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THREE IDENTITIES BETWEEN STIRLING NUMBERS
AND THE STABILIZING CHARACTER SEQUENCE

MICHAEL GILPIN

Abstract. Let x denote the stabilizing character of the action of the finite

group G on the finite set X. Let x* denote \G\~i'2aEOx(a)fc. It is well

known that x* is the number of orbits of the induced action of G on the

Cartesian product X^k\ We show if G is a least (k — l)-fold transitive on X,

then x* can be expressed in terms of Stirling numbers of both kinds. Three

identities between Stirling numbers and the stabilizing character sequence

are obtained.

Let X be a finite set and let G be a finite group of permutations acting on

X. We adopt essentially the notation of Lang [5]. For x E X, Gx = [o E

G: o(x) = x) is the stabilizer subgroup of x, and Gx = [o(x): o G G} is the

orbit of x. Further, if A C X, GA = [o E G: o(a) = a for all a E A). Note

Gg\= G and oGAo~x = GoA. It is well known ([5], [7] and [11], for example)

that 'belonging to the same orbit' is an equivalence relation on X so that the

G-orbits partition X. Also well known ([5], [7] and [11]) is o(x) = t(x) iff o

and t lie in the same coset of Gx. Therefore, for all x E X, \Gx\ = [G: Gx].

(Here \A\ denotes the cardinality of the set A.) Summarizing these two

remarks is the classical theorem:

Theorem 1. \X\ = 2[G: Gx], where the summation is taken over one repre-

sentative of each orbit.

For a G G, xia) denotes the number of elements of X fixed by a. x is

called the stabilizing character of the action of G on X. The normalized sum

\G\~l1laeGxkia)we denote as x*. Burnside [1] (see also Pólya [8]) proved

Theorem 2. Xi - t0 where t0 denotes the number of G-orbits in X. For k > 2,

X* is the number of orbits of the induced action of G on the Cartesian product
Xk.

Following Shapiro's hint [11], we note Theorem 2 can easily be shown by

counting {(a, 3c): o(x) = 3c, 3c EXk) in two different ways. Burnside [1] also

proved

Theorem 3. 7/ G is transitive on X, then x2-tx where tx denotes the number

of Gx-orbits in X.

In this paper we obtain an extension of Theorem 3 to normalized sums of
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higher powers of x- In particular, under suitable transitivity restrictions, we

obtain formulas relating Stirling numbers and the stabilizing character

sequence. The main tool we use is an extension of the standard proof (see, for

example, Hall [4, p. 280]) of Theorem 3. Thanks are due to Otto Ruehr and

the referee.

First we state the basic relations between Stirling numbers and factorial

polynomials. These relations are well known and are stated, for example, in

Liu [6] and Riordan [9]. We choose the notation given by Gould [3].

The factorial polynomials are defined by F(0) = 1 and

YM = Y{Y - I) ...{Y - n+ 1)    for ai > 1.

Then Stirling numbers of the first kind are defined by

n

2 Sx(n,i)Y' = YM       (ai > 1)
i = 0

and satisfy the recurrence relations

5, (ai, /') = 5, (ai - i, i - 1) - (ai - 1)5, (ai - i, i)       (1 < i < ai)

where 5,(a¡, 0) = 0 for all ai. Stirling numbers of the second kind are defined

by

¿52(Ai,i)y0)= Y"       (n > 1)
i = 0

and satisfy the recurrence relations

52(ai, i) = iS2{n - 1, i) + S2(n - 1, i - 1)        (1 < i < ai)

where 52(ai, 0) = 0 for all ai. The product of the two ai X ai matrices

(Sx{i,f)) • (52(/,/)) is the ai X ai identity so that

n

2 Sx{i,k)S2{k,j) = 8iJt  Kronecker delta.
/t = i

For our purposes it will be convenient to denote by P„(ai,, . . . , nj) the

product

Pn{nx, . . ., ftj) - {-iySx (ai, ai,) • 5, (ai,, ai2) . . . 5, (ai,.,, ai,)

where /i >«,>•••>«•> 1 is a decreasing sequence of integers. We also

denote by 2'P„(ai„ • • • , nj) the sum of Pn{nx, . . . , nj) over all j, ai,, ... , n}

where ai > ai, > • • • > ai, > 1 is a decreasing sequence of integers.

