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A SIMPLE PROOF OF A THEOREM OF CHACON

ROBERT CHEN

ABSTRACT. A short and simple proof of a theorem of Chacon is presented
by an application of a maximal inequality. A pointwise convergence theorem
and the submartingale convergence theorem follow immediately from the
theorem.

Here we present a short and simple proof of a theorem, due to Chacon [3],
which implies a pointwise convergence theorem [1] and the submartingale
convergence theorem [1], [2], [4].

THEOREM (CHACON). Ler {X,} be a sequence of integrable random variables
such that lim inf,_, E(]X,|) < co. Let

X* =limsup X,, X, = liminfX,,

n—o n—o0

and T be the collection of all bounded stopping times. Then

(1) liftes;l_p E(X. - X) > E(X* - X,).

Further, if sup,c 1 E(|X,]) < oo, then X* and X, are integrable.

PrROOF. By Lemma 1 of [1] and the Borel-Cantelli lemma, we can choose two
strictly increasing sequences {7, } and {¢, } of bounded stopping times such that
lim,_, X, = X* almost surely and lim,_, X, = X, almost surely. Hence,

k k
the second assertion follows immediately from Fatou’s lemma and we need
only prove (1). To prove (1), it suffices to show that

Q) sup E(X, — X)) > E(X* - X,).
TET

It is also easy to see that, under the assumption of the theorem, if
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sup,c 7 E(|X,|) = oo, then sup,_, 7 E(X, — X,) = oo. Hence, we can, and do,
assume that sup, o+ E(|X,|) < oo.

To prove (2), we need the following maximal inequality, which I learned
from Chacon and Sucheston.

3) }\P([supanl > A]) < sup E(|X,|) for each positive constant A.
n

To see (3), let M be a fixed positive integer and define a bounded stopping
time 7 by (w) = inf{n|l < n < M, |X,(W)|> A},7(w) = M + 1 if no such n
exists, w € Q. Then

ae([ swp %1 >]) < E0xD < sup E(\X,])

1<n<M

(3) follows immediately on letting M — co.

Now let A be a positive constant, y(w) = inf{n||X,(w)|> A},y(w) = o if no
suchnexists,w € QLetd =[y <o Y =»Ax,+ |X x4h Y, = Xy for
alln > 1, Y* = limsup,_,, Y, and ¥, = lim inf,_, Y By Lemma 1 of [1]
and the Borel-Cantelli lemma, we can choose two strlctly increasing sequences
{n.} and {1} of bounded stopping times such that lim,_, Y, = Y* almost
surely and lim; _, Y, = X, almost surely. Since |Y,| < Y foralls € T and
E(Y) <A+ sup,eTE(lX |) < oo, by Lebesgue’s dominated convergence
theorem, lim,_,, E(Y, — ) = E(Y* = X). So sup ;E(Y,—Y)
> E(Y* - Y,). Since {Y|t € T} {X;n,It € T} is a subset of {X, |t € T},
sup, 7 E(X, — X,) > E(Y* - Y,). By (3), (2) follows on letting A = oo
(smce X* and X, are integrable).

COROLLARY | (THEOREM 2 OF [1]). Suppose that E(|X,|) < oo foralln > 1
and lim inf,_, _ E(|X,|) < oo. Consider the following two statements.
(a) The generallzed sequence {E(X_)|r € T} is convergent.
(b) X, converges almost surely to a finite limit.

Then (a) implies (b).

COROLLARY 2 (THE SUBMARTINGALE CONVERGENCE THEOREM). Suppose that
{X,} is a sequence of L,-bounded random variables adapted to the increasing
sequence {3, } of o-fields. Suppose that E(X,.|%,) > X, a.s. foralln > 1. Then

X, converges almost surely to a finite limit.

ReMARK. The theorem and Corollary 1 also hold under any one of the
following two conditions.

(i) sup, E(X,") < oo.

(ii) sup, E(X, ) < 0.
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