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PIECEWISE LINEAR FUNCTIONS WITH
ALMOST ALL POINTS EVENTUALLY PERIODIC

MELVYN B. NATHANSON

ABSTRACT. Let f: [0,1] - [0, 1] be continuous, and let f# denote the pth
iterate of f. Li and Yorke [2] proved that if there is a point x € [0, 1] such
that f3(x) = x but f(x) # x, then fis chaotic in the sense that f has periodic
points of arbitrarily large period, and uncountably many points which are
not even asymptotically periodic. But this chaos can be measure theoretically
trivial. For each p > 3 we construct a continuous, piecewise linear function
£:[0,1] = [0, 1] such that f is chaotic, but almost every point of [0, 1] has
eventual period p. The condition “eventual period p” cannot be replaced by
“period p”. We prove that if fP(x) = x for almost all x € [0,1], then
f2(x) = x for all x € [0,1]. Moreover, we describe a normal form for all
such “square roots of the identity.”

Let f: [0,1] — [0, 1] be continuous. The iterates of f are defined as follows:
fO»x) = x and f"(x) = f(f"'(x)) forn = 1,2, 3, .... The point x € [0,1]
is periodic under f with period p if fP(x) = x but f¥(x) # xfork = 1, 2,
...,p— L If f*(x) has period p for some n, then x is eventually periodic
under f with period p. Li and Yorke [2] have recently obtained the remarkable
result that if f: [0, 1] — [0, 1] has a point of period three, then fis “chaotic” in
the sense that, first, there are points x € [0, 1] of arbitrarily large period (in
fact, of all periods), and, second, there is an uncountable set S C [0, 1] such
that no point of S is even asymptotically periodic (that is, if y € S and if x
€ [0, 1] is periodic, then lim sup|f"(y) — f"(x)| > 0), and such that, if y,, y,
are any two points of S, then liminf|[f"(y;)~f"(»,)/ =0 and
lim sup|f"(y,) — f"(»,)| > 0. More generally, Li and Yorke proved that if
there is a point x € [0, 1] such that either f3(x) < x < f(x) < f2(x) or f3(x)
> x > f(x) > f2(x), then fis chaotic. By a combinatorial argument, Nathan-
son [7] extended this result to show that if f has a point of period five or seven,
then f is chaotic. Ulam, May, Oster, and others [1], [3]-[6], [8] have studied in
detail the iterations of nonlinear functions f and the dependence of the
trajectories x, f(x), f2(x), f3(x), ... on the initial value x.

The object of this note is to show that, from the point of view of Lebesgue
measure, the results on chaos can be misleading. For every p > 3 we shall
construct a continuous, piecewise linear function f: [0, 1] — [0, 1] such that
almost every x € [0, 1] has eventual period p. Moreover, f will be chaotic. This
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result is best possible in the sense that the word “eventual” cannot be removed
from the statement of the theorem. For if almost every point x € [0, 1] has
period p under f, then the continuity of f implies that f?(x) = x for all x, and
so fP = identity. However, we shall prove that if f” = identity, then f2 =
identity. Moreover, we shall describe a normal form for all such square roots
of the identity.

THEOREM 1. Let p > 3 and let § € (0,277). Define f: [0,1] — [0,1] in the
following way:

x + 1/p, 0< x<(p—1)/p
f)={1-0=-8)8"x=(p=-D/ph (p-D/p<x<(p—-1)/p+8
x—=(p—-1/p, (p-D/p+8<x< 1.

Then f is continuous, piecewise linear, chaotic, and almost every point x € [0, 1]
has eventual period p under f.

Proor. Clearly, fis continuous and piecewise linear. By the theorem of Li
and Yorke, fis also chaotic, since

P(E2) =< <i(B5?) - < () -

Let C = UL [ —1)/p + 8,i/p]. For i = 1,2, ..., p— 1, the function f
maps the interval [(i — 1)/p + 8,i/p] linearly onto [i/p + 8,(i + 1)/p] by the
rule f(x) = x + 1/p. Also, f maps the interval [(p — 1)/p + §, 1] linearly onto
the interval [8, 1/p] by the rule f(x; = x — (p — 1)/p. Thus, each point x € C
has period p, and f(C) = C. Let x € [0,1]. If f™(x) € C for some m, then
f™"(x) € Cfor all n > m, and x has ¢ventual period p. We define

C* = {x € [0,1]|f™(x) € < for some m)},
U* = {x € [0,1]lf"(x) & Cforn=10,1,2,3,...}.

The sets C* and U* partition [0, 1]. Every point of C* has eventual period p.
If x € [0,1] does not have eventual period p, then u € U*. Clearly, U*
c U,.CO' (i/p,i/p + 8) U {0}. Let u(X) denote the Lebesgue measure of X. We
shall prove that u(C*) = 1, or, equivalently, that w(U*) = 0.

