of(y) = O(k) where o}(y) is the k th Cesiro mean of y of order n
is that 3%, k"1™ x,| < oo and lim,_gkx, = 0. The main result of
this paper is to show that a necessary and sufficient condition for 332 ; x; ¥
to be Cesaro summable of order n (n is a nonnegative integer) whenever
S k™A™ x| < oo and limy o kx, = 0 is that of (y) = O(k).

Introduction. Let the linear space of all complex sequences be denoted by w.
Any linear subspace of w is called a sequence space. A sequence space which
is a Banach space such that for k = 1, 2, ... the linear functionals f,, where
fi(x) = x;, are continuous, is called a BK-space. Let m be a nonnegative
integer, and E a Banach space containing e, = {84}, n = 1,2, .... If
each x € E has the property that

n 1 m+n—k
m J— _ =
o, (x)—k=§:l( n)( )xkekeE for n=1,2,..
n

and x = lim,_, 0}'(x), then E is called a BK-space with (C,m) — AK. It is
well known that (C,m) — AK implies (C,m + k) — AK for k =0, 1,2, ...
andm=0,1,2,....

Let E and F be sequence spaces. (E > F) = {x € w: xp = {0 Jpey € F
forally € E}is called the space of multipliers from E into F. Associated with
each sequence space E are the integrated and differentiated spaces of E
defined respectively by

[E={x € wdx={kn)i, €E),

dE={x Ew:fx={%}:°=] € E}.

The following sequence spaces will be considered.
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[ = {x € w: supg|x;| < o0},

I={x € w: Zp1y x| < 00},

co = {x € w: limy_,,x; = 0},

bvy = {x € w: Tz |xx — x3 41| < o0 and lim_,, x;, = 0},
go=1{x € w: T2, (k+ 1)|A%x,| < oo and lim,_,, x;, = 0},
0, = (x € w: sup[kTISK_ | x,| < o0}

For x € w, set
SS(X)=XI+X2+"’+X",

sn(¥) = 5P (x) + B(x) + -+ + 53(x),

k) =)+ 571 + -+ sk () kn=1,2,3, ...

Set of(x) = s5(x)/("t*), k=10,1,2,...andn=1,2,.... o(x) is
called the nth Cesaro mean of x of order k. If lim,_, o¥(x) = s, we say
32, xp is (C, k) summable and denote this by (C, k) — 372, x, = s.

Fork =0,1,2, --- define

C, = {x € w: lim,_, , 0 (x) exists},

'C, = {x € w: sup,|o¥(x)| < ), and

Opee = {x € w:sup,|n~'ak(x)] < oo}

B = {x € w: 32 ik A x, | < co}and K*FY = hEFY N f ¢ where

Ax, = x, — x,,p and & x, = A (A x,), k= 1,2,3,...,
uk‘JI ={x € w32, (n+ a1 x| < ), and
vkl = pk+l Co-

Let E be a sequence space and » a nonnegative integer. The set of all y € w
such that (C,n) — 32| x; 0, exists for all x € E is called the set of
summability factors of E of order n. Clearly the set of summability factors of
E of order n is the set of multipliers (E — C,). Using the multiplier notation,
Bosanquet [2, p. 296, Theorem A] showed that (g, — C,) = h"*! for
n =0, 1,2,....Our main result stated in multiplier notation is (h'l+l - C,)
= 0,, forn=0,1,2,....(See Theorem 2.12.)

1. Preliminary statements.
1.1 PROPOSITION. Form = 1,2, ..., K™ C n™.

PrROOF. Let m be a positive integer and let x € A™*!. Then
Seo kA ] < oo and limy ., x; = 0. Set g = A™x,; then Ae,
= Am+1Xk. Hence 2;:0:1 km+l|A€k| = 2/20=l k'”“lA'”“xkl < 0. By [l, p.
42, Lemma 6] there exists a number s such that

(i) & = s + o(1/k™*1) and

(i) ZF=; k™ ex — 5| < oo.

Since 4™ C ¢,

. oy am.
(1.2) kh—>n;o g = kh_)n;lo A"x; = 0.

