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ABSTRACT. This paper is concerned with the problem of existence of fixed
points of continuous maps of the closed unit ball of a complex Banach space
into itself which are holomorphic on the open unit ball. We show that if the
Banach space is separable and reflexive and F is the map in question that for
a.e. 8 in [0, 27] the map ¢'®F has a fixed point. This result does not hold in
general; hence, additional conditions are imposed which insure the existence
of fixed points in every Banach space. Fixed points of some linear fractional
maps are explicitly computed.

1. Introduction. Let X be a complex Banach space, U the open unit ball in
X, U the closed unit ball and assume F: U — U is continuous on U and
holomorphic on U. We denote the set of such functions by Uy .. By
holomorphic we mean that F has a complex linear Fréchet derivative at each
point of U. Standard results on these maps and vector valued holomorphic
maps may be found in the book of Hille and Phillips [8].

In a previous paper [6], the authors showed that a biholomorphic map of the
unit ball of a Hilbert space into itself has a fixed point. An example of
Kakutani exhibits a homeomorphism (which can easily be modified to a
diffeomorphism) of the closed unit ball of a Hilbert space onto itself with no
fixed point. This might indicate that holomorphy is strong enough to always
insure fixed points. However we show in §2 an example of a holomorphic map
F on the Banach space ¢, with no fixed point. In fact for no 6 in [0, 27] does
€' F have a fixed point.

Earle and Hamilton [4] have shown that if F is holomorphic on U in a
general Banach space and F maps U strictly inside U, then F has a fixed point
in U. Their results depend on the fact that one can define a metric on U so
that if F maps U into U and is holomorphic, then F is nonexpansive, and if F
maps U strictly inside U then F is a strict contraction in this metric. This result
is fundamental to our work and we have included some of their results in the
appendix. The appendix is a generalization of some of their work and is due
to L. Harris (unpublished).

§2 contains the-main result and is obtained by using a result of Ryan [15]
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on boundary values of vector valued holomorphic functions. We show that if
X is separable and reflexive and if F: U — U is continuous on U and
holomorphic in U, then ¢'%F has a fixed point in U for a.e. 8 in [0,27]. In §3,
in addition to the assumption of holomorphy we impose several different
conditions that are frequently assumed in fixed point theory for nonexpansive
maps and show that these additional conditions are sufficient to obtain fixed
points. In §4 we compute explicitly the fixed points of certain linear fractional
maps in the space B(H, H) of bounded linear operators on a Hilbert space.

2. Fixed points of holomorphic maps in Banach spaces. We will show that for
la| < 1 the fixed points of the map a F are holomorphic functions of a. Then
we study the fixed points of F by considering the boundary values of the
vector valued holomorphic function x(a). Boundary values of such functions
have been considered by Ryan [15]. We begin with

LEMMA 2.1. Suppose F: U — U is holomorphic, and let x(a) = (a F)(x(c)) be
the unique fixed point of a F for |a| < 1. Then x(«) is a holomorphic function of a.

Proor. By Theorem 2 of the appendix, aF is a strict contraction in the
metric p defined there, so x(a) = lim,_, (aF)"(0). Let x,(a) = (aF)"(0)
and fix r with 0 < r < 1. We will show that x,(a) converges uniformly to x(a)
in the closed disc |a| < r. Since a F maps U into the ball of radius r, the results
in the appendix imply that

p((@F)" (), («F)"'(v) < k"p(u,v)

for all u, v € U, where k = 2/(3 — r) < 1. Hence by the last result of the
appendix,

1%, (@) = x5 (@]l < p((a F)"(0), (aF)"(«F)?(0)) < k"p(0,(«F)?(0))
< k'/(1-=r)

for all |a] < r, so the sequence of functions {x,(a)} is uniformly Cauchy on
la| < r. Also [|x, ()|l < rfor |a| < r. Hence for every / € X' the dual of X,
the sequence {/ o x,(a)} is a uniformly convergent sequence of analytic
functions on |a] < r which converges to the function /o x(a), and hence
! o x(a) is analytic. The equivalence of weak and strong holomorphy [8]
implies that x(a) is holomorphic.

