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A DISCONJUGACY CRITERION FOR LINEAR
SCALAR DIFFERENTIAL OPERATORS

JAMES S. MULDOWNEY'

ABSTRACT. It is shown that if a linear scalar differential operator is not
disconjugate on an interval then each member of a certain family of first
order vector differential equations has an oscillatory solution. Thus any
condition which guarantees the nonoscillation of a member of the family is
a disconjugacy criterion for the scalar operator. The form of the vector
systems is convenient for the use of nonoscillation conditions developed by
Nehari, Schwarz and Friedland.

Let L denote the nth order linear differential operator
M Lf ="+ py(n " + - - + p,()f
where the coefficients p;” are continuous real valued functions on a real
interval /. The operator L is said to be disconjugate on [a, b] C I if the only
solution of Lf = 0 having n zeros or more (counting multiplicities) in [a, b] is
the zero solution. Consider also a general first order linear system of differen-
tial equations
)] x = A(t)x
where A(f) is an n X n matrix of real valued continuous functions on I. A
nontrivial vector solution x(f) of (2) is called oscillatory on [a, b] if each
component of x(¢) has a zero in [a, b]. The system (2) is nonoscillatory if it has
no oscillatory solution.

The following lemma shows that if L is not disconjugate on [a, b] then

certain systems (2) have oscillatory solutions. It is assumed that u(?) =
col(u(?), - - -, u,(?)) is any C" vector valued function on [a, b] such that

YW (uy, -+ ) *0, W(uy- -ty ) #0, k=1---,n,
where W(¢,, - - - , 4,,) denotes the wronskian determinant det{¢V ™"}, i,/ =
l,...,m, and (“1""’ﬁk""’“n)=(“1""’“k—l’“kﬂ”"’un);
also v(#) = col(v,(?), - - -, v,(7)) where

@ V= Wl ) W (- ),
and the operators (or ordern — 1) Uy, k = 1, - - -, n, are defined by

) Udf=W(uy, -ty sty )/ Wy, e e e 5 uy).
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LEMMA. Suppose that (u,(t), - - - , u,(t)) are any C" functions satisfying (3)
on [a, b] and that each of the operators U, is disconjugate on [a, b]. Then if L is
not disconjugate on [a, b] the system

n
6) X =0 (=D YLu)x, j=1,---,n,
k=1

has an oscillatory solution on [a, b).
PrOOF. The following wronskian identities are required:

(7) _ W(ul, e e, umf) + Ez-‘W(ul’ ey, ﬁk’. . .’u"’f)(_l)n—kLuk
Lf= W(up, - ,u,) ,

W(ul’ R un’f)
Wy, - -+ u,)

®

_ W(“l""’ak"">u,.,f) // W(ul»""ﬁk"°"un)
W(u,---,u,) W(uy, - u)

Both identities follow from the observation that if L and M are two linear
differential operators of order n with leading coefficients 1 (as in (1)) then
L=Mif Lo = M¢,i=1,---,n, for some (and hence for every) system
of functions (¢, - - - , ¢,) such that W(¢,, - - - , ¢,) # 0. From (7) and (8) it
follows that if

Xe =Wy sty )/ Wk, oo u) = 0 Upf
then

’

X
= ? 2 (—l)n k(Luk)xk’ Jj=1-,n,
J
and so, if Lf = 0, (x,, - - -, x,) satisfies (6). If, in addition, f is not identically
zero, then not all of the x;’s are identically zero, since in that case
W(u,, U, )/ Wy, - - ,u,) =0 from (7) and, thus, f= cu,
+ - +cu; but

Wy sl )/ Wy oo u)=x,=0

implies ¢, =0,k = 1,- - -, n, contradicting the assumption that f is not
identically zero. Finally, if f has n zeros or more in [q, b], then by the Polya
mean value theorem (cf. [8]) each of the functions x, has a zero in [a, b] since
x, = v Uf, and U, is disconjugate on [a, b]. Thus col(x,,- - -, x,) is an
oscillatory solution of (6).

The lemma shows that, subject to the restrictions on #, any nonoscillation
condition for (6) is a disconjugacy criterion for L. In a series of papers
Nehari, Schwarz and Friedland (e.g., cf. [6], [7], [9], [3]) best possible numbers
¢,»(n) are found such that
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b
©) S Hl5< cp(n)
a
implies (2) is nonoscillatory on [a, b], where

1/p
"Ax“l’ “ P
4]l = sup e Ml = kEI ) » 0<p<oo,

%]l = sup{|x|: k=1,---,n} ifx=col(x;, -, x,).
In particular, Friedland [3), in generalizing the work of Nehari and Schwarz,
shows thatif 1 < p < r < oo then

1 s _ i )
(n) = 2f 1+ 0+ Y%, pt g =
0
also
c,ce(zm) = 2m_(l/’)fl[(1 + T’)(l/r)(l + T)]_l d.,.’
()}

)—(I/r)

1
Ce(2m+ 1) = m_('/’)fo [(1-’ + —m’: 1

—(1/r)
(2t L) ](1 + 1) dr.

These results are also announced in [2]. In this note a special case of (9) is
used, namely, when 4 = yz T where

y(#) = col(yi (1), - - -, yu(D),  2(1) = col(z, (1), - - -, z4(1)).
Then (9) has the form

b -1 -1
(10) Ll < ep(m, rt T =

Friedland’s proof of the optimality of c,,(n) in the general case of (2) shows it
is optimal in this case also. The lemma and (10) yield the following theorem.

THEOREM. Suppose that u(t) = col(u\(t),- - -, u,(?)) is any system of
Sunctions satisfying (3) and v(t) = col(v,(¢), - - - , v,(?)) is given by (4). Then, if
each of the operators U, defined by (5) is disconjugate on [a, b],

b L
an Lol Il < cp(m, 7t 457 =1,
implies L is disconjugate on [a, b].

This theorem may be interpreted as giving an estimate on the permissible
size of a perturbation of a disconjugate operator

Wyt f)/ W (g -+ -, )
while preserving disconjugacy. Theoretically such estimates may be obtained

by finding bounds for Green’s functions of the operator being perturbed but
these bounds are often difficult to obtain in practice. Many disconjugacy
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criteria in the literature pertain to perturbations of D" (i.e. the coefficients p;
are required to be small in some sense) and usually give better results than
(11) in that case if (u,,- - -, u,) is chosen from the null set of D" (for
example, see Levin [5], Hartman [4], Willett [10], Fink [1]). However since the
restrictions on u are slight the present result offers a wide range of tests; for
example with the choice u(r) = (e, - -, e, N #N\ if i#j, L is
considered as a perturbation of (D —A;)...(D —A,) and with p = s =2
the following criterion is established.

COROLLARY. If L(eM) = P(A, D)™, (A,, - - - , A,) is any set of n distinct real
numbers and p, = 1, (A, — N)™", then
1/2

12 fb[( é mfe‘z**’)( i P (A t)ze”*‘)l dt <%
a k=1

k=1
implies L is disconjugate on [a, b).

Since nonoscillation of (6) is not equivalent to disconjugacy of L it is not
clear if the numbers c,_,(n) in (11) are best possible.
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