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SUMSETS OF MEASURABLE SETS
MELVYN B. NATHANSON'

ABSTRACT. Let @), @,, . . ., @, be Lebesgue measurable sets of positive real
numbers such that inf @ = O for all i. Let p denote Lebesgue measure and
let p, denote inner Lebesgue measure. If Z7_, p(&€; N [0, t) > v for some
vy < land all 7 < x, then

p (& + & + - +&) N[0, x]) > yx.
This generalizes results of Dyson and Macbeath.

Let A be a set of positive integers, and let A(m) denote the number of
elements of 4 not exceeding m. The Schnirelmann density of A4 is

d(A4) = inf{A(m)/mim =1,2,3,...}.

If A and B are sets of positive integers, then the sumset A + B consists of all
positive integers of the form a + b, where a € 4 U {0} and b € B U {0}.
Schnirelmann [12], [13] proved that, if d(4) = a and d(B) = S, then d(4 +
B) > a + B — aB. Khinchin, Landau, and Schur conjectured that the
stronger inequality d(4 + B) > a + (8 should be true. After Besicovitch [2],
Brauer [3], Khinchin [6], Landau [8], and Schur [14] obtained partial results,
Mann [10] obtained an inequality that implied the a + B conjecture. Artin
and Scherk [1] have given an exposition of Mann’s proof.

MANN’S THEOREM. Let A and B be any sets of positive integers, and let
C = A + B. Let y < 1 be given such that

A(m) + B(m) > ym
form=1,2,...,g. Then C(g) > vg.

In 1945, Dyson [4] generalized Mann’s Theorem to sums of any finite
number of sets. Let 4,, 4,,..., 4, be sets of positive integers. Then the
sumset A, + A, + - - - + A, consists of all positive integers of the form
a,+a,+ --- +a, whereq, € 4, U {0} fori =1,2,..., n A sum of rank
r of the sets A}, Ay, ..., 4, is a sumset of the form 4, + 4, + - -- +4,,
where 1 < i, <i, < - -+ <i, < n. The number of sums of rank r is exactly

-
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DyYSON’s THEOREM. Let A, A,, . . . , A, be n sets of positive integers. For any
pair of integers r and m, let

¢, (m) = % S(m)

where the summation extends over the (}) sums S of rank r of the sets
Ay, Ay, . .., A,. Let an integer g and real number y < 1 be given such that

oi(m) = Ay(m) + A)(m) + - - - +A4,(m) > ym
form=12,...,g. Then

4(8)> ("~ 1)

for r=1, 2,...,n. In particular, when r =n, so that S= A, + A,
+---+4,

¢.(8) = S(g) > vs.

Halberstam and Roth [5], Khinchin [7], and Mann [11] have written
excellent expositions of these results of additive number theory.

Let @, @, ..., &, be sets of real numbers. Then the sumset &, + &,
+ - - - +@, consists of all numbers of the form a, + a, + - - - +a,, where
g€ @ fori=12...,n.Asumofrank rof thesets @, , &,..., &, isa
sumset of the form & + & + --- +@,, where 1 <i; <i, <--- < <
n. Sierpinski [15] has proved that there exist Lebesgue measurable sets & and
B of real numbers whose sumset @ + % is not measurable. Nonetheless,
Macbeath [9] was able to obtain a continuous analog of Mann’s Theorem for
sums of two Lebesgue measurable sets of positive real numbers. Let p denote
Lebesgue measure and let u, denote inner Lebesgue measure.

MACBEATH’S THEOREM. Let @ and B be Lebesgue measurable sets of positive
real numbers such that inf @ = inf B =0,andlet C =@ + B.If

(@ N[0, ¢]) + w(B N[0, ¢]) > vt
for somey < land all t < x, then
£(C N[0, x]) > yx.

In this note I extend Macbeath’s Theorem to sums of any finite number of
Lebesgue measurable sets of positive real numbers. The proof follows
Macbeath’s proof very closely, but applies Dyson’s Theorem instead of
Mann’s Theorem to obtain the result in the special case when all of the sets @,
are open.