We review briefly the definitions and results of Ryan [15] needed for our
paper. Let £7(T) for 1 < p < oo denote the space of measurable complex
valued functlons defined on the unit circle 7 and such that N,(f)
= ((27r) f |f(e ’0)|pd0)l/p < 0. £4(T) denotes the space of functlons
defined a.e. on T with values in X which are measurable in the norm topology
of X and so that ||f]| € £°(T). If f € ££(T) denote Np(f) = Np(||f||). For
x € Xand y € X’ the dual of X, denote by {x,y) the value of the linear
functional y at the point x. Since X is separable, a function f from 7T to X is
measurable if and only if {f,y) is measurable for every y € X'. Let £§, denote
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the space of functions which are defined a.e. on T with values on X', and so
that {x,f> is measurable for each x € X and ||f|| € £P(T). Again the
separability of X implies that || f|| is measurable if {(x,f) is measurable for all
x € X.In general, £4.(T) C £4,(T), but we have equality if X is reflexive for
then X' is separable. If f € £4, then {x,f) € £P(T) for each x € X and the
weak integral or Pettis integral of f is a linear functional on X defined by

G @ [ a0y = 7 Gop(e®)yao.

We will need the following two theorems of Ryan [15].

THEOREM A (RYAN). Let X be separable and f € 4.(T) for 1 < p < o0. If
(P)j},z" Ef(e®)dd =0 forn=1,2,3,..., then Np(F,’) < N,(f) for 0 <r
< 1 where

-1 f()
F@) = 2mi (P)j|‘|=1 =
Furthermore N,(F, — f) = Oasr — 1 and F(e'o) — f('®) a.e. in the norm of
X'.Iffis contmuous then E (e’a) — f(e'®) uniformly for 8 € [0, 27].

THEOREM B (RYAN). Suppose that X is a separable Banach space with dual X'.
Let F be analytic in |z| < 1 with values in X’ and assume N,(F) <1 for 0 < r
< 1 wherel < p < « and E (e’o) = F(re'®). Then there is a function f
€ £4.(T) so that

F@) = % (P)fq 1 tf(t) dr

and furthermore,

2 il if
N(f) <1, (P)f0 i) dd =0 forn=123,.

and f is uniquely determined modulo a set of measure zero.
We now state our theorem on fixed points.

THEOREM 2.2. Suppose X is a separable reflexive Banach space, U is the open
unit ball of X and F: U — U is continuous on U and holomorphic in U. Then for
ae. 0 in[0,27), €® F has a fixed point.

ProOOF. For |a| < 1 let x(a) = a F(x(a)) be the fixed points of a F. We note
again that x(a) is a vector valued holomorphlc function of a.

Since ||x(r¢’®)|| < r, and N ,(x,) = ((27) foz" ||x(re’0)||pd0)l/p, we have
N, (x )< l1for0 < r<1 and p > 0. Since x(a) has values in X, the dual of
X ’, and since X is reflexive, we have by Ryan’s Theorem B that there is a
function y € %, (T) = £4.(T) = £§(T) so that



98 T. L. HAYDEN AND T. J. SUFFRIDGE

x(o) = % (P) ~l|‘l|=l Iy-(-_t)zdt’

Np(y) < 1 and (P) foz" ¢™y(e%)dg = 0forn=1,2,3,....
We may now use Ryan’s Theorem A, and since y € £4, we have that

1 t
M) = 55 (P) f|z|=1 tl%dt
and x(re'®) — y(¢') a.e. in the norm of X. The proof is finished by noting that
the fixed points of re'’ F are x(reio) and that these have a limit as r — 1 so that
y(e") is the fixed point of eF.

We now show that Theorem 2.2 fails in the nonreflexive space ¢, Let
X = c,, the space of complex sequences which tend to zero and with the norm
in ¢, the supremum norm. Let F: U — U be defined by F(z;,z,,25,...)
= (},2/,25,25,...). It is clear that F is holomorphic in the entire space X
since F is simply a translate of the linear shift operator. In fact F is
nonexpansive in the norm and it is well known that F has no fixed points, since
a fixed point must obviously be (,1,4, . .. ) which is not in ¢;. In fact note that

eigngl,zz,...) = (z,25,...) implies z; = e?/2, zy = eﬁ0/02, s 2
= ¢’%/2,...; a point not in ¢y, so that for no @ in [0,27] does ¢'” F have a
fixed point.

