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ZONES OF UNIFORM DECOMPOSITION IN
TENSOR PRODUCTS!

ALEX JAY FEINGOLD

ABSTRACT. Let ¥, be a finite dimensional irreducible module for a complex
semisimple Lie algebra. It is shown that the decomposition of tensor
products ¥, ® V, for all dominant integral weights  may be derived from
those for a finite set of such 7. An explicit choice of such a finite set
(depending on A) is given.

Introduction. Let L be a complex semisimple Lie algebra with simple roots
{a,, ..., a;} and fundamental weights {w,, . .., w;}. Thatis, {w,, ..., w} is
a basis of the integral weight lattice, A, such that {w, ;) = 2(w; o)/ (a;, o)
= §;. By definition, r = 3/_ mw, € A* if and only if m; > 0 are all integers.
Also, 2! _\w; = § =13 a, where a € ®* is the set of all positive roots. All
L-modules in this paper are finite dimensional.

Let W denote the Weyl group of L. W is generated by the simple
reflections {o,, ..., 6;}, where g;(x) = x — {(x, a;)e;. Forany i, 1 < i </,
we define W (i) to be the subgroup of W generated by {g)|j # i, 1 < j < /}.
Note that each element of W (i) fixes w;.

In all of what follows, the set of weights of the irreducible L-module V,
will be denoted by II.

We shall prove

THEOREM 1. Let V), be the irreducible L-module of highest weight A. Let
r=3_mw €AY and V, ® V, =3 .1, V.. Then for each i, 1 < i <,
there is a positive integer n,, depending only on A, such that if m; > n,, then
@ Vivy =Zyenty Vit

We shall give explicit values for the n; in terms of A.

Theorem 1 should be compared with a result of Kostant [4]. He puts a
much stronger requirement on 7, namely that g + 7 is dominant for every
p € II. Under this condition, one can read off the decomposition of ¥, ® V,
from the weight-space decomposition of Vy: ¥, ® V, = 2 cgMult,(w) V..
The conclusion of Theorem 1 clearly follows for such 7. However, Kostant’s
condition is satisfied only by dominant weights = well into the interior of the
fundamental chamber, and gives no information about infinitely many
weights on or near the chamber walls. Theorem 1, on the other hand,
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expresses a condition of uniformity along lines in the decomposition of the
tensor product ¥, ® V, whenever 7 is outside a specified finite region.

If welet S(i) = U,cw@o(A™), then n; may be chosen as the least positive
integer such that for each p € IT we have p + nw; € S(i).

COROLLARY 1. Let V, be fixed. Let (n,, ..., n) be the I-tuple of positive
integers which can be found by the above theorem. If we know the decom-
positions into irreducible L-modules of the finite set of tensor products {V, ®
Vi0r=Zloimw, and m; < n; for all j, 1< j <1}, then we know the
decomposition of the tensor product of V, with any irreducible L-module.

Let i, 1 < i </, be fixed throughout the following and let S = S (i).
LEMMA 1. U,epw@;0(A") = {x € Al(x, oa)) > 0, Vo € W(i))}.

PrOOF. Let S = U,ewo(A*) and S’ = {x € A|(x,0a;) > 0, Vo €
W(i)}. If x € A* then (x, ) > 0 for 1 < j </, so for any a € @7, (x, a)
> 0. For any ¢ € W (i), 6a; € ®* because it is certainly a root and has +1
as its a; coefficient, so all coefficients are nonnegative. It follows that
(x, 6a;) > 0; that is, x € S’. Thus, A* C S’. For any x € S’ and any o,
o' € W(i), (ox, 0’a;) = (x, 6~ '0’a;) > Osince 6~ 'o’ € W (i). This means that
if x €S’ then ox € S’ for any o0 € W(i). From A* C S’ we then get
SCSs.