Recall that G is it-fold transitive on X in case for all k-element subsets

A = {ax, . . . ,ak} and B = {bx, . . . ,bk} of X there exists a G G with o{a/)

= b¡ for 1 < ¡' < Ac. If G is l^l-fold transitive we will say that G is Ac-fold

transitive for all positive integers k. We will require the following lemma,

which is probably well known, but is given here for completeness.

Lemma 4. // G is k-fold transitive on X and A is any k-element subset of X,

then

\X\{\X\-l)...{\X\-k + l)=[G:GA].

Proof. Let A = {xx, . . . , xk}. Then for 0 < i < k, GXi       x¡ is transitive
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on the set X \ [xx, . . . , x¡}. Therefore

[Gx.Xi:GXu_iXiJ=[X\{xl,...,xi)\=\X\-i.

The lemma then follows from the observation that

[G:GA]=[G:GXt]-[GXi:GXi>X2]...[GXi_.tXk_i:GA].

For G rc-fold transitive on X and A a rc-element subset of X, let tk denote

the number of GA-orbits of X. If G is | A' |-fold transitive on X and k > \X\ we

set tk = 0.

Theorem 5. If G is k-fold transitive on X, then

k-\

Xjt+i = ¡k ~~ ¿u Sx (k, <)Xi+i-
i=i

Proof. From combinatorics and Theorem 2,

Ml

This sum can also be obtained as

2      2   XÍo)-ílXJ)-tk-\GA

oeg\    k    I K-  , = i a6c

\G\  ¿
= -7T- Z Sxik,i)x,+ X.

"■   i=i

If one equates these sums and uses Lemma 4 to simplify, the formula asserted

in Theorem 5 is obtained.

Theorem 6. If G is k-fold transitive on X, then

xa+i = tk + 2''*(«!.•■ •>«,)• v

Proof. By Theorem 2, Xi = t0 = '• Assume then the assertion holds for

X,, . . . , Xk- Then by Theorem 5,

k-l

Xk+i = h - 2 Sx ik, l)(t, +£'P,(«,, . . . , np)t)
l=\

= 'k- 2Sxik,l)t,- 2Sxik,l)2'Plinx,...,np)t
/=i /=i

= tk + 2 'Pk (»....., ",)v

Therefore Theorem 6 follows by induction.

We now give formulas that express the Xn m terms of Stirling numbers of

the second kind.

Theorem 7. If G is ik - I)-fold transitive on X, then

k    k — 1

Xk= 2 2i-^(k~iy.<k-l-ls2ikj).
7=1 ,_o v      '      '
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Moreover, if G is also k-fold transitive on X, then

mm{k,\X\)

Xk=     2     S2(k,j).
y-i

Proof. Define {an} by x* = 2*=0a„52(Ac, ai). By Theorem 5,

'»-2MM)('2«,M< +W)l

= 2 «,2 sx (ai, 0(Ä(',y) + s2{ij - i))
y-i    ,=i

= Aia„ + an+\-

By Theorem 2, a, = t0 — 1. Solving the difference equations tn = Aian + an + x

yields

This proves the first part of Theorem 7. If G is also Ac-fold transitive and

k < \X\, then t¡ = i + 1 for 0 < i < k. If G is lA'l-fold transitive, then
/, = i'+l for i < |A|, tm = 1*1 and /, = 0 for i > \X\. Thus1 I I»      ]A | I I i II

* min{*,|Jf|}

X,= 2a,.52(/c,i)=       S       52(AX,I).
i = 0 1-1

A special case of interest is G = Sym(Ai) and X = {I, . . . , n}. Here we

choose to denote x* as \in, k). Thus

x(»,*)--i    2    x»,
oESym(n)

and Theorems 5, 6 and 7 become

(5')
* AC +   1       if  AC  <  AI,

2 5, (ac, i)x(ai, i + l) = j« if k = AI,

''=1 0 if  k > AI.

(6') x(«, *) =

* + 2 '^*-i(»i. • • •. nM"j + 0  if * < ">

«  + 2 '^„K •  • • . »,)(«,  +1)      if   /<  =   AI  +   1,

2"^-iK ■ • • > "> + 2'^-iK • ■ ■, ",)("; + 1)
n = n n, < «

if   AC    >AI +   1.

(7')

min{n,/c}

Xin,k)=     2     S2(M-
i = i

Note that by equating (6') and (7') we obtain an identity solely between

Stirling numbers. We conclude by remarking that Otto G. Ruehr [10] has

shown the sequence {x{n, «)} satisfies
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°°    xin>n)
x expie* + x — 1) = 2  -;— x"-
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