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ABSTRACT. Let a; < a, < - -+ < a, be a finite sequence of positive in-
tegers. R. L. Graham has conjectured that max;;{q;/(a;, )} > n. The
following are proved:

(1) If @, = p, a prime, for some / and p + (a; + a)/2, 1<i<j<n,
then the conjecture holds.

(2) Given a finite sequence of positive integers k; < k, < - - - < k,,,
where k; = p, a prime, for some / and k, < n, consider the set of all
positive integral multiples of k,, k,, .. ., k,, which are < n. Denote these
multiples by a; < a, < - - - < a,. Define P, to be a set consisting of the

integers @) < a, < - <@, <@y << a,,, where r is maximal,

such that n < 4, and max,;{a,/(a;, a)} < n. Thus
P, = P,(kyky ..., k).

Then

(a) |P,| > n for at most finitely many n.

(b) If|P,| < nfor n<lem.{k, ky, ..., k,}then |P,| < n for all positive
integers n.

In this note we consider the following conjecture of R. L. Graham [1]. Let
a <a,<---<a, be a finite sequence of positive integers. Then
max, {a,/(a; a)} > n.

This conjecture has attracted many investigators and has been verified in
the following special cases:

(a) a; is square-free for all i (Marica and Schonheim [2]).

(b) a, is prime (Winterle [3]).

(c) n is prime (Szemerédi [4]).

(d) n — 1 is prime (Vélez [4]).

Vélez [4] also considers another conjecture of Graham as to the form of
those sequences for which equality is achieved and shows that this second
conjecture implies the title conjecture.

Here we prove two generalizations of Winterle’s result (b).

Part 1.
THEOREM 1. If A is the sequence a, < a, < - - - < a,, where a, = p, a
prime, for some k and p # (a;, + aj)/2, 1 <i<j< n,then

n}gx{ai/ (a,a)} > n.
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ProOF. We assume that max,;{a;/(a;, a;)} < n so that
a, <(n = 1)(a,p) <(n—1)p.

Let B be the subsequence b, < b, < - - - < b, consisting of all terms in 4
not divisible by p. Since we may assume that the g.c.d. of the terms of 4 is 1,
B is not empty and b, < n — 1. We define a mapping T by
T(b) = p"|b,. — p|, where h is the largest nonnegative integer such that
P"|b, —p| < (n—1)p. Since |b, — p| < n — 1, h is always positive, hence
p|T(b) for all b. Since (p, b,) =1 and (|b, — p|, b) =1, we have (b,
T (b)) = 1 for all b;. Also, if T(b) < n — 1, then pT(b,) < (n — 1)p, which
contradicts the definition of T'(4;,). Thus T(b;) > n for all b, These two
results imply that T'(b;) is never a term of the sequence A4.

Now assume that T(b,) = T(b)). Then p”|b, — p| = p*|b; — p| for some h
and k. Since p does not divide either |b, — p| or |b; — p|, we see that h = k
and so b, — p = % (b; — p). Since the minus sign contradicts the hypothesis,
we must have b, = b,

We now define F(q;), for each a; € A4, as follows:

F(a) =g if pla;,
F(a) = T(a;) ifa € B.
Then p|F(a;) < (n — 1)p for all q; € 4. Also, since T is 1-1 and never maps

b, into A — B, it follows that F is 1-1. Hence |4| < n — 1; this contradicts
the fact that |[4] = n and so completes the proof.

COROLLARY | (WINTERLE). Given the sequence a, < a, < - - + < a,, where
a, = p, a prime, then max, ;{a;/(a;, a;)} > n.

COROLLARY 2. Given the sequence a, < a, < - - - < a,, where a, = p and
@,y > 2p, for some k, p a prime, then max,;{a;/(a; a)} > n.

PRrOOF. In both corollaries it is clear that p # (a, + a))/2 for | < i <j <
n.

Part II. If we omit the condition of Theorem 1 that p # (q; + 4))/2,
1 < i <j < n, we can still show that the conjecture is “ultimately” true in
the following sense.

Given a finite sequence of positive integers k; < k, < - - - < k, where
k; = p, a prime, for some I and k, < n, consider the set of all positive
integral multiples of k,, k,, . . ., k,, which are < n. Denote these multiples
by a, <a, <--: <a, Define P, to be a set consisting of the integers
a<ay<---<a,<a, <---<a,, where r is maximal such that
n < a,,, and max,;{a,/(a;, a)} < n. Thus P, = P,(k, k,, ..., k,). Then
we have

THEOREM 2. (a) |P,| > n for at most finitely many n.
(b) If |P,| < n for n < Lem.{k,, ky, ..., k,} then |P,| < n for all positive
integers n.
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Several remarks are necessary before proceeding to the proof.

(1) We use the following notation:

[k;» k;]: the least common multiple of &, and k;;

¢(n): the number of positive integers less than and relatively prime to, n.

(2) We say that k| < k, < - - - < k,, is a basis which generates P,.

(3) Define I, ={x € P,,(j — Dn< x<jn},j=12,...,a, (a, = k).
Thus P, = Y7L ..

(4) There is no loss in generality if we choose (k;, p) = 1 for k; # p.