3. Fixed points of holomorphic maps in general Banach spaces. The addition
of a simple geometrical condition to holomorphy yields the following theorem.

THEOREM 3.1. Suppose F € Uy - and (I — F)U is closed; then F has a fixed
point in U.

Proor. Fort € (0,1), let x(t) = tF(x(r)) be the fixed points of the map ¢F.
Then

lx(®) = FO(DII = NeF(x(9)) = Fx(DIl < e = WIF)I < e = 11.

Hence x(t) — F(x(r)) > 0ast— 1. Hence 0 € (I — F)U so that F has a
fixed point.

Such arguments are standard for nonexpansive maps and we note the
addition to the hypothesis that F € UH’C of a condition such as demicompact
or demiclosed in the appropriate setting will yield fixed points as in the
nonexpansive case. The notions of demicompact and demiclosed are used by
Browder and Petryshyn, [2], [3], [13]. The reader can easily formulate and
prove the corresponding results for holomorphic maps.

THEOREM 3.2. Let F € Uy ¢ and for 0 < t < 1, let x(t) be the unique fixed
point of tF. Let DE,) be the Fréchet derivative of F at x(t). If 1 is not in the
spectrum of DF, and (1 - tD}';(,))_l || = g(¢) is integrable on (0,1), then F
has a fixed point in U.

PrOOF. By Lemma 2.1 x(r) is a differentiable function of ¢. Hence since
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x(¢) = tF(x(f)) we have that
X(1) = F(x(r)) + tDE ) x(t), or (I — tDE,))x(t) = x(t)/t
for0 <t < 1.

Since || x(¢)|| < ¢ it follows that ||x(?)|] < [|(/ — tDE‘(,))_] || = g(). Since the
length of the path of x(¢) is given by lim__,, fy [I¥(?)l|df < lim_,, f5 g(¢)dr
< o0, we see that there is some x so that x(f) > xas7— 1 and that
x = F(x).

Following Lumer and Phillips [10], we define a semi-inner-product on X.
The semi-inner-product is a map [-, -} from X X X — C(the complex numbers)
so that:

(1) [X +y,Z] = [X’Z] + [y,Z]’

2) (Ax.y] = Ax, ), ‘

3) [ox] > 0 for x # 0, forx,y,zin Xand A € C.
4) )P < [ Xy

By the 1/Iz-Iahn-Banach theorem, there is a semi-inner-product with |x||
= [x,x]"°.

COROLLARY 3.3. Suppose F € Uy -, and let
h(t) = lim s~'(Il1 + sDE) || — 1),

where x(t) = tF(x(¢)) for 0 < t < 1.Ifh(t) < 1 and (1 — th(t))_l is integrable
on (1 — 8, 1) for some sufficiently small 8, then F has a fixed point in U.

ProoF. The condition A(¢) < 1 is shown in Lumer and Phillips [11] to imply
that Re[DE,,,»,y] < h(1)|ly|. Hence

(1 = tDE)yll Iyl > Re[(f — tDEy,)y,y] = Re[y,y] — t Re[DE ), ]

2 2
> yl" = th@ 1.

Therefore / — tDF,,y is invertible and ||(/ — tDI‘)'c(,))_I | < (=) An
application of Theorem 3.2 shows that the length of the path of x(r)
= tF(x()) is finite, so F has a fixed point.

The condition in the last corollary is related to pseudo-contractive maps
introduced by Browder [1] and to accretive operators, but is slightly stronger.
To see the connection we suppose for a moment that 4 = DF,, is linear and
X is a Hilbert space. In our last corollary we have the condition that
Re(dy,) < hO)IyIP. 1f Re(dy,») < [yl then Re(( — A)y,y) > Oor 1
— A is accretive. I — A is accretive if and only if 4 is pseudo-contractive. So
for linear operators, pseudo-contractive implies the numerical range of A4 is in
a half plane with real part less than or equal to one. In the corollary we needed
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to restrict the numerical range in a slight shift to the left. If we impose the
condition Re(dx,x) < kl|x|P* for k < 1, then k' 4 is pseudo-contractive. We
use these comments to generalize to the nonlinear case. Following Browder [1]
we say a map G: D — X, where D is the domain of G and X is a Banach
space, is pseudo-contractive if for all u, vin D and r > 0,

llw = vll <N+ 1) = v) = r(G) = GW))II.

