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HOLOMORPHIC SECTIONAL CURVATURE
OF QUASI-SYMMETRIC DOMAINS

R. ZELOW (LUNDQUIST)

ABSTRACT. It is well known that the holomorphic sectional curvature of a
bounded symmetric domain is bounded above by a negative constant. In
this paper we show that this is true more generally for a quasi-symmetric
Siegel domain, and the proof is based on a formula for the curvature from
the author’s thesis. The bounded homogeneous domains are, as is well
known, biholomorphic to homogeneous Siegel domains and the bounded
symmetric domains are biholomorphic to those quasi-symmetric (homoge-
neous) Siegel domains that satisfy a certain algebraic identity (which we do
not need here).

In a recent paper [7] we have determined a formula for the holomorphic
sectional curvature of an irreducible quasi-symmetric Siegel domain, and
proved that it is < 0. Here we refine this result and prove that the holomor-
phic sectional curvature is bounded above by a negative constant. We recall
some standard facts for which [4] is a good reference, and we use the notation
in [4] and [7].

Let Q& be an open convex homogeneous cone in R”, not containing any
straight line, and assume { is self-dual with respect to an inner product { , >
on R" i.e.,

{y ERyy>>0Vy €8 - {0}} =Q.

Further let F: C" X C” — C" be an Q-hermitian form, which is conjugate
linear in the second variable,

F(wy, wy) = F(wy, w)), Fw,w)€Q, Fw,w)=0ew=0.

We then have the Siegel domain

D =D, F):={(z,u) €C" X C"Imz — F(u, u) € R},
which is biholomorphic to a bounded homogeneous domain. Let e € Q be the
base point with the property that the stability subgroup of

G(2) == {4 € Gl(n, R)|4Q = @}

ateis K, = {4 € G(R)|4’ = A~'}, where ’ is transpose with respect to < , >
(see [4]). Let g(2) = £, + p, be the Cartan decomposition of the Lie algebra
g(22) of G(2) at e. We then have the mappings T and R of Satake [4]:

Received by the editors June 6, 1978 and, in revised form, November 15, 1978.

AMS (MOS) subject classifications (1970). Primary 53C35; Secondary 32M15.

Key words and phrases. Bounded homogeneous domain, bounded symmetric domain, Bergman
metric, quasi-symmetric Siegel domain, cone, tube domain.

© 1979 American Mathematical Society
0002-9939/79/0000-0421/$01.75

299



300 R. ZELOW (LUNDQUIST)

R"3a— T,€p, cg(®) cgl(nR)
defined uniquely by T,e = a. With the product a, ° a, = T, a,, R" becomes a
formally real Jordan algebra. Further, for a € R" let R, € gl(m, C) be
defined by

<a’ F(Ul’ 02)> = 2<e» F(Ol’ Ra”2)>'

Then the following conditions are equivalent [4]:
(i) For a € R” we have
T,F(v), vy) = F(R,v), v;) + F(vy, R;0,) Vo0, €C™

(i) For aj,a, ER"wehave R, .o,= R, R, + R, R, .

If this holds, then % is said to be quasi-symmetric [4]. Every bounded
symmetric domain is biholomorphic to such a domain ). We assume that )
is irreducible, i.e., not expressible as (biholomorphic to) a product of two
bounded homogeneous domains, which is equivalent to @ being irreducible,
i.e. not expressible as a product of two cones [1].

We extend (, ), o and R, by linearity to elements in C". Letting

=2 9 =(2,..., 2
a"_(az"”” 32"), a".—(au"”" a“m)’
W 9 0
a-9, = a,azl+ +a"8z"’

etc., and letting ¢ = (ie, 0) be the base point of %), we have [7]:

If {, ), is the Bergman (bilinear) metric of ) at ¢, then the holomorphic
sectional curvature (with respect to the Bergman metric) determined by
Z=a-93,+b-9,with{Z, Z),=1lis

K(Z)=-C{i[Kaca,a°a)y—Cacaa-a)]
+8(e,F(R;b, Rzb)) + 4(F(b, b), F(b, b))}

where C is a positive constant.
We can now state:

THEOREM. If ) = D (R, F) is a quasi-symmetric domain, then the holomor-
DPhic sectional curvature is bounded above by a negative constant.

REMARKS. For bounded symmetric domains this is well known. To prove
the theorem we can assume that Q is irreducible. Then either @ = ?,(F),
positive symmetric matrices of size r X r with coefficients in F = R, C, H
(real numbers, complex numbers, quaternions), or

2=S,={x€ERx;x,—xj—--- —x2>0,x,>0},
or { is the exceptional cone ?; (Cay). (See [4], [6], [7].) For this last cone it is
known (Satake) that & is the tube domain with this cone, and hence D is

symmetric. So the theorem holds for this domain. The above curvature
formula was proved in [7] for the cones ?,(F), S,. So now we have to prove
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the theorem for these cones. Since the holomorphic sectional curvature of a
complex submanifold does not exceed that of the ambient complex manifold,
the result is also known for those quasi-symmetric domains that occur as
fibers of “boundary-fibrations” of bounded symmetric domains over their
boundary components ([3], [4], [8]). However, not all quasi-symmetric
domains occur as such fibers.
PROOF OF THE THEOREM. If one writes a = a + i with a,8 € R”, then
2acad,acay—<{aca,acay .
=4aca BoB)+{(a+B)e(a+B)(a=B)e(a—B)).
Both terms on the right-hand side are > 0, since (see [4]) x ° x € & for any
x ER" and since @ is self-dual. Also the terms (e, F(R;b, R;b)) and
{F(b, b), F(b, b)) in the curvature formula are > O; the first one since e,
F(R;b, R;b) € Q and L is self-dual, the second one since F(b, b) € & c R™.
So K(Z) < 0. If it now happens that K(Z) = 0, then all three terms in the
formula vanish. In particular F(b, b) = 0, and so b = 0. Hence a # 0. How-
ever, this is exactly the situation we would have (with another constant C) if
we tried to see if

K(Z)=-C[2Xaca,acay—< acaa-a)]

could vanish for Z = a- 3, with (Z, Z), = 1 in the case of the tube domain
) = R" + iQ, which is symmetric. Since the theorem is known in this case,
we must have 2{a ° d,a°ay — {a ° a,a ° a) > 0, contradicting the above
statement that this expression vanishes. Hence K(Z) < 0 for Z # 0 also in
the case of an irreducible quasi-symmetric domain. By compactness of
{(Z=a-3,+ b-3,(Z, Z), = 1) the theorem follows. Q.E.D.

It is also possible to give a direct, computational proof of the theorem.
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