We begin by studying the open interval Uy = ((p — 1)/p,(p — 1)/p + 8).
Let U, = {x € Yp|f"(x) € C}. Clearly,Uy D Uy D Uy D Uy D ---.

Let A = §/(1 — 8). We shall prove, by induction on n, that each U, is a
union of disjoint open intervals whose lengths are of the form 8X for k = 0,
1,2,...,n and that f” maps each of these intervals linearly onto one of the
p — lintervals (i/p,i/p + 8) fori = 1,2, ..., p — 1. Moreover, if Af('), de-
notes the number of open intervals of length X of U, which f" maps onto
(i/p,i/p + 8), then the integers Agl can be computed by the following rules:
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Ao={l ri=p-—1
00 0 ifi=12...,p-2

A(‘) 2 AP lf,),_j forn=12,...,

meM)—ouk<0mn<u

These statements are obviously true for n = 0. Let us assume that they hold
for some n — 1 > 0. We want to describe the structure of U,. Since U,
C U,_,, it is enough to understand how f" acts on the intervals that make up
U,_,. Let I be an open interval of U,_; of length 8X, where k < n — 1. If
f"~" maps I linearly onto (i/p,i/p + 8) for some i = 1,2, ..., p — 2, then f"
maps I linearly onto ((i + 1)/p,(i + 1)/p + 8). If /"' maps I linearly onto
(p-1/p,(p - 1)/p + 8), then f" maps I linearly onto (8, 1). Since the
length of I is 8X, it follows that the slope of f" on I has absolute value
(1—8)/8X = l/)\k"Ll Moreover, foreachi = 1, 2, ..., p — 1 there is exactly
one open interval of length 8X*! of I which f" maps linearly onto
(i/p,i/p + 8). The function f" sends the complement of these p — 1 intervals
into C. It follows that A(l) = Ai”_ ) , and A(') = A(’ ') +A(” ') _ fori
=2,3,...,p— 1. These relatlons 1mply that A(') = 2‘ S(”_, —j- This
completes the induction.

Now we can compute the measure of the sets U,. It follows from the
definition of the numbers Afc'zl that

p—1 n . P p-l .
wy) =3 3 4k =53 pOM),
i=1 k=0 ’ i=1
where i,’,(i)(x) is the polynomial defined by

. n .
BV = 3 A~

The recurrence relations for the coefficients AS:L imply that

. 1 ifi=p-—1,
1(’)(')(") = {0 fi=12...,p-2;

n

};(i)(x) = x '2 P(_’;._l)(x) forn=12,...,

where P, ’)(x) = 0forn <O0.

Clearly, the degree of P(')(x) is n. Write n in the form n = q(p — 1) — r,
where r = 0, 1,2, ..., p — 2. I claim that P(” l)(x) is divisible by x?. This is
certainly true for ¢ = 0 and ¢ = 1, since P(p l()c) is divisible by x for
n=1,2...,p— 1. Moreover, the recurrence relation implies that if x*
divides 1,’,l(p_l)(x), then x* divides If,(p_')(x) for all n > m. Let us assume the
claim is true for some g — 1 > landr=0,1,...,p—-2. If n=¢q(p—-1)

—r,thenn—(p—1)=(q—-1)(p—1)—randso n(_‘zpl_l)(x) is divisible by
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. Consequently, P(‘j I)(x) is divisible by x¥ ' forj =1,2,...,p — 1.
Smce P(” ')(x) = xE P(’"')(x) it follows that P(’ D(x) is divisible by
x - x7 f_ x?. The clalm follows by induction on g.

Since the coefficients of 1,’,(” (x) are nonnegative, it follows that for
0 < A < 1 we have

1;(")(}\) < Bl(p—l)()\) < }\(n+r)/(p-1)e'(p—l)(l) < Xt/(p—l)el(p-l)(])

where i=1,2,3,...,p—landn=¢q(p—1)—r. But the integers
I;(p_')(l) satisfy the recurrence relations

p—1
16(,;—1)(]) =1, I;(‘”])(l) =3 1;(_1}“)(1) forn=12,...,
j=1

where I;(’"')(l) = 0forn < 0. An easy induction shows that Ij',(""')(l)
< 2"forn =0, 1, 2, .... Therefore,

};(i)o\) < (2)\1/(17—1))"’
But for 0 < 8 < 277 we have

1/(p-1)

and s0 0 < 2N/~ D < | Therefore,

-t
wU,) =8 X El(l)()\) < 8(p— l)(z)\l/(p—l))n
i=1

Consequently,
lim w(U,) = 0.
n—oo

Let us return to the set U* = {x € [0,1]|f"(x) & Cforn =0,1,2,...}.
Let U* = {x € [0,1]|f"(x) & C}. Then