(5) The number of elements in I is given by

= 2~ .. n o n . n
|7, | [kl]+ +[km] ([ [k.,kz]]+ +[[k,~,kj]]+'”)
_n C. Yy
+[[k,, k, k] * (=D [[k,,...,km] }
Define
=1, 4L _ 1 . 1
d(1,) 3 + + k. ( T o] + + T K] + )
1 . ( l)m+l
* [ ki K, k] * * (koo k]’
and
, | 2l k) L ek])
[kl’kZ] [ki’kj ‘
([ ks k5, K1) m ®([Ky o Ky])
- T (=1
[k k;, K, ] [ky s k)
Then
Tl n no_ n n
o< k. + + S ( T ] + + Ty + )
n m+1 n m—1
[k,,k,,k,] +=D (ki ooy k] *2 ]

Also,
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1 1 n n
ﬂm<;&—(5am+~~+zymﬁ

+( [k:kz] o([kn k) + - + 'n o([ ki k]) + )

+ .- +(-—l)m'[T”n.,—k]¢([kl,...,km])

+ 3 otk) + So([k k)

+§4M&¢@+u.+quwuwdw

iyl

<d(I2) + (kiky -+ ky)/n.

Note. This implies n =" I/| < d(I?) + (k,ky - - - k,)/n,2 < j < k.
We need four lemmas.

LEMMA 1. Let 2 < b; < b, < - -+ < b, be integers. Then

1/by+ 1/by+ -+ + 1/b,— (1/[bn b)) + - - - + 1/[byb] + ...)
e+ 1/[byby b+ (=) [by ]
< ¢(b)/by + ¢(by)/by + - - - + &(b)/b,
— (6([ b1 62))/ (b1 B2] + -+ - + ([ 60 5])/ [ B] + - )+ -
+ ¢([ b B b ]) /[ b0 b Be] + - -
+(=0)"'o([by,....5])/[by---.b,]

ProoF. Define L = [b|, b,, . . ., b,]. Let M be the set of all multiples of b,
b,, ..., b, which are less than or equal to L. Let N be the set of all numbers
which are relatively prime to at least one of b, b,, ..., b, and less than or
equal to L. Then the inequality is equivalent to the statement |M| < |N|. To
see that the latter is true, define

(L/b)=1 ,
A= U (b—1)+kb and S=U 4,
k=0 i=1

Then S C N and |S| = |M|. But 1 € (N — S) implies |S| < |N| and so
M| <|N].

LEMMA 2. Let k and p be integers, A and B real numbers, such that
1<k<pand0< A< B<1.Thend+(1—-A)/p+k(l-B)/p<Il
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Proor. Equivalently, we must show p~'((p — D4 + 1 + k — kB) < 1. If
we define e = B — 4 > 0 this becomes (p — k — DA + k(1 — &) + 1 < p.
But

(p—k-DA+k(l—e)+1<p—k—-1+k—ek+1
=p— ¢k <p.

LEMMA 3. Let A be a basis consisting of the positive integers k, < - - - < k,,
and let B = A U {p)} be another basis where p is a prime which does not divide

any k;. Let d(1, "), denote this previously defined function on the baszs A.
Stmzlarly we define d (1)) 5, d(1?) 4, and d(1?) g. Then

(1) d(1,),=d(L),+p (1 -d()),)
@ d(12),= d(12) = (#(p)/p)d(12) = p~d(I2)

PrROOF. (1) Regroup terms of d(1)),, taking first those without p, then
those with p. Since p is relatively prime to all k, 1/p may be factored from
each term in the second group to leave a term identical to one in the first
group but with opposite signs except for the first term.

(2) Regroup as above. This time ¢(p)/p may be factored from each term in
the second group.

LeEMMA 4. Consider again the basis B defined in Lemma 3, let L = [k,,
ky ...,ps...,k,] and let P, be the set generated by B. Then |P,| is a linear
function on the set r + kL, k =0, 1,2, ..., for any integer r > 0.

PRrOOF. Define
X(n;ay,ay...,ay)=[n/a)]+ -+ +[n/ay]
- ([n/[a,,az]] + - +[n/[a,.,aj]] + )+
+[n/[a,., a,q]]+ ...+ (—l)N“[n/[a,, csay]]

Then
|1,,'|=X(n;kl,...,p,...,km),
|If X(jn s sg))—X((j— l)n;sf"),...,s,‘-é'j)), if2 < j <k,
where s|L and (s(”, k;) > j for every i. Thus
ki
|P= 2 |B=X(mkpyoopye s k)

J—
+ 2 X(jn s, .. s%)) X((j—- l)ns ,sﬂl))
j=2
Since every term in this sum is of the form [jn/a], where a|L, and

Li(r + kL)/a) =[jr/a] + k[jL/a],
we have
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|Prsxr| = || + K| Py

Now we may proceed directly to the

PROOF OF THEOREM 2. Let B denote the basis k, < - <k =p
< -+ < k, and let 4 denote the basis k; < - - - < k;_, <k, < - <
k,,. Remark (4) permits us to take p relatively prime to all other k; without
loss of generality. We wish to find an upper bound for |P,| when the basis is
B.

ky
_ I -
nlP= o 2|1
=

N

a(i), + B - a2, + )

{d(l,,‘ ), +p (1 -d(1, ),) + (ki — 1)(p—')d(1,,2)A}
+ (2" '+ (k, = Dk, -+ k,,)/n, by Lemma 3.

By Lemma 1, d(I)), <1—d(I}),, and so Lemma 2 implies the last
{ } < 1. Hence if n is sufficiently large we have n~!|P | < 1, which proves
the first part of the theorem.

Let L denote the l.c.m. of the basis B and define f(n) = |P,| — n. By
Lemma 4, f(n) is a linear function for n = kL, k=0, 1, 2, ..., and, from
what we have just shown, f(n) is a nonincreasing linear function on these
values of n. Hence f(L) < 0. But f(rn + kL) = f(n) + kf(L), so that f(n) <
0 implies f(n + kL) < 0. This proves the second part of the theorem.
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