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ON THE MEAN ERGODIC THEOREM OF SINE
STUART P. LLOYD

ABSTRACT. Robert Sine has shown that (/m)({ + T+ -+ + T""), the
ergodic averages, converge in the strong operator topology iff the invariant
vectors of T separate the invariant vectors of the adjoint operator T*, T
being any Banach space contraction. We prove a generalization in which
(spectral radius of T) = 1 replaces ||7]| = 1, and any bounded averaging
sequence converging uniformly to invariance replaces the ergodic averages;
it is necessary to assume that such sequences exist.

1. Introduction. Let T: % — %X be a bounded linear operator of spectral
radius 7(T) = 1 on real or complex Banach space X, let M = {x € %X: Tx
= x} be the invariant vectors of T, and let N = {{£ € X*: T*¢ = £} be the
invariant vectors of the adjoint operator T*: X* — %*. Robert Sine has
shown [4] that in the case ||T]| = 1, the condition {9 separates I) is
necessary and sufficient for strong convergence of the ergodic averages
(/m)I + T+ -+ + T" V)x, x € %X. We show here that (9 separates N) is
necessary and sufficient for strong convergence of any bounded regular
invariant summability method, and that the limiting operator, a projection
onto 9N, is independent of the method when it exists.

2. Mean ergodic theorem. Let @, be the set of power series p(z) = 32, p; 2’
which have radius of convergence greater than 1 and are such that 32 p;
= 1. With %(%) the bounded linear operators on %, each p € @, determines
p(T) =32op;T' € B(X), the series converging in the uniform operator
topology. We put 9, = { p(T): p € @,}, noting that if P € 9, then Px = x,
x € 9.

We introduce further $,(M) ={P € 9,: |P|| = M} for | = M < oo,
and also ?,(M,e) ={P e P(M): ||I-T)P| =¢, 1 =M< 00,6 >0.
Our basic assumption will be:

(UI) There exists 1 = M, < oo such that
P (My,e) # & for each ¢ > 0.
In the terminology of Day [1], this is the assertion that 9, contains bounded
sequences {B} converging uniformly to invariance, i.e., lim,||B, — TB|| = 0.
In §3 we give various sufficient conditions for (UI).

Let &, be the closure of 9, C B(X) in the strong operator topology (SOT),

and let P, (M, ¢) be the SOT closure of P, (M, e).

THEOREM 1. If (UI) holds then (i) is equivalent to (ii):
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1) (i) O separates N, B
(i) There exists a projection Q € P, onto O, necessarily unique, and
Ne>021 (M, €) = {Q} for any M = M.

PrROOF. We show first that &, contains at most one projection Q onto IN.
Suppose lim, B = Q in SOT with {B} C 9, a generalized sequence and Q a
projection onto 9. Such a projection commutes with 7, from

Q =TQ = Tlim B = lim TB = lim BT = QT,
14 14 14

the limits being SOT. If lim, B’ = Q" and lim, B” = Q”, then Q' = Q'B”
= Q'Q" = Q", whence Q is unique in P, if it exists.

(ii = 1) Let us prove that if projection Q exists then the adjoint projection
O*: %X* > X* is onto 9 From Q = TQ = QT follows Q* = Q*T*
= T*Q*, so that Q* has range in 9 If Q = lim, B, with {B} C 9, and if
x € %, ¢ € 9, then

(x’g) = (X’R*g) = (va’g) = (QX,{) = (va*g),

giving 0*¢ = & ¢ € N, whence Q* is onto 9.

Suppose 0 # £ € 9, and let x € % be such that (x,£) # 0. Then (Qx, £)
= (x,0*¢t) = (x,£) # 0, so that Ox € 9N separates ¢ and 0. That is, O
separates 9L

(i = ii) Let functional ®(x), x € %, be defined by

®(x) = lim sup {||P'x — P"x||: P',P" € 9,(M,e)}, x € X,
el0 p,pr 4

for any fixed M = M,. The properties
(a) ®(x +y) = 2(x) + ¥(y), x, y € X,
(b) ®(cx) = |c|®(x), x € %, scalar c,
(c) 0 = ®(x) = 2M||x|, x € X,
(@) &(x) =0, x € 9,
(e) ®(x — Tx) = 0, x € %,
are straightforward or obvious; e.g. for () we use

|P'(x — Tx) = P"(x = Tx)| = [|(Z = T)P'|| + [|(Z — T)P"||]Ilx]l
=2|xll, x €% and P, P" € 9,(M,e).

