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SPECTRAL PROPERTIES OF LINEAR
OPERATORS FOR WHICH T*T AND T + T* COMMUTE

STEPHEN L. CAMPBELL AND RALPH GELLAR

ABSTRACT. The class of linear operators for which 7*T and T + T*
commute is studied. It is shown that such operators are normaloid. If T is
also completely nonnormal, then o(T) = o(T*). Also, isolated points of
o(T) are reducing eigenvalues. Finally, if o(T') is a subset of either a vertical
line or the real axis, then T is normal.

1. Introduction. Bounded linear operators T such that 7*7 and T + T*
commute have been studied in [4], [5], and [6]. The set of such operators is
denoted by @ [4]. Embry has shown that if T € § and T is not normal, then
o(T) N o(T*) # & [6]. We shall show that if T is completely nonnormal and
T € 0, then o(T) = o(T*). We shall also show that isolated points of o(T) are
eigenvalues and operators in # are normaloid.

While parts of this paper provide generalizations of some of the results of
[4], the results of this paper tend to be of a different nature than those of [4].
The techniques used here are also different.

2. Notation and preliminary results. The notation used here is consistent with
[4]. Alloperators are bounded, linear, and act on a separable Hilbert space (.
For operators X, Y we let [X, Y] = XY — YX. Then 6 = {T: [T*T, T + T*]
= 0}. Let

BAD=MA-THA-T)=R-NT*+T)+ T*T.

For T € 6, and any value of A, B(A) is normal. Let E be the spectral measure
associated with the algebra generated by T* T and T + T*. Then

T*T = fA gG)E(ds), T+T*= fA h(s) E(ds),

A a compact subset of the plane. The set of A for which B(X) is not invertible
is denoted 6(B). Clearly A € 4(B) if and only if A € 6(B). For a set S, 39S
denotes its boundary.

PROPOSITION 1. If T € 8, then 30(T*) U 30(T) C 6(B) C o(T) U o(T*).

PrOOF. The second inclusion is obvious. If A € 90(T), then A is in the
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approximate point spectrum of 7. Thus there exist ¢, € I such that B(A)¢,
-0, [|¢,l = 1. Hence A € 6(B). If A € 9o(T*), then A € 3a(T). Thus
A € 6(B) and A € 6(B) as desired. O

We note that both inclusions in Proposition 1 may be proper for completely
nonnormal T € 4. For example, if T is the unilateral shift, 6(B) is the unit
circle while o(T) is the unit disc. In this case, 30(T) = 6(B).

Before being able to finish the development of our basic definitions, we need
a fundamental fact about operators in 6.

PROPOSITION 2. If T € 0, then 4T*T — (T* + T)* > 0.

PROOF. Suppose that 47*T — (T* + T)2 > 0 is not true. Let A = {s:
h*(s) — 4g(s) > 0}. Then E(A) > 0. Take A, € A such that h(\y), g(A,) are
in the essential ranges of 4 and g respectively.

Let
\ _ hNg) + VIR () — 4g(Ag) ind Az_h(xo)—\/hzao)—‘tg(xo)
1 2 = D) .

Note that X — Ah(Ag) + g(Ag) has A, A, as two distinct real roots. Let A; C A
be such that E(4;) > 0 and A(A) is close to A(Ay), g(A) close to g(A,) for all
A € A;. Then )\? — XN A(\) + g(A) is small for all A € A,. Thus

BAVEWD)) = [, (8 = N hGs) + 8(s)) E(@s)

is small in norm fori = 1, 2.
Hence if ¢ € R(E(4,)), the range of E(A,), and ||¢|| = 1, we have

Iy = TYelF = (A = T*)Q, = T) ) = (BA,)ob, )

is small for i = 1, 2. But A; # A, so this is a contradiction and E(A) = 0 as
desired. O
For T € 4, let

(1) C = ((T* + T) + \/4T*T - (T* + T)*)/2.

From (1) and Proposition 2 we have C + C* = T+ T*, C*C = T*T, B(\)
= (A — C*)(A - C), Cis normal, and 6(B) = o(C) U o(C*).

o(C) is contained in the closed upper half plane. The spectral measure
associated with C will be denoted by F so that C = Jo(c) SF(ds).

3. Operators in § are normaloid. We will now develop several useful facts
about operators in #. The real numbers are denoted by R.

THEOREM 1. If T € 0, then F(R) reduces T and TH®) is hermitian.

Prook. Partition [—||T], |71|] into » equal pieces of length 2||T]|/n. Let A, be
the midpoint of the ith piece, F, the associated spectral projection of the ith
piece. Then [|(C — A,)E|| < ||T|/n. But
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ITI/n? > I(C = A)EsIE = (C = N)E,(C ~ A)Eg)
= ((C* = N)(C = N)E9, E¢) = (T* = N(T — \)Ed, Eo)
= (T = A)EolP.

Thus |[(T — A)E|l < [ITI|/n. Hence, [|[(C — T)F| < 2||T||/n. But then for
any ¢ € X,

lc - TYF@)l < 3 IC - T)E9l < S AT gy

l—l

<(3 ()Y (3 1mer)” - 2 r@ol.

n

Thus TF(®) = CF(R). But T + T* = C + C* so that C*F(R) = T* F(}).
Hence

TF(®) = CF(®) = F(R)C = (C*F(®))* = (T*F(Q))* = F(®)T

as desired. [J

COROLLARY 1. If T € @ is completely nonnormal, then F(}) = 0, or equiva-
lently, C — C* is one-to-one.

COROLLARY 2. If T € @ and o(T) C R, then T = T*.

Corollary 2 follows from Proposition 1 and Theorem 1.

