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ON A THEOREM OF FIGA-TALAMANCA
MARTIN E. WALTER'

ABSTRACT. We give an example of a noncompact, unimodular group G with
the property that B(G) N Cy(G) = A(G), where A(G) is the Fourier
algebra of G, B(G) is the Fourier-Stieltjes algebra of G and Cy(G) is the set
of all complex, continuous functions on G vanishing at infinity. This
example answers negatively a question raised by A. Figa-Talamanca.

1. In a paper entitled Positive definite functions which vanish at infinity
Alessandro Figa-Talamanca constructs a “singular” continuous, positive defi-
nite function, i.e., one not in the Fourier algebra of G, which vanishes at
infinity for any locally compact unimodular group that satisfies the condi-
tion:

(H) The von Neumann algebra, M (M), generated by the left regular repre-
sentation X\ of G is not purely atomic.

Groups satisfying (H) are of necessity not compact. In the aforementioned
preprint, A.Figa-Talamanca notes that it is unknown whether or not unimod-
ularity alone is sufficient (for a noncompact, locally compact group) to
guarantee the existence of a “singular” continuous, positive definite function
which vanishes at infinity. We show by means of an example in the following
section that unimodularity alone is not sufficient to guarantee the existence of
a positive definite function with the aforementioned properties.

2. In the fourth section of [3] the following group and its representation
theory are discussed. We will briefly discuss this example with sufficiently
many references so that the interested reader can fill in the details. Namely,
let G, be the semidirect product, N ® K, where N = Q, = p-adic field (taken
additively), K = U = the compact (multiplicative) subgroup of p-adic units,
and K acts as a group of automorphisms of N as follows: If n € N, and
k € K, let k(x) = kn, the product in Q,. (See [9] for a complete discussion of
Qp, Zp, U, etc.)

The “Mackey machine” works in this instance (cf. [8, pp. 42-43], [7], or [3])
to produce a complete description of G,, the continuous, irreducible, unitary
representations of G,. First there are the characters of Gp which are trivial on
N; this collection w1ll be denoted by K, as is done in [3]. Note that K
corresponds to the orbit {0} of N under the action induced by K. The other
orbits, denoted by N, = {n € N: “height” of n = p/}, each give rise to an
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irreducible, induced representation 77 = UX with X, € N;, j €EZ, the in-
tegers, where in the above we identify N with its character group. Thus
G =KuU ,ez{T’}, and the left regular representation of G,

+ oo
A= ) @®=T,
a direct sum where each 7, is counted with infinite multiplicity. The
topology of G is discussed in [3 §4].

We thus have

PROPOSITION 1. 4 continuous, unitary representation m of G, is disjoint from A
if and only if there exists a representation my of K such that T = 7, ° q, where
q(n, k) = k, (n, k) € G,.

REMARKS. The symbol o denotes composition. The proof of this proposi-
tion is similar to that of (4.34) of [1].

PROOF. Since G, is separable we can without loss of generality assume that

H,, the Hilbert space of =, is separable. Suppose that 7 is disjoint from A.
Since A = X% __ @ oT’, no T’ is equivalent to a subrepresentation of 7.
Since G, is C C.R. (cf. [3]), hence, in particular, C *(G,) is postliminaire, we
can apply [4, 8.6.5, 8.6.6], and express 7 as a direct 1ntegral 7= Q‘IT; au($),
where p is a positive measure on G provided with its usual Borel structure
and 7, is a multiple of a representatlon of the class {. Note that the direct
integrals are really just direct sums since G, is countable. Now by [4, 8.6.8], a
T/ is not contained in the sum for = if and only if p({ 7/}) = 0, which means
that the support of p is contained in K. Thus 7 = [&m, du(k), where =, is
trivial on N, hence 7 = 7, ° ¢ for a continuous, unitary representation =, of
K.

Conversely, suppose there is a continuous, unitary representation m, of K
such that m = m, o g, where again without loss of generality H, = H, is
separable. We can express 7, as a direct integral (sum) m, = [$m, duo(k) and
thus 7 = f % du($), where p is a positive measure with support p contained
in K. (The values of 7, for { & K, of course, are immaterial.) Thus 7 is
disjoint from all 7/, hence from A.

DEFINITION. Let B(G,) be the two-sided, translation invariant, Banach
subspace of B(G,) consisting of all coefficients of all representations disjoint
from A. In the notation of [10], B,(G,) = (z[w] — z[A]). B(G,), where z[w] is
the support in W*(G,) of w, the universal representation; and z[A] is the
support in W*(G,) of A. Recall that A(G,) = z[A]. B(G,) (cf. [5]), and that
z[w] = e, the identity in W*(G,).

CoRroOLLARY 1. (i) B(G,) = 4(G,) ® B,(G,)..

(i) B(G,) is isometrically isomorphic with A(K) = B(K). In particular,
B,(G,) is a Banach algebra whose elements are constant on cosets of N.

(i) z[w] — z[A] € 0(B(G,)), the spectrum of R(G v

ProoF. Statement (i) is evident from the defmmon of B,(G,). Statement (ii)
follows from Proposition 1, since b € B,(G ») if and only if 1t is a coefficient
of a representation that factors via g, see also [5, (2.20)). Statement (iii)
follows from [11, Proposition 1]. We observe in passing that z[&] — z[A] is
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critical in the sense of [11, p. 275] and equals z. [11, p. 276].
COROLLARY 2. 4(G,) = B(G,) N Cy(G,).

Proor. If b € B(G,), by Corollary 1, b = a + b,, with a € 4(G),), b, €
B,(G,). If b vanishes at infinity, however,

lim (b — a)(n, k) = 0= lim b,(n, k) = b(n, k),

since b, is constant on cosets of N. Thus b, = 0, and b € 4(G)).

Now G, is unimodular by [2, Proposition 2.1-C], and G, does not satisfy
condition (H). We see from Corollary 2 that G, has no singular, continuous,
positive definite functions which vanish at infinity. Thus unimodularity alone
will not suffice to guarantee the conclusion of A. Figi-Talamanca’s theorem
in the absence of condition (H).

We remark in closing that the present author has difficulty verifying a
certain claim near the end of [6], even assuming condition (H). This situation,
of course, does not affect the example presented above.

NOTE ADDED IN PROOF. Professor Figa-Talamanca informs us that he has
corrected the errors in [6] and that Giancarlo Mauceri has obtained our result
independently.
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