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NECESSARY AND SUFFICIENT CONDITIONS
FOR L' CONVERGENCE OF TRIGONOMETRIC SERIES

JOHN W. GARRETT AND CASLAV V. STANOJEVIC

ABSTRACT. It is shown that for the class of cosine series satisfying a(n)log n
= o(1) and Aa(n) > O that integrability and L' convergence occur together.
Relaxing the monotonicity to bounded variation we show that our previous
result cannot be extended.

It is well known that the condition a(n)log n = o(1) is both necessary and
sufficient for L' convergence for some classes of Fourier cosine series. Here
we show, for the class of cosine series satisfying a(n)logn = o(1) and
Aa(n) > 0, that integrability and L' convergence occur together. Relaxing the
monotonicity to bounded variation we show that our previous result [1]
cannot be extended. Finally we show that a cosine series with Aa, > 0 is
integrable if the norm of the derivative of the partial sums of its conjugate
series are bounded.

In what follows f(x) = lim S, (x) where

n—o0
S,(x) = %a(O) + > [a(k)cos kx + b(k)sin kx].
k=1
We denote a,(x) = 1/(n + 1)2%_, S,(x), and S/(x) is the derivative of the

conjugate of S,(x).

THEOREM 1. Let a(n)log n = o(1), b(n)log n = o(1), Aa(n) > 0, and Ab(n)
> 0. Then ||S,|| = o(n).

PROOF.
IS 1= S [ka(k)cos kx + kb(K)sin kx]
k=1
- E: {[kAa(k) — a(k + 1)][Dk(x) -1 ]

+ [kAb(k) — b(k + 1)]D_k(x)}

+na(n)[D,,(x) - % ] + nb(n) D, (x)
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n—1 n—1

< B Y kAa(k)logk+ B > a(k + llog k
k=1 k=1

n—1 n—1
+B S kAb(k)logk+ B S b(k + 1)log k
k=1 k=1

+ Bna(n)log n + Bnb(n)log n

where D, (x) and -lT,,(x) are the Dirichlet and conjugate Dirichlet kernels, and
B is an absolute constant arising from the fact that

|D,(x) = 1/2]|= O(log n) and | D,(x)| = O(logn).

Four terms are o(n) since a(n)log n = o(1), b(n)log n = o(1), and the (C,1)
method is regular. Thus,

IS.||< B "ilk[Aa(k) + Ab(k)]log k+ o(n)
k=1

]

B El {kA([a(k) + b(k)]log k)
k=1

+k[a(k + 1) + bk + 1)Jlog[ (k + 1)/k]} + o(n)

B "il [a(k) + b(k)]log k— B(n — 1)[a(n) + b(n)]logn
k=1

+B ”il [a(k + 1) + b(k + 1)]log(1 + 1/k)*+ o(n)
k=1

= o(n)
since
[a(n) + b(n)]log n = o(1),
the (C,1) method is regular, and log(1 + 1/k)* converges to one.
COROLLARY 1. Let a(n)log n = o(l), b(n)logn = o(1), Aa(n) > 0, and
Ab(n) > 0. Then f is integrable if and only if S, converges to f in L' metric.

Proor. “If”: Obvious. “Only if”: It is well known that if f is integrable then
o, converges to fin L' metric. Hence ||S, — f|| < IS, — g, + [lo, — fl|. But
1S, = o,ll = 1/(n + DIIS,II = o(1).

The following propositions are now apparent.

PROPOSITION 1. Let f be integrable. Then S, converges to f in L metric if and
only if ||S,ll = o(n).

PROPOSITION 2. Let ||S]|| = o(n). Then f is integrable if and only if S,
converges to f in L' metric.

Indeed, for any sequence, 4 (n), the following proposition holds.
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PROPOSITION 3. Let A(n) be a sequence of positive numbers. .

(1) Let ||lo, = fll = o(A(n)). Then ||S, — fll = o(A(n)) if and only if ||S,|
= o(nA(n)). .