THEOREM. Let @), @,, ..., &, be n Lebesgue measurable sets of positive real
numbers such that inf @ =0 for i = 1,2,..., n. For any integer r and real
number t, let

®,(1) = g 1(& N[0, ])
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where the summation extends over the (%) sums & of rank r of the sets @,
&,, ..., @,. Let real numbers x and y < 1 be given such that

(1) = w(& N[0, ¢]) + - - - +p(&, N[O, ¢]) > vt
forall t < x. Then

209> (77

for r=1, 2,...,n. In particular, when r=n, so that & =@, + &,
+ -+,
®,(x) = p,(5 N[0, x]) > vx.
PrOOF. We can assume that @ C [0, x] for i = 1,2, ..., n. Let us prove
the theorem first in the case when all of the sets @ are open sets such that

there exists w > 0 such that (0, w) C @, fori=1,2,...,n. For any § >0,
let

@ = {klk € Zand ((k — 1)8, k) C @)}
and let

AP = U ((k - 1)8, kd).
keap
Then @ C @ and
w(@ N[0, ms]) = 842(m).
Moreover, if m < g, then

(@ N[0, md]) — u(@ N[0, mé))

< w(@ N[0, 28]) — n(@ N0, g8]).
Since the sets @; are open and bounded, for any &€ > O there exists §, > 0
such that, if § < &), then w(@) > w(@) — efori=1,2,...,n.
Let 5 =& +@& +---+@ be a sum of rank r of the sets
@, @, ..., &,. Since the sets @, are open, if J C {1, 2,..., r}, then

2&cx@e-=5.

Jj€J j=1
For 8 > 0,let S® = {k|k € Z and ((k — 1)8, k§) C S }. I shall show that

= 49 54 ... ) )

S=4;+4+ +4; C s (1
Lets=a,+a2+--~+a,ES,whereaj€A;u{0}forj=l,2,...,r

and g; # 0 for some . Let J = {j|a; # 0}. Since g, € A,f for j € J, it follows
that ((g; — 1), 4,6) C 63,), and so

(- 18,9)c(Z(g- 18 T ad)
jeJ j€s
c Yy e cs.

JjEJ 7
Therefore, s € S°. This proves (1).
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Fix ¢ > 0. Let § = x/g, where the integer g is chosen sufficiently large that
(@) > (@) — we/n
fori=1,2,...,n. Letm < g and lett = mé. Suppose t > w. Then

8‘21 Af(m) = ,gl w(@ N[0, ms)) = iél (@ N[0, md])
- ‘él {m(@ N[0, md]) — w(& n [0, m8])}
> 3 MEn[0.1) - 3 (W@ n[0.85]) - w(@ n[08]))

> iél (& N[0, 2]) — we

>yt — ¢t =(y— e)md.
Therefore,

S atm) > (v = om @

ift=mé >w.Ift <w, then (0, ) C (0,w) C & andso {1,2,...,m) C A%
and 45(m) = m. Thus, (2) also holds for ¢ < w, and so (2) holds for m = 1,
2,...,g. ByDyson’s Theorem,

4()=S5(e) > ("2 |)or - oe

where the summation extends over all sums S of rank r of the sets A7,

A5, ..., 4%
Let S = A‘s + A‘s cee +A8 be one of these sums of rank r, and let
>5=@ +@& +---+@& be the corresponding sum of rank r of the open

sets @,, @, .. @ Let Ss = {(klk € Z and ((k — 1), k8) C S ). I showed
above that S (; Ss Therefore,

T5%8) > 288 > ("2 1 )or - o
) S r

where the first summation extends over all sums & of rank r of the open sets
@,, &, ..., @,. Therefore, since x = gé,

®,(x) = Tu(s n[0.x]) > 5T 5(g)

(37 o= (37 oo

The inequality holds for all ¢ > 0, hence

d.(x) > ( })yx
This proves the theorem when the @ are open sets and (0, w) C @,. The
extension of the theorem, first to the case in which the sets @; are closed, and
then to the case of arbitrary Lebesgue measurable sets @, follows exactly as
in Macbeath’s proof. []
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It is an open problem to generalize Mann’s Theorem and Dyson’s Theorem
to sums of sets of finite-dimensional vectors with nonnegative integral coordi-
nates, and to generalize Macbeath’s Theorem to sums of Lebesgue measur-
able sets in finite-dimensional Euclidean spaces.
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