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SUMSETS OF MEASURABLE SETS

MELVYN B. NATHANSON1

Abstract. Let &x, &¿,..., &a be Lebesgue measurable sets of positive real

numbers such that inf (2, = 0 for all i. Let ¡i denote Lebesgue measure and

let ¡x denote inner Lebesgue measure. If 2"_ i ¡i(&¡ n [0, tf) > yt for some

y < 1 and all / < x, then

¡xt((&i + &2 + ■ ■ ■ +&„) n [0, jc]) > yx.

This generalizes results of Dyson and Macbeath.

Let A be a set of positive integers, and let A(m) denote the number of

elements of A not exceeding m. The Schnirelmann density of A is

d(A) = M{A(m)/m\m = 1, 2, 3, . .. }.

If A and B are sets of positive integers, then the sumset A + B consists of all

positive integers of the form a + b, where a E A u (0} and b E B u {0}.

Schnirelmann [12], [13] proved that, if d(A) = a and d(B) = ß, then d(A +

B) > a + ß - aß. Khinchin, Landau, and Schur conjectured that the

stronger inequality d(A + B) > a + ß should be true. After Besicovitch [2],

Brauer [3], Khinchin [6], Landau [8], and Schur [14] obtained partial results,

Mann [10] obtained an inequality that implied the a + ß conjecture. Artin

and Scherk [1] have given an exposition of Mann's proof.

Mann's Theorem. Let A and B be any sets of positive integers, and let

C = A + B. Let y < 1 be given such that

A(m) + B(m) > ym

for m = 1,2, ... ,g. Then C(g) > yg.

In 1945, Dyson [4] generalized Mann's Theorem to sums of any finite

number of sets. Let Ax, A2, . . . , A„ be sets of positive integers. Then the

sumset Ax + A2 + ■ ■ ■ +A„ consists of all positive integers of the form

ax + a2 + • • • +an, where a¡ E A¡ u {0} for / = 1, 2,.. ., n. A sum of rank

r of the sets Ax, A2, . . ., A„ is a sumset of the form Ait + At + • • • +A^,

where 1 < /, < i2 < • • • < ir < n. The number of sums of rank r is exactly
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Dyson's Theorem. Let Ax, A2, . . . , An be n sets of positive integers. For any

pair of integers r and m, let

<br(m) = 2 SO)

where the summation extends over the (") sums S of rank r of the sets

A,, A2, . . ., An. Let an integer g and real number y < 1 be given such that

<¡>x(m) = Ax(m) + A2(m) + • • • +An(m) > ym

for m = 1, 2, . . . , g. Then

for   r = 1,   2, . . . , n.   In  particular,   when   r = n,   so   that   S = Ax + A2

</>„(g) = S(g) >yg.

Halberstam and Roth [5], Khinchin [7], and Mann [11] have written

excellent expositions of these results of additive number theory.

Let ££,, @2, . . . , (£„ be sets of real numbers. Then the sumset &x + (3^

+ • • • + &„ consists of all numbers of the form a, + a2 + ■ ■ ■ + an, where

a, E &¡ for / = 1, 2, . . . , n. A sum of rank r of the sets £B, , â^, . . . , â„ is a

sumset of the form &¡ + (£,■ + • • • + @,¡, where 1 < i, < i2 < • • • < ir <

n. Sierpinski [15] has proved that there exist Lebesgue measurable sets & and

% of real numbers whose sumset & + 'S is not measurable. Nonetheless,

Macbeath [9] was able to obtain a continuous analog of Mann's Theorem for

sums of two Lebesgue measurable sets of positive real numbers. Let p denote

Lebesgue measure and let p^ denote inner Lebesgue measure.

Macbeath's Theorem. Let & and 9> be Lebesgue measurable sets of positive

real numbers such that inf &■ = inf <$ =0, and let 6 = & + Q>. If

p(& n[o,/]) + p(% n[o,t]) >yt

for some y < 1 and all t < x, then

P+(Q n[0,x]) >yx.

In this note I extend Macbeath's Theorem to sums of any finite number of

Lebesgue measurable sets of positive real numbers. The proof follows

Macbeath's proof very closely, but applies Dyson's Theorem instead of

Mann's Theorem to obtain the result in the special case when all of the sets £E,

are open.