Let ®° denote the set of all £ € X* satisfying (x,£) = ®(x), x € X; by the
Hahn-Banach theorem, ®(x) = max,{(x,£): £ € %), x € . Properties (d),
(e) of @ yield properties: (d*) £ € It ; (e*) ¢ € N, for the £ € ®°, where
oml C %* is the annihilator of 9%. Now, condition (1)(i) is the assertion
ML N ¢ = 0; from o comt N just shown follows then ®° = 0 and
hence & = 0.

Let {n,} be any sequence of positive numbers such that lim,n, = 0, let P,
for each n be an arbitrarily chosen member of %(M,n,), and put ¢,
= max,>,n,. Any such sequence {B,} is SOT Cauchy when ® = 0, from
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lim sup lBx — Bx]|

=0 p=rs

= lim sup {||P’x — P"x||: P',P" € 9 (M,e¢,)}
n—oo pr pn

= lim sup {||[P’x — P"x||: P’,P" € 9,(M,¢)}
e]0 P, P"

= ®(x) = 0, x EX;

we have used the nested property of the {%,(M,¢): ¢ > 0}. The SOT limit
Q = lim, B, is the projection sought. O

We remark that when 9 = 0 the result takes the form: given (UI),
0 €9 if o =0.

3. Condltlon (UI). Consider the familiar ergodic averages 4,
= (1/n) 3P4 TP, n = 1, for which (I — T)A, = (I — T")/n. If these satisfy
|4, = My < o0, n = 1, and if lim inf, ||7"||/n = O, then (UI) holds, clear-
ly. A fortiori, (UI) holds when ||T"| = Mo < o0, n Z 1; this case is covered
by the arguments of [4], although Sine assumes 7| = 1.

The resolvent of T is given by Ry, = 32, T'/N*! when |\| > 1 = r(T),
the series converging in the uniform operator topology. If we introduce
Py = @A - 1R, for |A\| > 1, then P, € 9|, and it is easily verified that
(I=T)P, = (A — 1)( — Py). Thus if the {P,} satisfy
@) ,\h‘}‘ﬂi{gl””%” < My < oo,
then (UI) holds for such M.

In the other direction, suppose T has index 1 < p < o0 atA = 1. (The

index of T at A = 1 is the least integer p = O with the property: all vectors
x € % satisfying (I — T)**'x = 0 satisfy also (I — T)*x = 0[2, p. 556].)

_ THEOREM 2. If T has index 1 < p. < oo at X = 1 then (UI) cannot hold and
P, contains no projection onto M.

Proor. If a generalized sequence {B} C ¥ is SOT convergent to a
projection Q € %, onto 9N, then, necessarily,

im|[( - T)Bx| = (I - T)Qx[ =0, x € X.

If T has index 1 < p < o0 at A = 1, then unit vectors x;, x, € X exist
such that Tx; = x;, Tx, = x, + cx; for some ¢ > 0. From
(I-T)T'xy = T'(I - T)x, = T(—cx) = —cxy, i=0,

follows (I — T)Pxy = —cx|, P € 9. We have then ||[(I — T)Px,|| = ¢ > 0,
P € 9, showing that no Q exists, and ||/ — T)P|| = ¢ > 0, P € 9|, show-
ing that (UI) fails. 0O

For the same x|, x, an easy calculation gives Pyx; = x, + ¢x;/(A — 1),
whence

1P\l = fe/IA = 1=1], Al > 1,
= O(l/|x = 1)), Al >1 and A — 1,
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when T has index 1 < u < oo at A = 1. Thus if some condition on ||P, ||, |A|
> 1, A — 1, is necessary and sufficient for (UI) then it lies between (2) and

IPAll = o/IN=1]), A >LA-1L

Apart from changes in variable, the followmg result is the (C, a) generahza-
tion of Theorem 1’ of [3]. For a # —1, =2, ... the (C, a) averages A N(T) of
{T"} have as generating function

1\ © o+ n! AT
(1-3) mm = $orpdill >y,

so that

"CIRA
@y = -2 a1
A1) = 2 [x(1-5)  (Mda, nzo,

the contour being a large circle around the origin, say.
For A in the resolvent set of T let 7, € B(X) be defined by