Browder and Kato have shown that in the nonlinear setting this is equivalent
to I — G accretive. We will essentially require that I — G be strictly accretive,
or, equivalently, following [3], say a map G: D — X is strictly pseudo-
contractive if for 0 < k <1 and 0 < A < I/k we have [[(1 —AG)x —
(I- AG)yll > (1 = Ak)||x = y||. Note when k =1 and A = r(1 + r)”' we have
a pseudo-contractive map. Browder [1] and Kirk [10] have used the pseudo-
contractive maps and additional conditions in uniformly convex spaces to
prove fixed point theorems. The relationship of strictly pseudo-contractive
maps to monotone maps, iterative methods for the construction of their fixed
points in Hilbert space, and historical remarks may be found in [3]. Extending
the result of Kirk [10] we have the following theorem.

THEOREM 3.4. Suppose X is a Banach space, F: U — U is strictly pseudo-
contractive and the range of (I — AF)U contains an open ball of radius 1 — A
about the origin for some N\, 0 < A < 1. Then F has a fixed point in U.

PrROOF. Let T, = I — AF. Then strictly pseudo-contractive implies that
ITx — Byl < (1 —kN)|x =y or that T~ l[BI »] C U where B,_, is the
open ball of radius 1 — A and center 0. Hence (1- )\)T— B,_\ — B,_, and
sincel —A <1 —kA, (1 — )\)T 1s a strict contractlon Letx € B,_, be the
fixed point of (1 — AT~ !, Suppose z = x(1 —)\) , then T(z) = x or
z=AF(z) =x=(—=MNzor F(z) = z

COROLLARY 3.5. Suppose X is a Banach space and F: U — U is strictly
pseudo-contractive and holomorphic; then F has a fixed point in U.

PrOOF. We need to show R(I — AF)[U] D B,_,. Let F, = AFfor 0 < A
<1, and let y € B,_, so that [ly]| < &(1 —A) for some & < . Let Gy
= AF + y. Then G, is holomorphic and maps U strictly inside U. Hence,
Gyx = x = AF(x) + yor (I = AF)x = y. This shows that R(I — AF)[U]
D B_,.

REeMARKs. Following Kirk [10] we see that the conditions strictly pseudo-
contractive and Lipschitzian on F will yield the above corollary. Also if the
space is uniformly convex and F is pseudo-contractive on U and holomorphic
in some open ball containing U, and F: U — U then F has a fixed point in U.
Finally we remark that some of the above results remain true if U is replaced
by a bounded star shaped domain.

4. Linear fractional transformations. We will show that some linear fraction-
al maps have fixed points. Krein [9] showed that there is an interesting relation
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between the fixed points of linear fractional transformations and invariant
subspace problems in a Hilbert space with indefinite metric. Phillips [14]
generalized the results of C. L. Siegel [16] and was able to characterize the
linear fractional maps of Krein as biholomorphic maps on the unit ball of
B(H, H), the bounded linear operators on a Hilbert space H, which are in the
identity component.

Helton [7] exploited the relation between invariant subspaces and fixed
points established by Krein and Phillips and characterized those maps of
Phillips having fixed points in the interior of the unit ball. L. Harris has
considered biholomorphic maps on the unit ball of B(H, H) and was able to
characterize such maps by /(Z) = L o Tg(Z) where L is a linear isometry and

T(Z) = (1 - $$*) VX(s = z)(1 - s*2)"'(1 - §*5)"?
and ||S|| < 1. For a discussion of this result and its relation to the result of
Phillips see Harris [5).

We are able to show that T;(Z) has a fixed point in the interior of the unit
ball and in fact are able to explicitly compute the fixed point. Note that this
is equivalent to solving a rather complicated “quadratic” equation in opera-
tors.

