PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 60, October 1976

ON STIELTJES AND VAN VLECK POLYNOMIALS
NEYAMAT ZAHEER

ABSTRACT. Stieltjes and Van Vleck polynomials arise in the study of the
polynomial solutions of the generalized Lamé differential equation. The
problem of determining the location of the zeros of such polynomials has
been studied under quite general conditions by Marden. He has obtained
(see Trans. Amer. Math. Soc. 33 (1931), 934-944) varied generalizations of
certain results proved earlier by Stieltjes, Van Vleck, Bocher, Klein, and
Pélya. Our object in this paper is to study certain aspects of the correspond-
ing problem in relation to yet another form of the generalized Lamé
differential equation. Furthermore, applications of our theorems to the
standard form of the generalized Lamé differential equation immediately
furnish the corresponding results due to Stieltjes, Van Vleck, and Marden (cf.
the paper cited above).

1. Introduction. Heine [2] has shown that there exist at most C(n + p — 2,p
— 2) polynomials V(z) with degV < p — 2 such that, for ®(z) = V(z), the
generalized Lamé differential equation

(1.1) w”+[§‘, a’a]-w'+[<1>(z) jI:I](z—aj)]~w=0

j=1% 74,

has a polynomial solution S(z) of degree n. Such S(z) and V(z) are called [5,
pp. 36-37] Stieltjes and Van Vleck polynomials, respectively. We observe that
the differential equation

Wi I:jgl af{:’/r;l: (- bf’)/sfjl (z = ajs)}] i

®(z)
f=l H:j=1 (Z - ajs)

where ®(z) is a polynomial of degree at most (n; + - -+ + n, = 2), can always
be written in the form (1.1). (Note that (1.2) is indeed of the form (1.1) if
n; = 1for all j.)

Various mathematicians (see Marden [6, pp. 935-936]) have, via different
methods, studied the zeros of the polynomials S(z) and V(z) in relation to the
differential equation (1.1) by imposing suitable conditions on the singularities

(12)

—+

w =0,
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a;, but only for positive real values of the constants «a;. For the first time,
Marden [6] gave the treatment of (1.1) subject to condition |arg o <y <72
and obtained varied generalizations of the results (cf. Marden [6, Theorems
1(a)-2(a)]) established earlier by Stieltjes [8], Van Vleck [9], Bocher [1], Klein
[3], and Polya [7]. Our object in this paper is to study the zeros of the
polynomials S(z) and ¥(z) in relation to the differential equation (1.2). The
results thus obtained are valid for both (1.1) and (1.2), whereas the corre-
sponding known results [6, Theorems 1(a), 1(b), 6(b)], which apply only to
(1.1), become corollaries to our theorems. However, the present treatment
follows, in some aspects, the methods introduced by Marden [6, pp. 934-937].

2. Main theorems. Throughout this section, we shall freely use the following
abbreviations:

B ni—1 5 _ n; N _ _/;(Z)

(2~1) fj(z) = 11=_II (Z - j;), gj(z) = sl;ll (z - ajs), j(z) = 37(2—)

for every 1 <j < p (with the convention that f(z) = 1 whenever n; = 1),
and

(2.2) F(z) = jél « - h(2).

We intend to prove

THEOREM (2.1). If large;| < v < w/2 and if all the points aj, b, (occurring in
(1.2)) lie on the line segment joining the points ¢, and c,, then the zeros of each
Stieltjes polynomial S(z), associated with the differential equation (1.2), lie in the
region K given by

K = {z||z = ¢/|+|z = ¢, |<]e; = ¢, secp},

where
p={g—- D7 +v}/2q—-1), = max{n,ny,...,n,}.

Proor. If S(z) = (z - z)(z — z5)--+(z — z,) is a Stieltjes polynomial
corresponding to a Van Vleck polynomial V(z), associated with (1.2), then we
know [10, Lemma (2.1)] that every zero z; of S(z) is either a point a; or
satisfies the equation
(23) lrep+ S =0 k=12....n

' N T
where F(z) is as defined by (2.2).

Suppose, on the contrary, that one or more zeros z;, . .., z,, (say) of S(z) lie
outside the region K. Let us consider the family % of all confocal ellipses
having foci at the points ¢; and c,. Then there passes (through each point in
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the complex plane) a unique member of ¥ and no two distinct members of ¥
intersect one another. If E|, E, € F (eccentricities e,, e, respectively), then
either E, = E, (with ¢, = ¢,), or else one of them (say, E,) falls inside the
other (say, E,) and in that case ¢ > e,. Consequently, out of the zeros
7, ..., 2z, there is at least one (say, z;) such that a member E, of ¥ (with
eccentricity e) passes through z; and such that all the zeros z, ..., z, lie on
or inside E,. Notice that either K is the line segment with endpoints ¢; and c,
(in case p = 0) or else that the boundary of K is a member of ¥ having
eccentricity cosp (in case p > 0). Since K & E,, in either case, we conclude
that

(2.9) e < cos p.

