PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 56, April 1976

INEQUALITIES FOR ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE

T. GENCHEV

DEDICATED TO THE MEMORY OF N. OBRESHKOV (1896-1963)—MEMBER OF
THE BULGARIAN ACADEMY OF SCIENCES

ABSTRACT. This paper is concerned with a class of linear operators acting
in the space of the trigonometric polynomials and preserving the inequalities
of the form |S(9)| < |T(9)| in the half plane Im # > 0. Some inequalities for
entire functions of exponential type and some theorems concerning the
distribution of the zeros of the trigonometric polynomials, including an
analogue to the Gauss-Lucas theorem, are derived.

1. Introduction. Using interpolation series, R. P. Boas [1] obtains the
following interesting extension of the classic S. Bernstein inequality:

THEOREM. Let f(z) be an entire function of exponential type o with |f(z)] = M
on the real axis. Then the inequality

M |f(x + iy)e™ + f(x — ip)e™| = 2M(cosh?ay — sinzw)'/ 2w real,
holds.

This theorem, as shown by Boas himself [1], has a number of important
consequences. Our purpose is to give a new proof and some extension of (1).
At the same time our method, which is based on a principle suggested by a
paper of De Bruijn [2], and on a theorem of Obreshkov [3] concerning the
zeros of the rational polynomials, allows us to prove some theorems about the
zeros of the trigonometric polynomials, including a theorem analogous to the
classic Gauss-Lucas theorem.

2. The principle mentioned above is given by

THEOREM 1. Let K be a closed subset of the complex plane C and let O be a
complex linear space of meromorphic functions with poles in K. Further, let
L: 9 — 9 be a linear operator and N the subset of I consisting of the functions
having no zeros in C\X. Then the inequality |f(z)| < |g(2)|, z € C\%X, f, g
€ 9N, implies the inequality |L(f)(z)| < |L(g)(z)|, z € C\%, if and only if
L) C 9

PROOF. Let us suppose that L(9) C N and |f(z)| < |g(z)| in C\XK, but
nevertheless, there exists z, € C\X such that | L(f)(zg)| = |L(g)(zo)|- Intro-
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ducing the functions f—Ag, where A= L(f )(zo)[L(g)(zo)]_l
(A is well defined because g € 9 implies L(g) # 0in C\¥X), we obviously
have f— Ag € 9, since |A\| = 1. Thus L(f— Ag) = L(f) — AL(g) € 9
This is impossible, however, because L(f — Ag)(zy) = 0.

Considering the pair of f, g, where f =0 and g € 9 is arbitrary, we
conclude that the condition L(91) C 9 is necessary.

In the sequel, except Theorem 1, we shall need a slight modification of the
following elementary result due to Obreshkov [3].

THEOREM 2. Let ) be the strip bounded by two parallel lines making angles
of ¢ with the real axis and let all the zeros of the rational polynomial f(z) lie in
. Then all the zeros of the polynomial

F(z) =f(z+h)—yf(z—h) wherel|y| = 1and argh = ¢ + 7/2,
also lie in 9.

Because of the importance of this theorem for our considerations, we shall
outline the proof of Obreshkov.

PrOOF. Let z;, z,, ..., z, be the zeros of f(z) and let zy be a zero of F(z).
Then we have

flzg+h)| )
f—(zg—h) =1 1ie. H

k=1

20+h—2k

zo— h—z, =1

Supposing for a moment that z; lies outside %, we immediately come to a
contradiction, because all the factors |(zg + h — z;)/(zg — h — z,), k = 1, 2,
..., n, are simultaneously less than or greater than 1.

The same reasoning proves

THEOREM 3. Let all the zeros of the rational polynomial f(z) lie in the half
planeIm z = aand let hand k,0 = k = h, h > 0, be real numbers. Then the
zeros of the polynomial f(z + hi) — yf(z — ki), |y| = 1, also lie in Im z = a.

It will be convenient for our purpose to introduce the following
DEFINITION. A trigonometric polynomial of the form

n
) T@) = 3 a,e”, a_,+#0,
y=-—n
having no zeros in the half plane H: Im # > 0 is said to belong to class B,

(In this paper by a trigonometric polynomial of degree not exceeding n we
always mean an expression of the form (2) without any restriction on the
coefficients.)

REMARK. By means of the substitution w = /% and the maximum principle,
it is easily seen that in H the inequality |T(9)| = |T(8)| is satisfied, where
T) = 3"__, a,e”™ and g, is the conjugate of a,. Consequently we have
T(—0) € P, where P is the class of the majorants studied by B. Levin and
others [4, p. 129].

Now we are in a position to prove our main theorem.

