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A SELECTION THEOREM FOR MULTIFONCTIONS

H. sarbadhikari

Abstract. In this paper the following theorem is proved. X is any set, H is a

family of subsets of X which is A-additive, A-multiplicative and satisfies the

A-WRP for some cardinal A > N0. Suppose y is a regular Hausdorff space

of topological weight < A such that given any family of open sets, there is a

subfamily of cardinality < A with the same union. Let F: X -> C( Y), where

C(Y) is the family of nonempty compact subsets of Y, satisfy {x: F(x) n C

¥- 0} e H for any closed subset C of Y. Then F admits a (H n Hc)x-

measurable selector.

1. Introduction. Let X be any set, H a family of subsets of X and t any

cardinal. We say that H is T-additive (r-multiplicative) if whenever {Aa:

a < ß) E H, where ß < t, \Ja<ß Äa(C\a<ßAa) E H. Hc is the family of

subsets of X whose complements belong to H and HT is the smallest

T-additive family containing H. H is said to satisfy the T-weak reduction

principle (t-WRP) if given {Aa: a < ß) ÇH, such that (Ja<ßAa = X,

where ß < t, there exists a pairwise disjoint family of sets {5a:«<j8}ÇH

satisfying Ba E Aa for all a and U a<ßBa = X. N0 and N, are used to denote

the first infinite ordinal and the first uncountable ordinal respectively. (Note

that cardinals are considered as initial ordinals.)

If X is any set, H a family of subsets of X and Y a topological space, then a

function/on X into Y is called H-measurable if/"'((/) E H for every open

subset U of Y.f is called a selector for a multifunction F on A' into the family

of nonempty subsets of Y if f(x) E F(x) for all x E X. If A E X X Y for

any sets X, Y, then Ax denotes the subset of Y given by {y: (x,y) E A). Ylx

denotes the projection to the first coordinate on X X Y.

In this paper we prove the following:

Theorem. Let X be any set, H a family of subsets of X which is X-additive,

X-multiplicative and satisfies the X- WRP for some cardinal X > N0. Suppose Y

is a regular Hausdorff space of topological weight < X such that given any

family of open sets in Y, there is a subfamily of cardinality < X with the same

union. Let F: X —> C( Y), where C(Y) is the family of nonempty compact subsets

of Y, satisfy {x: F(x) n C =£0} EH for any closed subset C of Y. Then F

admits a (H n Hc)x- measurable selector.
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By putting À = N, we can deduce the following theorem of Sion: Let H be

a family of subsets of a set A and Y a regular Tx space of topological weight

< X, such that each family of open subsets of Y admits a countable

subfamily with the same union. Let F: X -» C(Y) be such that (x: F(x) n C

¥= 0} G H for every closed set C in Y. Then F admits a a(H)-measurable

selector where a(H) denotes the smallest a-algebra containing H.

2. Proof.

Lemma. Let X, Y, H and F be as in the theorem. Let {Ua: a is a successor

ordinal <X) be an open base for Y such that Ua =£0 for any a. Then there

exists a family [Aa: a < X) of subsets ofX X Y satisfying the following:

(i) For each a and x, 0^= A£ G F(x) and A^ is compact.

(ii) For each a, (x: A¿ n C =£0} G H if C G Y is closed.

(iii) If a < ß, Aß G Aa for all a and ß.

(iv) // a is a successor ordinal, then there exists Ba G H n Hc such that

(a x ¿7 ) n Aa - (Ba x ¿7 ) n Aa - (/?„ x Y) n Aa.

Proof. We define the A^s by induction as follows: A0 = Ux({x} X

F(x)). Suppose Aß is defined for all ß < a.

Case 1. a = ß + 1 for some ß.

For any successor ordinal y, jet Df = {x: Aß n t/7 =^0}. By induction

hypothesis, Z#» e H. Now X - Ü~ß+X= IJ { ¿7 : ¿7 G X - Üß+x} = U { Uy:
UjGX- Uß+X). Let {Uy: y G Tß) be a subfamily of {Uy: Uy G X -

í//3+1}_such that cardinahty of Tß < X and U {Uy: y G Tß) = \J{Uy: Uy G

X - Uß+X). Thus

U uy= (J ¿7 =a- Uß+X.
yerß yerß

If x E /í/+1, ^ n Uß+x =0 and hence Aj¡ n t/Y ̂ 0 for some y E Tß.

Hence x E £>/ for some y E Tß. Thus A = Z)/+1 U {of: y E I^}. By

À-WRP of H, find a pairwise disjoint family of sets Bj¡+X, [Bf: y G Tß} in H

such that fi/+1 ç £>/+1, 5/ ç £»/ for y E Tß and 5/+I u UyeTßByß = X.

Clearly, 5/+1,£f E H n Hc.

Define

V> = ((/?/+, x Uß+X ) u U (Bf x c7y)l n ^
V yer„ /

and Bß+i = Bj¡+X. (i), (iii) and (iv) are clearly satisfied. To check (ii), let

C G Y be closed. Then (x: A$+x n C ^=0} = {x¿ x E 5/+1 and Aj¡ n

i/^+1 n C ^0} u U7er/,{x: x E Bf and ^ n £/y n C ^0). As H is
A-multi plicative (and hence N0-multiplicative) and X-additive, using the

induction hypothesis, we see that {x: Aß+X n C =£0} EH.

