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BOUNDED SLOPE VARIATION AND GENERALIZED
CONVEXITY

FRANK N. HUGGINS

ABSTRACT. In this paper, the concept of bounded slope variation, that of the
convexity of a function with respect to an increasing function, and the
Lebesgue-Stieltjes integral are used to further generalize a theorem of F.
Riesz and to give a new proof based on a weaker hypothesis that a function
which has bounded slope variation with respect to an increasing function m
over [a, b] can be expressed as the difference of two functions each cf which
is convex with respect to m on [a, b}.

Introduction. In [4], F. Riesz proved that a necessary and sufficient
condition that a function F defined on the interval [a, b] be the integral of a
function of bounded variation on [a, b] is that F have bounded slope
variation with respect to I over [a, b], where I is the function defined, for
each x, by I(x) = x. In Theorem 3 of [1], Riesz’s result was generalized using
the Lane integral with respect to a continuous increasing function m on [a, b]
instead of the Riemann integral. In Theorem 1 of this paper, it is shown that
by using the Lebesgue-Stieltjes integral, the requirement that m be continuous
on [a, b] may be deleted.

A comparison of Definition 1 of this paper with Definitions 3 of [7] and 1
of [6] will reveal that what J. R. Webb and the author call “bounded slope
variation with respect to m over [a, b]” is the same concept that A. M. Russell
calls “bounded m-second variation on [a, b]” and, in case m(x) = x for each
x, is the same concept that A. W. Roberts and D. E. Varberg call “bounded
convexity on [a, b]’. Hence Theorem 2 of this paper generalizes both
Theorem 1.1 of [7] and Theorem 3 of [6].

DEerINITION 1. The statement that f has bounded slope variation with respect
to m over [a, b] means that f is a function whose domain includes [a, b], m is
a real-valued increasing function on [a, b], and there exists a nonnegative
number B such that if {x;}}_, is a subdivision of [a, b] with n > 1, then

2 f(xien) = f(x) _ F(x) = f(xi2y)
=1 | m(xipy) — m(x;) m(x;) — m(x;_,)

The least such number B is called the slope variation of f with respect to m

< B.
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over [a, b] and is denoted by V?(df/dm). [Note. V2(df/dm) = 0.]

The above sum is nondecreasing with respect to refinements.

The name “bounded slope variation” was given to the concept by J. R.
Webb in 1960 in his doctoral dissertation which he later published [9].
Theorems and lemmas giving some of the properties of functions which have
bounded slope variation with respect to an increasing function on an interval
[a, b] may be found in [1], [2], [3], and [9].

By Lemma 3.3 of [9], if f has bounded slope variation with respect to m
over [a, b]and a < ¢ < b, then

Do) = tim L IO

—ct m(x) — m(c)

exists, and if a < ¢ < b,

I f(x) = f(c)
Dnf(e) = lm S ()
exists.

THEOREM 1. In order that the function F defined on [a, b] be the Lebesgue-
Stieltjes integral of a function f of bounded variation on [a, b] with respect to an
increasing function m on [a, b), it is necessary and sufficient that F have
bounded slope variation with respect to m over [a, b).

ProoOF. It is easy to see that the condition is necessary. Suppose F has
bounded slope variation with respect to m over [a, b]. Let f be the function
defined, for each x in [a, b], by

f(x) = D,fF(x) foreachxin [a,b),
f(b) = D, F(b).

By Corollary 8.1 of [2], f is of bounded variation on [a, b]. By Theorem 6 of
[2], F is absolutely continuous with respect to m on [a, b]. Hence F is the
indefinite Lebesgue-Stieltjes integral on [a, b] of a function g with respect to
m [5, p. 127). However, any Lebesgue-Stieltjes integral F on [a, b] with respect
to an increasing function m is the Lebesgue-Stieltjes integral on [a, b] of any
one of the right-hand (left-hand) derivates of F with respect to m [8, p. 59].
Therefore we have F(x) = [%f dm + F(a) for each x in [a, b]. That is, F is
the Lebesgue-Stieltjes integral of a function f of bounded variation on [a, b]
with respect to an increasing function m over [a, b].

It should be noted that if m = I, the Lebesgue-Stieltjes integral reduces to
the ordinary Lebesgue integral and, since f is of bounded variation on [a, b,
the Riemann integral [%f dx, x in [a, b}, is equal to the Lebesgue integral of f
over [a, x] so that Riesz’s theorem is a special case of Theorem 1.