Also, since 0 < y < m/2 and n; < ¢, we see that [(n — 1)z + v]/(2n — 1) is
an increasing function of » and that

(nj— D+ v 7
ﬁ=“j (Sa)')<ﬂ<§, 1</j<p
J

25) 0<

o

/

FIGURE 1

Let us take a fixed point 4, on the tangent T at z, to the ellipse E, (see Figure
1) and draw straight lines joining z; to the foci c), c,. These lines obviously
make equal angles # (say) with the tangent T. By elementary calculus, we can
easily verify that the minimum value 6, of § (with respect to all positions of
the point z; on the ellipse E,) is given by 6, = cos'e, which is attained when
z, is at an end of the minor-axis. Now inequalities (2.4) and (2.5) imply that

(2.6) o> Vji=12....p.
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Returning to the proof of our main theorem, we notice that a zero z, of S(z)
does lie in K if z; is one of the points a;, . If a zero z; is none of the points
then z, satisfies (2.3). In particular (for k = 1), we have

aj_‘.,

! F(z;) + é L _ 0
2 V& -z
Therefore,
1 z u
> F(z)) (zy —u) + § zll-—zjl. 0,
i.e.

2 ra, n-l sz, — b, nolz —u nofz —u
) E38G=) B G AG=) -0
@7 jgl 2 tI=-Il 21— Y sl;ll 2 T G j§2 51— %

Since all the zeros z, lie on or inside the ellipse E,, we have

— U

l\
(28) 0 < arg( 2=

‘) <m Yji=23..,n
Z.
J
Also, due to inequality (2.6) and the hypotheses on a and b, we have (for
1<j<p

) < - 0) < arg( ) < —g < -

(m #j) (7 S arg Z—u) S B

2 M|

2] — s

pj<0<arg( )<w—0<w—uj

foreveryt=1,2,...,n,— lands = 1,2, ..., n;. Consequently,

-0y < are[ T (222) ] < - 0,

=1 zl - ul

Yoz —
s= °js

for every j = 1, 2, ..., p. Using these inequalities and the value of W from
(2.5), we conclude that

ml iz = b, n; (Zl_“l)
Y<afg[’£ll(zl_ul) sl;Il 2y~ 4 ]<ﬂ T

In view of this and the hypotheses on a;, we obtain

(2.9) 0<arg[%-"ﬁ' (‘L‘_ﬁ) f’I (21 —ul>] <a

=1 \Z1 — W/ s=1\2 ~ 4
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for every j = 1, 2, ..., p. Finally, inequalities (2.8) and (2.9) imply that the
imaginary parts of each term on the left-hand side of (2.7) are positive. This
contradicts the fact that z, satisfies (2.7). Therefore, every zero z, of S(z) lies
in the region K. This completes the proof.

THEOREM (2.2). Under the hypotheses and notations of Theorem (2.1), the zeros
of each Van Vleck polynomial V (z), associated with the differential equation (1.2),
lie in the region K.

PROOF. Let ¢, be a zero of a Van Vleck polynomial ¥(z) corresponding to
an nth-degree Stieltjes polynomial S(z), associated with (1.2). Using abbrevia-
tions (2.1) and (2.2), we know [10, Lemma (2.2)] that every zero ¢, of V(2), if

not an a;, is either a zero of S’(z) or satisfies the equation
n—1

(2.10) Fi)+ 3 —— =0,

=1 =%

Z(1<j<n- 1) being the zeros of S’(z).

If a zero 7, of V(z)isana (1 <j<pl<s< nj), then 7, is in K and we
are done. If a zero ¢, of V(z) is a zero of S’ (z) then Theorem (2.1) and Lucas’
theorem [5, Thearem (6, 2)], [4] imply that ¢, is in K, and the theorem follows.

In order to prove the theorem for the case when ¢, # (l <j<pl s
< n;) and §°(f) # 0, we suppose (on the contrary) that some zeros of V(z)
lie outs1de K. Arguing as in the proof of Theorem (2.1), we can find a zero (say,
1) of V(z) outside K and a member E, (with eccentricity e) of & passing
through # such that all zeros of ¥(z) lie on or inside E,. Our previous diagram
(Figure 1) and construction remains the same except that t; replaces z,. (2.10),
for k = 1, can be written as

)4 -l L - b~, ”j t—u ly —y
o o8 (5) 1 (553)) - Hi28 -
=1 7=\ —w ) 5= 11’1—2,
where u, is a point on the tangent to the ellipse E, at the point ¢. Since the
points zJ'. lie on or inside E, (but not on T), we obtain

(2.12) 0<arg( )<w G=1,2...,n—1).

Replacing z, by ¢ in inequality (2.9), established in the proof of Theorem (2.1),
we obtain also the inequality

n-l ooy — b, Nt —
(2.13) 0< arg[a.~ II (-——) II (__—>] <
To=m N\ ) =S\ g
for everyj = 1, 2, ..., p. Now inequalities (2.12) and (2.13) contradict (2.11).

Hence, every zero 1, of V(z) in this case also lies in the region K. This
completes the proof of our theorem.
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An immediate consequence of the above theorems is the following result
due to Marden [6, Theorem 6(b)] concerning (1.1).

COROLLARY (2.3). If |arge;| < y < w/2 and if all the points a; lie on the line
segment joining the points ¢, and ¢y, then the zeros of every Stteltjes polynomial
and the zeros of every Van Vleck polynomial, associated with the differential
equation (1.1), lie in the region K, given by

K, = {zl|z = ¢/|+]z = ¢,|<|e; = ¢y secy}.

ProoF. If we put n; = 1 for every j (so that ¢ = 1), then (1.2) reduces to
(1.1), with the constants a; (in (1.2)) corresponding to the constants g
occurring in (1.1). Under this reduction, the region K of the previous theorems
is indeed the region K| and Corollary (2.3) is fairly obvious.

The above corollary expresses, for y = 0, the results stated in Theorems
1(a) and 1(b) in Marden [6], due, respectively, to Stieltjes [8] and Van Vleck

[91
The author is thankful to the referee for pointing out the fact that Corollary
(2.3) is a result due to Marden.
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