THEOREM 4. Let S(0) and T(0) be trigonometric polynomials of degree not
exceeding n and T(0) € B. Furthermore, let S(8) and T(9) be linearly independ-
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ent and satisfy the inequality |S(9)| = |T(8)| on the real axis. Then the inequality
(3) IS@+Ni)— 180 — i) <|T@ + Ni) —+T@ — pi), Im8 >0,
where 0 = p = A, A > 0 and 1| = (cosh(\/2)/cosh(u/2))*", is satisfied.

ProoF. First of all by means of the substitution w = ¢'? and the maximum
principle, we derive the inequality |S(8)| < |T(9)| for § € H. Furthermore,
introducing polynomials S,(6) = S(@ + a), T(#@) = T(@ + a), where a € H
is arbitrary and fixed, we obviously have

(€] 1S, < |1 (0)] forIm @ > —Im a.
Now, setting z = tg(f/2), we obtain
() 5i0) = P@)/(1+ 2", [@) = 0@)/0 +2),

where P(z) and Q(z) are rational polynomials of degree not exceeding 2n.
Since the function z = tg(4/2) maps H to H\{i}and Q(i) = 4"a_,e™""* # 0,
the inequality

(6) PG <102, Imzz0,

follows from (4). Moreover, the relation

Plx)
)

implies (6) in the half plane Im z = —e, where ¢ > 0 is sufficiently small.

In order to apply Theorem 1 let us denote by ¥ the half plane Im z = —¢,
where ¢ > 0 is chosen so that (6) holds in C\%. Let 91 be the complex space
of rational polynomials of degree not exceeding 2n and let 9 be the subset of
M consisting of the polynomials having no zeros outside K. According to
Theorem 3, for the operator

<1, x real,

SO _ ‘S(a +7)
59) T(a x m)

1
x—>*00 9—-+7

L(f)=fz+hi)—yf(z—ki), O0=k=hh>0ly=1f€EONm,
we have L(91) C 9. Recalling (6) and applying Theorem 1 we obtain
(7 |P(z + hi) — yP(z — ki)| < |Q(z + hi) — yQ(z — ki)

in C\X and, in particular, in Im z = 0.
Now let the real numbers A, g, 0 = p = A, A > 0, be arbitrary. Setting
z =0, h = tgh(A\/2), k = tgh(u/2) in (7), by means of (5) we get

lS(a + Ai) — y(%%)an(a - ui)l
<Jrte e )~ o( G573 e w0}

and since « € H is arbitrary, the proof of Theorem 4 is complete.
REMARK. If we have |[S(9)| < |T(8)| on the real axis, then (3) is satisfied in



186 T. GENCHEV

the closed half plane Im # = 0. Indeed, it suffices to note that the inequality
|S(9)] < |T(9)| holds on the line Im # = —e, where ¢ > 0 is sufficiently small,
and to apply Theorem 4 to the pair S(0 — ic), T(0 — ie).

COROLLARY 1. Let us set v = 1in(3) and, after dividing by A\ — p, let A\ — 0,
p — 0. Then we get the known inequality [4]

®) IS’0) = |T'(0), Imé =0,

which obviously includes Bernstein’s inequality. Furthermore, applying Theorem 4

witht = e*", w real, to the pair e=™ S(0) and e~™ T(8), we obtain the inequality

©) le™™S{@ + Ni) + SO — i) < |e™T@O + \i) + ¥ T — pi)l,
Imd >0,0=p=A

50 that the linear operator T(0) — e™™T(0 + \i) + €™ T(0 — wi), acting on the
space of the trigonometric polynomials, leaves the class B, invariant and preserves
inequalities of the form |S(0)| < |T(8)| in the half plane Im @ > 0. Hence it is a
B-operator in the sense of Levin [4, p. 226).

COROLLARY 2. Let us consider the operator
m
LAR)(0) = 20 CRO+(m—v)Ai—wui), O0=p=AA>0,
ye

where f(z) = X)L Czm~Vis fixed, R(9) being a trigonometric 2Zolynomial. If all
the zeros of f(z) lie in the circle |z| = (cosh(A/2)/cosh(u/2))™", the inequality

(10) IL{(S)O) < |L(T)(®B)l, Im8 >0,

is satisfied.

One may prove this corollary by applying Theorem 4 successively with
T= 1Yk =12,..., m where {y,} are the zeros of f(z).
In turn, inequality (10) implies

CoROLLARY 3. If T(9) € B, then L{(T)(9) € B,

Proor. Applying (10) to the pair S(f) = 0, T(8), we see that L,(T)(9) has
no zeros in the half plane Im § > 0. Since L(T')(9) obviously has the form
(2), the corollary is proved.