RL=PT=MA-1)AI-T)'T=AP,-(A- 1L

The spectrum of T is o(%) = {(A — DA/(A = X'): X’ € o(T)}, and we find
1 — X & o(%) provided A # 0, 1. Thus the inversion formula
T = MR\ - DI+ K]

is valid for A # 0, 1 in the resolvent set of T; moreover, r(%/(1 — X)) < 1 if
|[A] > 2. Note that the relations between 7, and T admit the involution
ToeLh,Ae1-A

THEOREM 3. For any fixeda = 0,1 = M < oo, the conditions

Q) 14T =M, nzo,
€)

P
-

. A-1
@) 4O = M|E=5 [ azom>

are equivalent. When they are satisfied, (UI) holds and
@ IPA(D)I = MIA = D/QN-DI*, A > L
PROOF. In

AD(T) = aln 1\™ J _
(%) o+ n' 2171[“ ﬁ R[L(T}'\) My nz0,

we have

T AR = 1) }
R#(T;\)—p,l—T;\—A+p.—1{1+)\u1—()\+p,—I)T ’

the change of variable { = Ap/(A + p — 1) gives
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AD(R)
-2 (-3) T [t ] (- 1) ek s rem)
=(l_l)“+"°°a+n—l+j! ajl
A =oa+n—11NUa+n)(+n)
1 R et i)
nz0A>1,

with 1 < |¢| < |A| on the contour. If « = 0 then 0 = a/(a + n) - j/(j + n)
= 1 in the last expression, so if (3)(i) holds, then

a+n 1 —a—n
1- —) M
( Al

a+n

M, [AI>1,

1

IO = |1 - 3

- ‘L
[A| =1

which is (3)(ii).
In the same way, using the bound (3)(ii) in the inversion formula

AD(T) = (1 - }1\)_”

kad a+n—1+j! ajl
Soa+n-11500-=n Ua+n(+n

" [1 (a + n)(j + n)]"‘&%(ﬁ)}

n=0, |>\| > 2,
gives
1A = IA/(A = 217",  nz 0, A > 2;

we let |A| = oo to obtain (3)(i).
If conditions (3) are satisfied then

A — 1] [ 1 ]‘“" M  A-1"M
= 1 — = _— =, Al >,
e =[P [ -w) wm e W

whichis (4). Fora (UI) sequencewemaytake {P, } forsome {A,! 1}, or
{4+D(T)), since

n
(a+1) - a +.1 (a) « +]
Ay (T) j§0 alj! (T)/ > (X'j' >

(I - T)ASN(T) = (a+ )/ + DI - AQ(T), nz0. O
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Note the slight strenghtening of the result of the first paragraph: if ||A$,')(T)||
= M < o, n = 0, then (UI) holds, with no condition on ||7”"||/n. All that is
involved in Theorem 3 is |7 — K|l = O(1/|A]) at |[\| = oo, of course; the
interesting part at A — 1 has no force.

4. The adjoint projections. Recall that a generalized sequence {I,} C ®(%*)
is W* OT convergent to T € B(X*) iff lim,(x,I,¢) = (x,T¢) for each x
€ %, £ € X*; and further, that bounded W* OT closed sets are W* OT
compact. Let §* (M €) C B(X*) be the set of adjoints of members of
9,(M,¢), and let 9" (M, e) denote the W* OT closure of 9* (M, ¢). If (UI) holds
and M = M,, then {G.P, (M,e): € > 0} is a nested family of nonempty convex
W* OT compact sets; the intersection S(M) = N >0@’, (M, €), necessarily
nonempty, consists of projections onto 9 (with S(M) = {0} if 9 = 0). The
members of S(M ) commute with 7* and satisfy I'T” =T, I, I € §(M),
clearly. If the projection Q € P, onto 9N exists, then it satisfies Q*T' = Q*,
T € §(M). For, suppose lim,B* =T € §M) in W* OT; then

(x,Q*T§) = (Qx,T¢) = lim(Qx, B*§) = lim(B Ox,§)

=(0x¢) = (x,0%), x€X %A

This and Q*T = T give ' = Q*, which is to say, S(M) is the singleton
S(M) = {Q*} when Q exists. The author is not able to prove the following
plausible converse: If S(M) = {T'} is a singleton, then T = Q* for 0 € ¥, a
projection onto 9.
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