Case 2. a is a limit ordinal.

Let Aa = nß<aAß. As 0i= AS G F(x) for ß < a, each Aß is compact
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and {Aß: ß < a} has the finite intersection property by (iii), it follows that

0=^= Ax E F(x) and Ax is compact. Clearly, (iii) is satisfied and (iv) does not

need any verification as a is not a successor ordinal.

To check (ii), let C E Y be closed.

{x: Ax n C ̂ 0} = \x:   fl^nC *Ço\
V ß<a 1

= [x:   D (A¿ n C) ̂ 0J = H {*: ̂ n C *0}.

The last equality is obtained by using the compactness of Aß n C, ß < a. As

a < X and {x: Aß n C 7*0} E H for ß < a by induction hypothesis, {x:

Ax n C ^0} £ H by A-multiplicativity of H.

This completes the proof of the lemma.

Proof of the theorem. Let Ua, Ba, a is a successor ordinal < X and Aa,

a < X, be as in the lemma. Put G = (~) a<AAa.

Step 1. G is the graph of a function/ and/ is a selector for F.

By (i) and (iii), 0^ Gx E F(x) for all x. We show that for all x, Gx is a

singleton. If not, let there exist points (x,y), (x, z) in G where y =£ z. Find a

basic open set Ua E Y such that y £_{/„ E Ü~a E X - (z). As (x,y) £ G Ç

Aa, it follows that (x,y) E (X X t/J n ^a = (5a X £/a) n 4,, a being a

successor ordinal. Thus x E Ba and hence (x, z) E (Ba X T) n Aa = (ßa X

Ua) n ^4a. Therefore z£i/„ which is a contradiction. Define f(x) = y if

{y} = G*.
Step 2. We now have to show that the function /: X —> Y is (H n Hc)x-

measurable.

Let V E Y be open. V = U { ¿7«: £/„ Ç F} = U {Ua: Ü~a E V). There
exists a subfamily {i/a: a ET} of {i/a: (7a Ç V) such that cardinality of

r < X and Uaer Ua = v- Thus Uaer Üa = K. Hence

/-(!/) = y rl(Um) = U (n,((* x Ua) n g)).
«ET oëT

It is enough to show that Tlx((X x Ua) n G) E H n Hc for any successor

ordinal a.

Fix a.

n,((* x f7a ) n g) = n,((jr x c7) n D a!

We first note the UX((X X Ua) n D T<Ai4T) = D ^IW X ¿7) n ¿Y).

Clearly,

n,((A- x ¿7 ) n H ¿Y) Q H n,((A- x ¿7 ) n ¿y).

Let x £ n^n,«* X ¿7a) n A). Then for all y < X, Ax n ¿7« 7*0. As
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Ay n Ua is compact for each y < À, using (iii), we see that D y<\(Ay D Ua)

=£0 so that x E n,((A x Ua) n nY<v4J-
Again, using (iii), we obtain

nn,((Ax Ua)nAy)=   H  n,((Ax ¿7a)n^).
y<\ a<y<\

Hence n,((A x Ua) n G) = na<y<xUx((X x Ua) n Ay). We next prove

that

fi  n,((Ax L7a)n^) = n,((Ax c7a)n^a)
a< y<A

Clearly, n„<y<xni((A X Ua) n Ay) G UX((X X Ua) n Aa). Let

x E n,((A X Ua) n Aa) = Ux((Ba XY)n Aa)

(by (iv)). Then x E Ba and hence A* G Ü~a. If o_< y < X, 0+ A* G A* G

Ua so that A* n Ua t^0. Hence x E n,((A X Ua) n ^Y) for a < y < A

Thus

n,((A x ¿7a) n g) = n,((A x Ua) n Aa)

= Ux((Ba XY)r)Aa) = BaGHD w.

Corollary. // A, Y, H are as in the theorem and if F: X -> C( Y) is such

that (x: F(x) n Í/ ^=0} E H /or a«y open U G Y, then F admits a (H n

Hc)x-measurable selector.

Proof. Let {Ua : a < X] be a base for 7 consisting of nonempty open sets

and let C ç Y be closed. Then y - C = IJ {Û~a: Û~a G_Y - C) = \J{Ua:
UaQY - C). Let { Ua: a G T) be a subfamily of {Ua: Ua G Y - C) which

has cardinality < À and satisfying UaErt(, = Y — C. Clearly, UaSr^a =

Y - C.

Now as F(x) is compact, F(x) G Y — C if and only if there exist

ax,...,a„GT such that F(x) G U"-i£^ Q U"=ii7^ Ç Y - C. Thus

{x:F(x)G Y-C)= (J U      \x: F(x) n C\ U<-0\

e ((Hc)x)k, = (Hc)x = Hc

as H is A-multiplicative. Hence {x:  F(x) n C =^0} EH. Now we can

invoke the theorem.
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