Now we may state a theorem analogous to a theorem of L. Weisner [6].

THEOREM 5. If T(f) € B, then

(11) LT)(@) = foo_r T(Wd, O0=p=AA>0,

also belongs to P,

Proor. First of all it is immediately seen that L(T)(#) has the form (2).
Since the zeros of the polynomial 3., z” lie on the circle |z| = 1, according
to Corollary 3 the zeros of the Riemann sums
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T,(0) = (“T")’i T(0+%i(m—v)—%i)

v=1
lie in Im @ = 0 and the conclusion follows from the Hurwitz theorem.

THEOREM 6. If the conditions of Theorem 4 are satisfied, the inequality
|L(S)(@)| < |L(T)(8)|, Im § > 0, where the operator L is given by (11), holds.

PrROOF. Let 9 be the complex linear space of trigonometric polynomials of
degree not exceeding n, and 9 = P. According to Theorem 5 we have
L) C 9 and we complete the proof by applying Theorem 1.

Now we need the following

DEFINITION. A trigonometric polynomial of the form

n .
T@) = X a,e”, aya_, #0,
v=-n
will be called balanced.
The following theorem is analogous to Theorem 2.

THEOREM 7. Let T(8) be a balanced trigonometric polynomial with zeros in
the stripa = Im @ = b. Then all the zeros of N(@) = T(8 + \i) — yT(0 — \i),
[yl = 1, A > 0, also lie in this strip.

PrOOF. Obviously T'(f + bi) belongs to B. Applying Theorem 4 to the pair
S(@) = 0 and T(# + bi), we conclude that N(§) # 0 in Im § > b. Since
T(—6 + ai) € B, by the same reasoning N(0) has no zeros in Im § < a.

COROLLARY 1. (Gauss-Lucas theorem for trigonometric polynomials.) If T(9)
is balanced and has zeros only in the strip Q: a = Im 0 = b, the zeros of its
derivative T'(0) also lie in Q.

PrOOF. Letting A — 0 in (T(@ + A\i) — T(# — Ai))/\ and applying Hur-
witz’s theorem, we obtain the proof.

Going into details, one could prove that 77(¢) may have a zero 6, on one of
the lines Im @ = a, Im 6 = b, such that T(f,) # O, if and only if all the zeros
of T(8) lie on the same line [5].

COROLLARY 2. If T(#) is balanced and has zeros only in the strip Q, then all
the zeros of the trigonometric polynomial

LT)6) = [ Td, A >0,

also lie in Q.

ProOOF. This corollary can be deduced from Theorem 7 exactly as Theorem
5 was deduced from Corollary 3 of Theorem 4.

3. Itis obvious that Theorem 4, with |r| = 1, could be extended to the case
when S(#) and T() are entire functions of exponential type belonging to
appropriate classes. Here, for the sake of brevity, we shall confine ourselves to
deriving some consequences of Theorem 4 concerning entire functions of
exponential type bounded on the real axis, including Boas’ inequality.
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Let f(z) be an entire function of exponential type o, subject to the condition
|f(z)] = M on the real axis. According to a theorem of B. Levitan [7, p. 193],
there exists a sequence of trigonometric polynomials S,(z)
= _.a,,e —iroz/n tending uniformly to f{z) on every bounded set, and
such that the 1nequa11ty |S,(z)] = M is satisfied on the real axis. Applying (9)
to the pair S,((n/0)9) and Me™ ~inb_we obtain

e-fws,,(g(o,, + A,,i)) + efws,,(g(o,, - p.,,i))'

=< Mle—ino,,”e—iw-l-n)‘,, + eiw—np,,l

(12)

where §, = oz/n,Imz = 0, A, = oA/n, p, = op/n,0 = p = A, A > 0.
Letting n — o in (12) we get
le™™f(z + Ni) + e"f(z — i)
= Mle WeioleHX) 4 giwomiolz—pi)| 0 < 4 = A Im 2z

(13)

v

0,

in which Boas’ inequality is included.
Finally, applying (13) twice with w = #/2, z real, A = |y|, p = 0 to the
functions f(z) and f(—z), we obtain

(14) If(x + iy) = f()| = M - 1), x, y real,

from which Bernstein’s inequality follows again.
In the same way we deduce from Theorem 6 the inequality

z+Ai _iot
M|[T et
z—pi

IIA

< %ﬁeo(yu) — )|

) |7 0|

where 0 = u = A,y = Im z = 0, and of course, |f(z)] = M on the real axis.

The inequalities (14) and (15) are obviously exact.
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