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VANISHING SOLUTIONS OF THE
DISSIPATIVE ACOUSTIC EQUATION
IN AN EXTERIOR DOMAIN

DANIEL A. BONDY

ABSTRACT. Except in one dimension, strictly incoming waves cannot be
propagated by the wave equation with dissipative boundary conditions so
that they disappear asymptotically in forward time.

In [4] Lax and Phillips consider the acoustic equation in an exterior domain
G CR™
(1.1

u, = Au in G,
o,u+ou, =0, o>0indG.

They assume G contains the complement of the ball of radius p. As in [4], we
define H to be the Hilbert space of all initial data d with finite energy in G.
Let T(t) be the (strongly continuous) contraction semigroup formed by
mapping initial data into data at time ¢.

If G = R” (and the second part of (1.1) is vacuous) we will denote H by H,
and T(f) by Uy(t). We note that Uy(¢) is a unitary group. We denote the
cogenerator (see Chapter 3 of [5]) of T(¢) by T and the cogenerator of Uy(t)
by U,. Let D, C H be the set of all initial data vanishing on {x| |x| < p * ¢,
t > 0}.

We will prove the following

THEOREM. Let n be greater than 1. (Recall that G C R".) If d € D_ and
d 2 0. Then lim T(t)d # 0.

t—+ o0

Before starting the proof we recall some of the material in [2], [3], and [4].
We represent the action of Uy(t) on H,, as right translation on LR, N) (i.e.,
the set of all square integrable N-valued functions on R) for some auxiliary
Hilbert space N so that D_ is mapped onto LXR_ — p, N). In this repre-
sentation D, is mapped onto

L*(R, + p,N)ifnisodd

and
JCL*(R, + p, N)if nis even

where
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(1.2) H(s) = T 'K (0)7,
(1.3) K (o) =sgnae
and 9 is the Fourier transform.

Since T(#)|p, = Ug(®)lp, for t > 0, and T(1)*|,_ = Uy(—1)|p_for ¢t > 0,
we can embed H onto LZ(R N) so that T(¢)* acts on LXR_ — p, N) as left
translation by ¢ and T'(¢) acts on L*(R, + p, N) (resp. (LR, + p, N)) if
n = odd (resp. if n = even) as right translation by ¢. The action of T(¢) on the
rest of L3R, N) is more difficult to describe.

LemMA 1.1. Let f(s) € D_. Then f(s) € T*D_ if and only if f(c), the
Fourier transform of f(s), is zero at the point (0, —i).

ProOOF. Let f(s) € D_. Then by Chapter III of [5] and the fact that
T()*f(s) = f(s + t) for t € R, we conclude

® f(s+ nt)

2

1+t"_0 a+n"

(T*f)(s) = f(s) s-llm

Taking the Fourier transform

P ;& € (o)
(T*f)(o) = (0) +le+ 1+ ¢ 2"'0 1+

N . t 0 eimo
A RS> :

! n=0 (1 + t)
PN = f (0)(1 — 1/io).
Since (7*f)(o) and f(a) are analytic in the lower half plane, the above
calculation shows (Tf)(—i) =0
Conversely if g(s) € D_ and g(o) has a zero at — i, then
g(o) = (o + i)(o - NS (o) forsomef € D_.

But T* = Uy 'on D_,and Uy ! acts as multiplication by (o + i)/(c — i)~"
in the Fourier transform of the translation representation (called the spectral
representation in [2]). To see this, note that A, the generator of Uy(¢), acts as
multiplication by io in the spectral representation. The action of

Up= (I + Ag)(1 — 4g)~"
is now clear. Thus g(s) = (T*f)(s) for f € D _. This proves the lemma.
Define the wave operators as

(14) W, =sdlim T(0)JoUy(=1), W, =slim Uy(—1)JT(1),
t— 00 l—00

where J, J, are continuous linear maps from H to H, and H, to H
respectively which act as the identity on D_ \/ D, . Define the scattering
operator S as in [4] by

(1.5) S = W,Ww,.

LEmMMA 1.2. For any d € D _
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(1.6) Pp Td = P, UySd.
ProOOF. From the definitions of W, and W, we have W,T = U,W,. Since
Wilp, = Ilp, = W3|p, we see that for any d € H,
P, UW,d =P, W)Td = W,P, Td = P, Td.
If d € D_ we see that W d = d so that by (1.5)
Py Td = Py Uy W,W,]d = P, U,Sd
foranyd € D_. Q.E.D.

Since U,(f) acts as right translation by ¢ on LR, N) we can calculate U,
as

(L) (Uef)s) = f(s) = 2¢* [ f()etds, € L*R.N).

The operator S on H, = L*R, N) commutes with Uy(?) (= translation by
1) and it follows that in the spectral representation (= Fourier transform
space) the corresponding operator, denoted by &, acts on LR, N) by
multiplication

(8f)(0) = S(0)f(0), fe€ L*R,N).