() Let ||S, = fll = o(A(n)). Then |lo, — fl| = o(A(n)) if and only if ||S,|
= o(nA(n)).

Q) Let ||S,|l = o(nA(n)). Then |lo, — f|| = o(A(n)) if and only if ||S, — f||
= 0(A(n)).

It is clear that Proposition 3 contains Proposition 1 as the special case
where 4 (n) = 1. Also, since ||§,,’|| = o(1) is equivalent to f being constant, we
have the following special case. Let n||S, — f|| = o(1) [n|lo, — fI| = o(1)].
Then n|lo, — f|| = o(1) [n||S, — f]| = o(1)] if and only if f is constant.

In Corollary 1 we required Aa(n) > 0. Several results on L' convergence of
cosme series are known that only require bounded variation of a(n), that is,

2., |Aa(n)] < . It is well known that if a(n) = o(1) and a(n) is quasi-
convex (2%_,(n + 1)]A%(n)| < o) that S, converges to f in L' metric if and
only if a(n)log n = o(1). Using an mequahty of Sidon, Telyakovskii [2] has
proved the following theorem where quasi-convexity is relaxed.

THEOREM A. Let f(x) = lim,_,  S,(x) where b(n) = 0 and a(n) = o(1). Let

numbers A(n) exist such that AA(n) >0, E¥_gA(n) < o, and |Aa(n)|
< A(n) for all n. Then S, converges to f in L' metric if and only if a(n)log n

= o(1).

Recently we [1] found a condition necessary and sufficient for a modifica-
tion of S, to converge to f in L' metric.

THEOREM B. Let
8 (x) = = 2 Aa(k) + 2 2 Aa(j)cos kx,
k=1 j=k

b(n) =0, a(n) = o(l), and TL_, |Aa(n)| < . Then g, converges to f in L'
metric if and only if

for € > 0 there exists 8§ > 0 (independent of n) such that

(©) i
fos E Aa(k)D, (x)| < e.

As a corollary we extended Telyakovskii’s result.

COROLLARY B. Let b(n) = 0, a(n) = o(1), T_,|Aa(n)| < oo, and (C) be
satisfied. Then S, converges to f in L' metric if and only if a(n)log n = o(1).
Here we show that if we require the conditions a(n) = o(1) and
Zx=1lAa(n)| < oo then Theorem A cannot be extended beyond Corollary B.

THEOREM 2. Let b(n) = 0, a(n) = o(1), ¥_,|Aa(n)| < o, and a(n)log n
= o(1). Then S, converges to f in L' metric if and only if condition (C) is
satisfied.

ProoF. Using g, as defined in Theorem B,
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”Sn (x) - f(x)" =

1a() + S a(k)cos kx - f(x)
k=1

n

Ta@ - Ta(n+ 1)+ 3 [a(k) = a(n + 1)]eos kx = f(x)
k=1

+ %a(n + 1)+ 2 a(n+ l)cos kx
k=1

=“% i Aa(k) + i i Aa(j)cos kx — f(x)+a(n + 1)D,(x)
k=0 k=1 j=k

=] 8,(x) = f(x) + a(n + 1)D,(x)| -

But |la(n + 1)D,(x)|| = o(1), since a(n)logn = o(l) and | D,(x)|
= O(log n). Thus, S, converges to f in L' metric if and only if g, converges
to f in L' metric. We see that the coefficients a(n) satisfy the requirements of
Theorem B, so the result follows.

At this point we see that if |2_,b(n)| < oo then ||S,|| = O(||S||). For

IS4 1= f] ST wd+ 3 b(n)

n=1

dx

<" [T IS 0)dr dx+ 2m

§]b<n)

= 27r||S_,;"+ 27

ilbm

This leads to integrability conditions for f and f, the conjugate of f.
PROPOSITION 4. Let |S%_,b(n)| < 0. If ||S]|| = O(1) then f EL'. If in

n=1

addition we require Aa(n) > 0, Ab(n) > 0, then f € L.
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