Suppose there is an x € S’, x & S. In the finite set {ox|o € W (i)} let ox
be chosen such that (ox, &) is maximal. Since x & S, ox & A" and there is a
J» 1 < j < [, such that (ax, a;) < 0. If j i then o; € W (i) and g;0 € W(i).
But (giox, §) = (ox, 0;6) = (ox, § — &) = (ox, §) — (ox, &) > (ox, 9),
contradicting the choice of ox. So j = i and (x, 6™ 'a;) = (ox, a;) < 0. But
since 6! € W (i), this contradicts x € S’, giving S = §".

LEMMA 2. There is an integer n; > 0 such that for any p € II, p + nw, € S.
The least such n; is Max{{ p, a)|p € II}.

Proor. For any ¢ € W(i), (nw, oa;) = n(o6”'w;, o)) = n(w;, a;) =
n;(a;, a;)/2. The conditions on n; equivalent to p + nw; € S for all p € IT are
0 < (p + nuw, oa;) = (, oa;)) + (n,w;, 0;) = (p, o) + n(a;, o;)/2 for all p
€1II and all ¢ € W(i). That is, n, > —2(p, oa;)/(o;, &) = —{p, 0a;) =
=07y, 0) =067y, 0,0,> = (6,6, @;,). Since II is invariant under W,
{06 'u|p €L, 0 € W(i)} =II. We now have the finite number of
conditions n; > { p, ;) for all p € II which has least solution

n, = Max{{p, a,)|p € II} > 0.
LEMMA 3. For any v, v, € S, v, + v, € S.

Proor. Clear from Lemma 1.
ProOF oF THEOREM 1. If we use the notation

T, = O sgn(o)exp(a(A + 8)),

cEW
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then the Weyl character formula says X, - T, = T,, where X, is the character
of a representation V, of highest weight A. Then the character of V), ® V, is
X, - X,. After some elementary manipulations, one sees that

XA : X‘r : TO = 2 Mult)\( "") ' Tp.+‘r’
pEII

Replacing r by 7 + w;, we also have

X/\ : X1'+w,- : TO = 2 Mult)\( I“') : Tp+f+w,—’
pEIL

By Lemma 2, p+ nw, €S for all p€IL If =3/, muw, satisfies
m; > n, thenr — nw, EA* C S. By Lemma 3, p + 7 = (p + nw) + (1 —
nw) € S. Of course, w, 8 EAT C S and so p+ 8+ 7 E S as well as
p+ 6+ 7+ w €S. This means that both p+d+ rand p+ 6 + 7 +
are conjugate by elements of W (i) to dominant weights. In fact, they are
conjugate by the same element because if o,(p+ 6+ 7) € A* for o, €
W(i)theno,(p+ 8+ 7+ w)=0,(n+ 8+ 1)+ €A". Thus

T,..= 2 sgn(o)exp(o(p + 7+ 8))

ocEW

= EZW sgn(o) sgn(o,) exp(o(a,(p + 7 + 8)))
and
Tp.+‘r+w, = 2 Sgn(O) exp(o(p' +7+ wi + 8))

cEW

2 sgn(o) sgn(o,) exp(o(o,(p + 7 + 8) + w))).

oEW

This means that T, , ./ To = sgn(6,) - X, (u+r+8-5 and T,y .4,/ To = sgn(o,)
: Xa“(u+6+1')—8+w,-' Then

X)\‘X‘r = 2 Multx(ﬂ)' Sgn(ou).xo,,(ﬂ+-r+8)—8
rell

and

XXy = 2 Multy(p)- sgn(o,) Ko (utrr+8)-8+u;
peIl
Grouping equivalent terms together, if X, - X, = 2 ¢,+ r, X, then the above
shows that X, - X, ,, = 2, cp+ 1, X, 4, as claimed by the theorem.

It should be noted that the author originally based his proof on a formula
of Klimyk [3], whose geometric nature was essential to the discovery of this
result. The present proof, based on the closely related and well-known Weyl
character formula, was suggested by the referee.

Note that if v = 2/ _, mw satisfies m; > n, for all j, 1 < j < /, then by
Lemma 2, for each y € IT and each j, p + nw; € S()and 7 — nw, E A™ C
S()). Then pp + 7 € S(j), which means p + 7 € N ¢;¢,S() for all p € II.