We now prove the theorem for the case when n is odd (# 1). In [4] it is
shown that S (o) has an analytic extension to the lower half plane if n is odd.
In particular it is shown that
(1.8) S(LZ(R_ - p, N)) c L*(R_ +p, N).

PROPOSITION 1.3. Let d be a nonzero element of D_. We also assume
Uyd € D_ and
(1.9) S (— i) is invertible.

Then U,Sd is not orthogonal to D ,.
ProOOF. Let d € D_. Then in the translation representation d has its

support in (— oo, —p]. Since S satisfies (1.8) we see (Sf) has its support in
(— o0, p]. From (1.7) it is clear that if U,Dd has its support in (— co, p] then

(1.10) 0=[* (sd)g)ef ds= [~ (Sad)(§)et .

Rewriting (1.10) we see (./S‘d\)(— H=0,ie S(— i)t;'(— i) = 0. By assumption,
& (—1i) is invertible and we conclude d(—i) = 0. Thus by Lemma 1.1 we see
d e T*D_= Uy'D_, ie. Ud € D_. But we assumed Uyd &€ D_. Thus

U,Sd does not have its support in (— 0, p].
Since D, = L*(p, o0), N) in the translation representation, we conclude
that U,Sd is not orthogonal to D, .

PROPOSITION 1.4. Let d € D_ be nonzero and assume (1.9) holds. Then
s-lim,_ T (1)d # 0.

Proor. By Proposition III 9.1 of [5], it suffices to show

t— 0
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(1.11) s-lim T"d # 0 foralld € D_.

n—oo
Now if d 2 0 we can find a smallest m > Osothat 7"d & T*D_ = Uy D_,
and T"d € D_. We conclude by Proposition 1.3 that U,ST™d is not
orthogonal to D,. Thus by (1.6) we see P, T™*'d % 0. Now let U on
K D H be the minimal unitary dilation of T (see [S]). On D, we see
T|p, = Uglp, = Ulp,. Thusforn >0

0=(D,,HOD,)=(U'D,,U"(H O D,))
=(T"D,,U"(H© D,))=(T"D,, T"(HO D,)).

Thus if T"*'d =8O B,, €EHOD,, B, €D, wesee
T8, LT"8 alln > 0.
Thus

|7 T+ d)’ = | T8, + T"B|*=|T"82 + T"B|’>|T"B., |
= |\ UsBL P = B+ |=|Po, T 'd|"> 0.

Thus we can conclude (1.11). Q.E.D.
We now relax the restriction imposed by (1.9) and complete the proof of
the theorem in the odd-dimensional case.

ProrosiTiON 1.5. If d € D _, then

(1.12) s-lim T (t)d # 0.
l—00

PrROOF. Recall that G contains the complement of the ball of radius p.
Define V (x, t) = u(cx, ct), ¢ > 0. Then u(x, ¢t) satisfies
{ v, = Av in G/,

(1.13) i
9,0+ o0v,=0 indG',0 >0,

where G’ =%f {¢~g|g € G).

Define D _(v) as the subspace of initial data which vanishes on {|x| < p/c
+ ¢, t < 0} under the action of (1.13). Recall the definition of D _(u) as the
subspace of initial data which vanishes on {|x| < p + ¢, ¢+ < 0} under the
action of (1.1). It is clear that ¢ can be chosen so that G’ contains the
complement of a ball of radius less than one. By Theorem 10.10 of [4], since n
is greater than one, we can conclude that the scattering matrix for the
v-system is invertible at —i. Thus by Propositions 1.3 and 1.4, (1.12) holds for
the v-system. But the statement of the theorem is invariant under the change
from the v to the u systems. Thus (1.12) holds for both the ¥ and v systems
and the theorem is proven for the case when n is odd and greater than one.

We now look at the case when » is even. To prove the theorem in this case
it suffices to establish that U,Sd is not orthogonal to D, for any nonzero 4 in
D _. Once this is done the argument in Proposition 1.4 (with m = 0) can be
used as before to conclude (1.11).
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PROPOSITION 1.6. Let d be 1 nonzero element of D _ and let n be even. Then
U,Sd is not orthogonal to D .

Proor. Let d € D_. Then
(Sd,D,)=(W,W\d,D,)=(Wd, WiD,)=(dD,)

If Sd is orthogonal to D, , thend € D_ 0 D, L. Thus d(o) and K (o) - d (o)
both have analytic extensions to the lower half plane. But this is clearly
impossible unless d(0) =0, i.e. d(s) = 0. Thus Sd is not orthogonal to D,.
Since Uy 'D, D D, we conclude U,Sd is not orthogonal to D .

The proof of the theorem is now complete.

In conclusion, I would like to thank the referee for pointing out that the
theorem does not hold for n = 1, by providing the following counterexample:

G={x>a}, u=f(x+1t), fof compactsupport,

—u +u=0 onx=a.
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