By (1.2) and (i), s = 0. By (ii) 33>, k™|A™x, | < oo. Hence x € A™.
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REMARK. By [5, p. 96, Theorem 3.2, /' C I. Hence h™ C Iform = 1,2, 3,
. (See 1.1)

The following results will be used:

1.3. If E and F are BK-spaces with (C,k) — AK, then (E N F - C})
= (E - Cy) + (F—> C,) [4, p. 156, Theorem 4].

14. If r>—-1,p >0, 2,:°=f kPl x| < o0, then S, kPH|A ! x|
< o0 if and only if 32, kP A (x, /k)| < o0 [3, p. 77).

Ifp=0in 14, wegetforr =1,2,..., dl N dhy*' =dl N v"*'. Hence
for r=1,2,..., In k! —mfu'“ Since h’“ Clforr=0,1,2,

s e ey

(1.5) W = [ugta
2. The space of multipliers from 4" into C,_, .
21LEMMA. I® C 0,1, n=1,2,...

Proor. The proof is by induction. Since a ,, = 0,, the statement is true for
n = 1. Assume

(2.2) I® Copy forl < k<o,

57 (x)

rn+l

23) 5,_'_()9 |

l r
<332

If x € I®, then by (2.2) su&ls""(x)[; < M < 0. Hence (2.3) implies
sup,|s"(x)/r"*!| < M. Thus I® C o, .

24LEMMA. Fork =0,1,2,...,.n=1,2,... and x € w,

sk(dx) = nsk(x) — (k + 1)sk2 ().

Proor. Follows immediately from Abel’s partial summation and definition
of sk(x).

2.5 PROPOSITION. For k =0, 1,2,..., d'C, C op .
Proor. It suffices to show that 'C, C fo,,, for k =0,1,2,.... Let
x €' Cy, then
k
(2.6) sup I (:) =M < oo.
n n
Since 'C C 'Cy4 fork =0,1,2,...,
k+1
Su ' (x) ,
2.7) sup | "5 | =M < oo
n n
for some M’ > 0. From 2.4 we obtain
(2.8) sk(dx) = nsk(x) — (k + )sk*l(x) forn=1,2,.

Now (2.6), (2.7) and (2.8) imply
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sa(d)| _ |sa() sai (x)
nk

k+l

+(k+1)

<M+ k+ DM

N

k+|

for all n. Hence dx € oy o, 1.6, X € [0y o -
29 THEOREM. Forn = 0, 1,2, ..., 0,, = ((6,, = C,) = C,).

Proor. Evidently o, ., C (0,4, — C,) = C,) for all n. Bosanquet proved
that (o, ,, = C,) = B forn =012, . .[2, p- 296, Theorem A). For
n =0, ‘l 2, ..., W = v N n=0, l, 2, ....By|[4, p. 155, Theorem
3L, f u{,’“ is a BK-space with (C,n) — AK. Since [/ is a BK-space with 4K, it
also has (C,n) — AK. From [4, p. 165, Theorem 4]

(@ C) = C) = ([t n 1= ,)

=(fv3+'—>C,,>+(1—>C,,) for n=0,1,2,...

(fvg' > cC,) =d'C,,n=0,1,2,...[4p. 156, Theorem 5. Since / has AK,
(/> C,) = (- Cy) =I®. Thus, by 2.1 and 2.5,

(2.10) (04,00 > C,) > C,) =d'C, +1® C g,
Hence ((0,,, = C,) > C,) = 0, forn=0,1,2, ....
2.11 CoROLLARY. Forn =0, 1,2,..., ¢,, =d'C, +[%.

PROOF. See (2.10) in proof of 2.9.
Our main result can now be stated and proved.

2.12 THEOREM. Forn = 1,2, ..., (" > C,_|) = 6,1 » -
Proor. By 290, ,, = (6, = C,) > C,)forn=10,1,2, ...,
B = (0,1 = Coy) forn=12,...

[2, p. 296, Theorem A]. Hence
(A" > Cpy) = (O4—1,0 = Cpey) > Cpy) forn=1,2,....
2.13 COROLLARY. Forn = 1,2, ..., (W' = C,_;) = C,_,) = h".
PROOF. Let n be a positive integer. (h" —> C,_;) = 0, ,, by 2.12.
(G100 > Cpuy) = H"
by [2, p. 296, Theorem Al.
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