THEOREM 4.1. The map Ty(Z) = A"V*(S — Z)(I — $*Z)™'BY? (where
A=1-SS* B=1-S5*S,and|S| < 1)isa biholomor{)hic map of the unit
ball of B(H, H) onto itself and the point K = S(I + BY Hlisa fixed point of
T inside the unit ball.

Proor. First note that 4 and B are positive operators and 0 < 4 < 1,0
< B < I, so that B has a positive square root and (I + BY 2)_l has norm less

than one so that ||K|| < 1.
We will show that (S — K)(I — S*K)™' = 4V2KkB~V?. Now

(S-K)(I - S"‘K)—I =[S-8SU+ 31/2)“11[1 —S*S(I + Bl/z)—l]—l
= S[I -+ B> "1 - - B!
=S -+ B BV,

Note that for any positive integer n, S(S*S)" = (S5*)"S and hence for
ISl < 1,if S a,z" converges in the unit circle we have 3 a,S(S*S)"
n n
=3 a,(SS*)"S. Or for f analytic on |z| < 1, Sf(S*S) = f(SS*)S and, in
particular, S(/ — S*S)]/ - (1 - SS*)‘/ 2S. Hence

SBY? = 4?5 = SU+ B>~ 1) or

A2s(1+ BV = sl -+ B,

Multiply by BY2 and use the relation obtained above to see that (S — K)
~(I-S*K)"' = 4/2kB"?, 50 that K is a fixed point.
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In closing we mention without proof the following partial result obtained in
joint work with L. Harris in Hilbert space. Suppose F: U — U is continuous
on U and holomorphic in U. In case the approximate fixed points x(¢) of the
map tF, 0 < ¢ < 1, satisfy either of the following two conditions

@) Ix@l <r <1,

(b) ||x(5)|| > ¢" for some n > 1 ast — 1, then F has a fixed point.

The authors thank Frank Massey and L. Harris for helpful discussions. The
first author wishes to thank Ralph Phillips for bringing to his attention the
problem of Krein while the first author was on a sabbatical leave at Stanford
which initiated interest in the problems of this paper.

Appendix. These results are due to L. Harris and generalize the results of
Earle and Hamilton [4]. In a related way, Marsden [12] has used the semigroup
structure of a flow to define a metric in which the flow is globally well
behaved.

THEOREM 1. Let ) be an open connected subset of a normed linear space X and
let S be a semigroup of continuously differentiable functions h: ® — 9, where the
semigroup operation is composition of functions. Suppose that the map x
— sup, cs | Dh(x)|| is locally bounded. Then there is a metric p on D with
p(h(x),h(y)) < p(x,y) for all h € & and all x,y € D. Moreover p(x,y)
> |ly — x|| for all x, y € D, and given a point in  there is a neighborhood 0 of
the point and a real number M such that p(x,y) < M||x — y|| for all x,y € 0.

Conversely, it is easy to show that if p is a metric on % which satisfies the
conclusions of the above theorem, then the map x — sup, < || Dh(x)]| is locally
bounded. If & is bounded, the semigroup S of all holomorphic functions
h: & — 9 satisfies the above hypotheses; for if x € ), there exist r, R
> 0 with B,,(x) € 9D C Bg(0). Hence given y € B,(x), we may apply the
Cauchy estimates on B,(y) to any function & € § to obtain ||Dh(y)|| < R/r.
Thus x — sup, s [|Dh(x)|| is locally bounded. Clearly the topology generated
by the metric p is equivalent to the norm topology.

PrOOF. We may suppose that the identity map [/ is in S. Define

a(x,y) = sup || Dh(x)y|
heS

for x € @ and y € X. Let y be a continuous curve in ) whose derivative is
continuous except possibly at finitely many points. (We call such a curve
admissible.) Since the range of y is compact, there is an M with || Dh(y(¢))||
K Mforallh € Sand 0 < 1 < 1,50 a(y(£), Y (1)) < M|y (¢) for0 < ¢ < 1.
Define L(y) = jg ay(2),y'(r))dr and take p(x,y) = inf{L(y): y admissible,
¥(0) = x, y(1) = y}. It is easy to show that p is a metric. Suppose 4 € S and
let u € 9 and v € X. Then by the chain rule, for any g € §,

[ Dg (h(u)) Dh(u)vl| = [|D(g o h) (]| < alu,v)

since § is a semigroup. Hence
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(*) a(h(u), Dh(u)) < alu,v).