For each j, A* C S(j), so A* C N ¢, S(). For each j, S(j) C {x €
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A|(x, @) > 0}. This means that N ;< S() C {x € A|(x, ) > 0 for all
1< j<I}=A* Wenowhave N, ;,S()=A".

The above says that for each p € I, p + 7 € A*, which is the condition
required by Kostant’s theorem. Although Kostant used a theorem of Brauer
[1] in his proof, Wey!l’s formula also gives the result as follows. If p + 7 € A*
then p + 8 + 7 is strictly dominant, so ¢, =1 and Xo(uto+n—8 = Xyar
Weyl’s formula then says X, - X, = 3,cq Mult,(p)- X,,, which is now a
direct sum.

In fact, if 7, = 25-_, nw; then no “smaller” dominant weight 7’ satisfies
p+ 1 €A* for all p € II. If we let 7 = Z/_, giw; with some g, < n,, then
the condition p + 7 € A* forallp € I means<{p + 7, ;) > 0for1 < i <
I. Thatis, {p, ;) + 2}:1 glw, ap =, o)+ ¢ >0.0rg, > —(p, o) =
{py 0,0, = o;p, oy forallp EMMand 1 < i < /. As in Lemma 2, {o;p|p €
I} =11, so g, > {p, ;). But from Lemma 2, n, = Max{{p, a,)|p € IT}.
Therefore g, > n,, which contradicts g, < n,. This shows that the Kostant
region of uniform decomposition is precisely {7, + y|]y € A*}.

LEMMA 4. n; = Max{{p, oa)|p EII N A*, 0 € W}.

ProoF. From Lemma 2, n, = Max{{p, a)|p € II}. Every p €1II is
conjugate to some dominant weight in I, giving the lemma.
We can now give the sharper result.

LEMMA 5. n; = (A, 6,a;) where 8, € W is such that O,a; is the highest root
conjugate to o;. Thus, for L simple, if a; is a short root, 0,a; is the highest short
root, and if a; is a long root, 0,a; is the highest long root.

Proor. Fix p € II N A*. Then for any o € W, (p, oa;) =
2p, 0a))/(ay, a) and p, oy — (p, 00 = 2p, bia; — 00)/ (e, o) > 0
since p is dominant and 6,a; — oq; is a nonnegative sum of positive roots. So
n = Max{{p, Ga;)|p EII N A*}. It is a well-known fact that a; is
dominant, and since A — p is a nonnegative sum of positive roots, we have
A, o) — {p, B0,y = N — p, 8;a;> > 0. This says the maximum is attained
at (A, G,a).

This precise characterization of n; allows us to calculate the /-tuple,

(ny, ..., n), for each type of algebra in terms of A = =_, mw, I have
labeled the Dynkin diagrams as in [2]. The results are:
Apn=m+m+---+m forl <i<]|
B:n=m+2m+---+2m_,+m forl<i<Il—1,
n=2m +2m+--- +2m_, + m,
Cinm=m+2my+--- +2m_,+2m forl<i<Il-—1,
m=m+m+---+m_,+m,
Dim=m+2m+ - - +2m_,+m_,+m forl <i<]|

Egn=m+2my+2my+3m,+2ms+ mg forl <i <6,
E;:n=2m; +2m, +3my; +4my + 3ms + 2mg+ m; forl <i<7,
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Eg:n =2m; + 3m, + 4my; + 6m, + Sms + 4mg + 3m; + 2my
for1 <i<8§,
Fyini=n,=2m +3my + 2m; + m,,
ny=n,=2m; +4m, + 3my; + 2m,,
Gy:ny=2m; + 3m,,
n,=m; + 2m,.

For L semisimple, these formulas are applied to each simple component
separately. If a; is in a certain component of the Dynkin diagram of L, then
the highest root conjugate to a; involves only the roots in that component. So
n; is calculated according to the type of that component and is given by one

of the above formulas involving only those m; such that a; is in that
component.
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