DEFINITION 2. The statement that f is convex with respect to m on [a, b]
means that f is a real-valued function whose domain includes [a, b}, m is a
real-valued increasing function on [a, b], and if x; and x, are numbers in
[a, b] with x, < x,, then f(x) < ¢(x) for each x in (x,, x,), where
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_ SGa) - f(x) S(x))m(x) = f(xz)m(x,)

v (x) = m(x,) = m(xy) m(x) * m(x;) — m(x,)

¢ is called the m-chord of f through the points (x,, f(x,)) and (x,, f(x,)).
[Note that @(x;) = f(x,) and ¢(x;) = f(x,).] Interpreted geometrically, the
statement that f is convex with respect to m on [a, b] means that if x, and x,
are numbers in [a, b] with x; < x,, every point on the curve y = f(x)
between (x,, f(x;)) and (x,, f(x,)) lies on or below the m-chord of f through
(xy, f(x})) and (x,, f(x,)). In case m(x) = x for each x, Definition 2 reduces
to the usual definition of a convex function.

It should be noted that a function which has bounded slope variation with
respect to m over [a, b] is not necessarily convex with respect to m on [a, b].
For example, I has bounded slope variation with respect to I on [—1, 1]
(Corollary 3.1 of [2]), but I3 is not convex with respect to I on [— 1, 1]. On the
other hand, a function which is convex with respect to m on [a, b] does not
necessarily have bounded slope variation with respect to m over [a, b]. For
example, — I'/? is convex with respect to I on [0, 1], but —I'/2 does not have
bounded slope variation with respect to I on [0, 1]. However, it can be shown
that if f is convex with respect to m on [a, b], then f has bounded slope
variation with respect to m over [a, b] if and only if both D,}f(a) and D,, f(b)
exist. Moreover, in this case we have that V2(df/dm) = D, f(b) — D,}f(a).

LeEMMA 1. If F is the Stieltjes, mean Stieltjes, Lane, or Lebesgue-Stieltjes
integral of a nondecreasing function f with respect to an increasing function m on
[a, b], then F is convex with respect to m on [a, b).

Proor. If x, and x, are numbers in [a, b] with x; < x, and x is a number
in (x,, x,), then
F(x;) = F(x)) m(x)
m(x;) — m(x,)
F(x;)m(x;) = F(x3)m(x,)
m(x;) — m(x,)
_m(x) = m(x)
m(xy) — m(x,)
- 2 (R - Fa)
and, since F(x) = [%f dm + F(a) for each x in [a, b] where f is nondecreas-
ing on [a, b] and m is increasing on [a, b},

F(xy) — F(x) =j;x2fdm > f(x)[m(x;) — m(x)],

¢(x) = F(x) =

—F(x)

[F(x;) = F(x)]

and

F(x) = F(a) = [ fdm < f(x)[m(z) ~ m(x)],
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so that

m(x) — m(x,)

m(x;) — m(x,)
m(x;) = m(x)

T mn) = m() f(x)[m(x) = m(x;)] = 0.

That is, F(x) < @(x). Therefore F is convex with respect to m on [a, b].

p(x) - F(x) > f(x)[m(xy) = m(x)]

THEOREM 2. If F is a function whose domain includes [a, b] and m is an
increasing function on [a, b, then in order that F have bounded slope variation
‘with respect to m over [a, b), it is necessary and sufficient that F = G — H on
[a, b] where each of G and H is convex with respect to m on [a, b] and has
bounded slope variation with respect to m over [a, b).

ProoF. By Theorem 1, if F has bounded slope variation with respect to m
over [a, b], then

F(x) =fa"fdm + F(a)

for each x in [a, b] where f is of bounded variation on [a, b] and the integral
is the Lebesgue-Stieltjes integral. Being of bounded variation on [a, b},
f=g— h on [a, b] where each of g and h is nondecreasing on [a, b].
Consequently,

F(x)=fxfdm + F(a) =fxgdm —thdm + F(a)
for each x in [a, b]. Let
G (x) =f"gdm + F(a); H(x) =th dm

for each x in [a, b]. Then F = G — H on [a, b] where, by Lemma 1, each of
G and H is convex with respect to m on [a, b]. Moreover, being the
Lebesgue-Stieltjes integral of a function of bounded variation with respect to
an increasing function m on [a, b], each of G and H has bounded slope
variation with respect to m over [a, b] by Theorem 1.

If F= G — H on [a, b] where each of G and H is convex with respect to m
on [a, b] and has bounded slope variation with respect to m over [a, b), then
F, being the difference of two functions each having bounded slope variation
with respect to m over [a, b], is a function having bounded slope variation
with respect to m over [a, b].
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