Uy = 79;(;—);7 + 8) v{oy*> U >
and U* = NP UF. Therefore, w(U*) = lim,_, . w(US), Since f(O) 1/p
€ C,wehave 0 ¢ Ufforn > 1. For i=01, p—lletU’ {x
€ (ifp,i/p + 8)|f"(x) GE C}. Then U(”_') = U, and U* = U,
Fori=0,1,2,. — 2, the mapf" 1= ’sends U0 f— (z/p,z/p + 8) line-
arly onto ((p — l)/p, p - 1)/p+8) = U b = Uy according to the rule
fPi(x) = x + (p — 1 — i)/p. Therefore,

U == (p—1-i)/plx € Uy_p411)
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forn > p— 1 — i, and so W(U") = U, 414;)- Since ur = U, U9, we
have

= N
“'(Un ) = i§0 ”(Un ) = i§0 p’(Un—p+l+i)

and so
w(U*) = lim w(U¥) = 0.
n—oo
This completes the proof of the theorem.

THEOREM 2. If f: [0,1] — [0, 1] is a continuous function such that f?(x) = x
for all x, then f 2(x) = x for all x. In particular, if p is odd, then f(x) = x for all
X.

Proor. If fP(x) = x for all x, then f is a continuous bijection of [0, 1], and
so f is monotone and either f(0) = 0, f(1) = 1 or f(0) = 1, f(1) = 0.

Let f be a monotone function such that f(0) = 0, f(1) = 1. If f(x) # x for
some x € (0,1), say, f(x) > x, then there is an interval [a,b] with 0 < a < x
< b < I'such thata < x < f(x) < b for all x € (a,b). Then

0<a<x<fx) <)< <) <fPR)<---<b< 1

and so fP(x) # x. Therefore, if f?(x) = x for all x, and f(0) = 0, f(1) = 1,
then f(x) = x for all x.

Let f be a monotone function such that f(0) = 1, f(1) = 0. If p is odd, then
fP(0) = 1. Therefore, if fP(x) = x for all x, then p = 2q is even. Let
g(x) = f%(x). Then g is a monotone function such that g(0) = 0, g(1) = 1,
and g%(x) = fP(x) = x. Therefore, g(x) = f%(x) = x for all x € [0, 1]. This
proves the theorem.

The next result shows that all square roots of the identity are obtained by
conjugating the function A(x) = 1 — x by an increasing, “half-linear” func-
tion y. This observation is due to David Kazhdan.

THEOREM 3. Let f: [0,1] — [0, 1] be a continuous function such that f(0) = 1,
f(1) = 0, and f*(x) = x for all x € [0,1]. Then there is a unique increasing
function y: [0,1] — [0, 1] with vy linear on [0,1] such that

(1) S =01 =y7'(x)
for all x € [0,1].

ProoF. Clearly, fis a monotone decreasing function on [0, 1]. Leta € (0, 1)
be a fixed point of f. If x < a, then f(x) > f(a) = a > x.If x > a, then f(x)
< f(a) = a < x. Therefore, a is the unique fixed point of f.

We define the function y on [0, 1] in the following way:

2ax, 0<x <4,
y(x) = |
fQa(1 = x)), ;< x < L
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Observe that f(2a(1 — x)) increases monotonically from a to 1 as x increases
from } to 1. Therefore, y has a continuous inverse on [0, 1], and v~ (x)
= x/2a for x € [0,a].

Suppose 0 < x < a. Then 1 — y™'(x) = 1 — x/2a € [},1], and s0

(1 =771 (0) = ¥(1 - x/20) = fQ2a(1 - (1 - x/24))) = f(x).
Suppose a < x < 1. Then

v =y e [31] and x =) = sGat1 - ).

Therefore, f(x) = f2(2a(1 — y)) = 2a(1 — y). On the other hand, 1 — y
€ [0,4] and so

Y1 = v7'(x) = ¥(1 = y) = 2a(1 - y) = f(x).

This proves that f(x) = y(1 — y~!(x)) for all x € [0, 1].
Let 8: [0,1] — [0, 1] be linear on [0,1] and satisfy f(0) = 0 and

) fx) = 8(1-87"(x))
for all x € [0,1]. Let 8(3) = &. Then

f®) =8(1-57"(b)) =8(}) = b

and so b is a fixed point of f. But f has the unique fixed point a. Therefore,
a = b and 8(x) = 2ax = y(x) for x € [0,}].
If we replace x by y(x) in (1) and (2), we obtain

y(1 - x) = 81 — 87 'y(x))

for all x € [0,1]. Suppose § < x < 1. Then y(x) € [a,1] and 6 'y(x) € [},
1]. Therefore,

2a(1 — x) = ¥(1 —x) = &1 — 8 'y(x)) = 2a(1 - 6 'y(x))

and so x = & 'y(x) and y(x) = 8(x) for x € [4, 1]. This proves the theorem.
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