Now let y be an admissible curve with y(0) = x and y(1) = y. Then x o y is
also an admissible curve and (h o y)(0) = h(x), (h o y)(1) = h(y). By the
chain rule,

Lhoy) = [ al(h © )O.(h o 1 ()i = [ ali(x(0), DHYD) (D)

1
< J, a6y @)dr = Lix),

where the last inequality follows from (*). Hence p(h(x), () < p(x,y).
To see that p(x,y) > ||y — x|/, let y be an admissible curve in @ with
¥(0) = x and y(1) = y. Then

L) = [, a0y > [ vl > || v

= [I¥(1) = YOI = Iy — xl,

so p(x,y) > lly — x|l. (It is obvious that a(u,v) > |lv|| foru € D, v
€ Xsince I €5)

Finally, let p be a point of 9. Then there is a ball © with center p and a
constant M with sup, < ||Dh(x)|| < M for all x € 0. Let x, y € O and put
¥(t) = x + t(y — x). Then

aly(1),y' (1)) = Zgglth(Y(f))Y’(t)ll < Mlly = xll,

SO

o) < L) = [ a0,y ) de < Mily = ]

forall x,y € C.
An h € § is said to be a (C)-element of § if there is a + > 0 such that the
function x — h(x) + t[h(x) — y] belongs to & whenever y € 9.

THEOREM 2. Suppose S satisfies the hypotheses of Theorem 1 above. If h is a
(C)-element of §, then

a(h(x), Dh(x)v) < ka(x,y) and p(h(x),h(y)) < kp(x.y)

forallx,y € Dandallv € X, wherek = (1 + t)_]. Moreover, if X is complete,
then h has a fixed point in °D.

PrROOF. Let x € D and define g(y) = h(y) + t[h(y) — h(x)] for y € D. By
hypothesis, g € §, so by (%),

a(g(x), Dg(x) < alx,v), ie. a(h(x),(1 + )Dh(x)) < alx,v)

for all v € X, as desired. It is easy to modify the corresponding argument in
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the proof of Theorem 1 to show that the last inequality implies that

p(h(x), h(»)) < (1 + 1) p(x,y).

The last part of the theorem follows immediately from the contraction
mapping theorem.

For example, suppose 9 is bounded and that A:  — 9 is a holomorphic
function which maps 9 strictly inside itself (i.e., there is an & > 0 such that
lA(x) — y|| > ¢ whenever x € D and y & D). Then it is easy to see that & is
a (C)-element of the semigroup S of all holomorphic functions f: @ — 9, and
consequently the conclusions of Theorem 2 hold. (This is the main result of
[41)

REMARK. If 9 is the open unit ball of a normed linear space and if § is a
semigroup of holomorphic functions mapping 9 into %, then

Ixll < p(0,x) < tanh™" x|

for all x € 9.

PrROOF. Given x € 9 with x # 0 and # € §, by the Hahn-Banach theo-
rem there is an / € X* with /(Dh(x)x) = ||Dh(x)x|| and ||/]| = 1. Define
f(2) = I(h(zx/|x))). Clearly fis an analytic function in the disc |z| < 1 in the
classical sense and satisfies | f(z)| < 1 there. Then, as is well known, | f'(||x|)|
< (1=l s0

IDAG) X! < lxll/(1 = [1xIP).

Thus a(x,x) < |lx||(1 - ||x||2)_I for all x € 9. Therefore given x € A and
taking y(¢) = tx for 0 < 7 < 1, we have

p(0,x) < L(y) = fo ] altx, x)dt = j; l %a(tx, tx)dt

1 - 1+ _
<f0 lxll (1 = Alxl?) " dr = %logl_—l:i}: = tanh™" ||x]|.

Note that the inequality log(1 + 7) < ¢ implies that
tanh™'r < r(1 = 17" for0 < r< 1.
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