In [8] (see also [4]) it was shown how to get a block decomposition for
T € 0if (T*T — TT*) was not one-to-one. For an arbitrary 7, [T*, T] may
be invertible. Whether T € 6 implies [T*, T'] has a kernel is unknown. Note,
however, that

PROPOSITION 3. If T € 0, then 0 € o([T*, T)).

ProOOF. We may assume T is nonnormal. Then o(7T) € & by Corollary 2.
Hence there exists A in the approximate point spectrum of T, A, not real. Thus
there exists ¢,, [|¢,[| = 1, such that (T — Ay)¢, — 0. Then B(Ay)$, — 0. But
B(Ay) is normal, so that B()\O) ¢, = B(Xy)$, — 0. Since

Ao = TR = T, = (g = X)Rg = TH), + (A9 = T*)(Ag — T,

we have (T* —A)¢, > 0 also. Now [T*,T] = [T* = X,, T = A\,]. Thus
[T*,T)¢, > 0and 0 € o((T*,T]). O
Let #(T) denote the spectral radius of 7.

THEOREM 2. If T € 8, then r(T) = ||T||. That is, T is normaloid.

PROOF.
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r(TY = sup AP=  sup AP
A€o(T) AEo(T)uo(T*)
= sup I)\I2 = sup I)\I2 = sup [}\l2
AEdo(T)Udo(T*) AEG&(B) A€d(C)ua(C*)

2
= lc*cl = lIT*7l = ITI". O

4.0(T) = o(T*). 1f T = A + Q where 4 = 4%, [4,Q] = 0, and [Q, 0* O]
= 0, then T € 6 and o(T7) is the union of discs centered on the real axis. That
such T are in @ is obvious. That o(7) is a union of discs follows from the
canonical form for operators Q such that [Q, 0* Q] = 0 given in [3] and the
fact that the spectrum of the unilateral shift is a disc [7]. The results of this
and the next section show that the spectrum of any 7 € # has many of the
same features as a union of discs.

THEOREM 3. If T € 0 and T is completely nonnormal, then o(T) = o(T™).

PRrOOF. Suppose T € 8. It suffices to show that o(T) C o(T™*). Note that
o(T)\o(T*) C o(C) U o(C*). Hence, if K is any compact subset of
o(T)\o(T*) containing a set relatively open in o(7)\o(T*), then F(K) # 0.
Note also that K N ® = &. Assume o(7T) ¢ o(T*). There exists, then, a
compact set K C o(T)\o(T™*), F(K) # 0, and a Jordan contour € around K
such that o(T™) is contained in the unbounded component of the complement
of Q. Let C = CF(K), B(A) = A\ — C)(A — C*). Assume KX is in the upper
half plane. A similar proof works if K is in the lower half plane. Note that
6(B) = K U Kand BQA)F(K) = B(\)F(K). Now for A € Q,

A-T*"'"F(K) = - T*)"'BO)B'WF(K)
=\ -T""'BOBE'WFK) = A - T)B 'V F(K).

But f A — T*)™'d\ = 0. Thus
0=[ (A= T)B"'W(C - C*)F(K)d
= L0 =DHa -6 == e RO aA
= fn A - T)A - )" F(K)dr
=(C-T)F(K) = (C - T)F(XK).
But C + C* = T + T* so that we have

TF(K) = CF(K) = F(K)C = (C*F(K))* = (T*F(K))* = F(XK)T.

Hence F(K) reduces T and TF(K) is normal which contradicts the complete
nonnormality of 7. O
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COROLLARY 3. If T € 0, then T = T, ® T, where T, € 0, T, is completely
nonnormal, o(T) = o(T*), and T, is normal.

5. Reducing components. We shall say that a set of complex numbers S is
balanced if: A € S if and only if A € S. A subset of o(T') will be called a piece
if it is both open and closed in the topology induced on o(T) by the complex
numbers.

THEOREM 4. If T € 0 and K is a balanced piece of o(T), then relative to the
decomposition of K given by F(K), T = T, ® T, where o(T;) = K and o(T;)
= o(T)\K.

ProOF. Take a balanced piece K of o(T). Note that K N 4(B) is a balanced
piece of a(B). Let @ be a (possibly disconnected) contour around K with
o(T)\K on the outside. Assume for simplicity that T is completely nonnormal.

Now

* -1 _ _ -1 _ et 2
fﬂ(c—c )B(A) dA—fQ(A ) '--cHlan
= F(K) = Fou(K) = F(K) = B(K) = 0.
But C — C* is one-to-one by Corollary 1 so that

Q) [, B ax =o.
We also have that

fﬂ AMC - C*)B(N) dA = fg M= C) = A = et laa

= (C - C*)F(K)

so that
3) fﬂ AB(\) ' d\ = F(K).
But then by (2) and (3) we have
Jo@=1)"ax = [ BT - T*)aA = [ ABOV)'a = F(K).

Thus F(K) reduces T and o(T|F(K)J¥C) = K as desired. O

ProposITION 4. If T € 0 and o(T) is a subset of a vertical line, then T is
normal.

PROOF. Let x, be real and suppose T € 6, o(T) C {A: ReA = x;}. Then
T*+T=C*+C= 2x,1 by Proposition 1 and the fact that 6(B) = o(C)
U o(C*). Hence, [T, T*] = 0 and T is normal. [

THEOREM 5. If A is an isolated point of o(T') and T € 0, then A, is a reducing
eigenvalue of T.
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PrOOF. We may assume that 7 is completely nonnormal and hence Ay, o
are both isolated. Thus {Ay,A,) is a balanced piece of o(7). That A, is a
reducing eigenvalue now follows from Theorem 4 and Proposition 4. (O

6. Comment. Using the terminology of [1] and [2] we have shown that if
T € 9, then T is reduction-normaloid, reduction-spectraloid, spectraloid,
isoloid, and reduction-isoloid.
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