Theorem. Let 6^, &¡, ...,&„ be n Lebesgue measurable sets of positive real

numbers such that inf éB, = 0 /or i" = 1,2,...,«. For any integer r and real

number t, let

<M') = 2fi.(S n[0,/])
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where the summation extends over the (") sums S of rank r of the sets &x,

&2, . . . , <£„. Let real numbers x and y < 1 be given such that

*,(/) = mí«, n [0, /])+••• +/i(fi)1 n [0, t]) > yt

for all t < x. Then

*A*)>(Hrl\)y*
for  r = 1,   2, . . . , «.   In  particular,   when   r = «,   so   that   S = &x + (¡^

+ ••• +<£„,

í>„(x) = ^(§ n[0,x])>yx.

Proof. We can assume that @,¡ C [0, x] for i = I, 2, . . . , n. Let us prove

the theorem first in the case when all of the sets £B, are open sets such that

there exists w > 0 such that (0, w) Q &¡ for i = 1,2,...,«. For any 8 > 0,

let

fi? = {k\k G Z and ((* - 1)5, k8) C &,}

and let

Af-   U  ((*- 1)*,*«).
keAf

Then S? Ç <£,- and

/i((ä? D [0, mo]) = M *(m).

Moreover, if m < g, then

fi(£, n[0,wr5])-,x((2f n[0,mô])

<M(é¡>, n[o,g«])-M(tt?n[0,g5]).

Since the sets &¡ are open and bounded, for any e > 0 there exists 80 > 0

such that, if 8 < ô0, then u(<2?) > u(#,) - e for i = 1, 2, . . . , «.

Let   S = &¡   + &   + • • •  +(Z;    be   a   sum   of   rank   r   of   the   sets
' 1 '2 'r

âx, &2, . . . , &„. Since the sets £E, are open, if J Q (1, 2, . . . , r), then

ye/ y=l

For 5 > 0, let 5s = {*|* G Z and ((£ - 1)5, k8) Q § }. I shall show that

5 = AH +AJI + "- +A* Q ss. (1)

Let s = ax + a2 + ■ ■ ■ +arES, where a, G ^* u {0} for / = 1, 2, . . ., r

and üj ¥= 0 for some/. Let y = {j\oj ¥= 0}. Since a} G /!/ for/ G J, it follows

that ((a, - 1)5, a,5) ç &, and so

((i-l)*,sfi)c( 2(^-0«, 2«/)
\ye/ ye/      /

c2«scs.
ye/

Therefore, s E Ss. This proves (1).
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Fix e > 0. Let 5 = x/g, where the integer g is chosen sufficiently large that

p(<3%) > p(&¡) - we/n

for / = 1,2,...,«. Let m < g and let / = m8. Suppose t > w. Then

8 2 Af(m) = 2 m(<2? n [0, m8]) = ¿ M(0, n [0, m8])
i-i /=i i=i

- 2 {/*(«•• n [o, m«]) - u.(<î? n [o, mS])}

> 2 m(«,- n [0, /]) - ¿ {/»(Ä, n [0, gö]) - M(é¡* n [o, gs])}
1=1 ; = 1

> 2 /*($ n [o, /]) - we
/-i

> yi — et = (y — e)m8.

Therefore,

2 ¿,*0) >(y - e)m (2)
í=i

if t = m8 >w.\ft <w, then (0, 0 ç (0, h>) ç (£,. and so {1, 2,.. ., m) Q A?

and Af(m) = m. Thus, (2) also holds for / < w, and so (2) holds for m = 1,

2, . . . , g. By Dyson's Theorem,

</v(g) = 2S(g)>(;:J)(Y-e)g

where the summation extends over all sums S of rank r of the sets /if,
As As

Let 5 = A* + A/* + • • • + A? be one of these sums of rank r, and let

S = &¡ + &¡2 + • • ■ + &¡r be the corresponding sum of rank r of the open

sets <£,, #2, ...,#„. Let Ss = {k\k E Z and ((& - 1)5, fco) Ç S }. I showed

above that S C Ss. Therefore,

2Ss(g)> 25(g) >{n-])(y-e)g
S S V r — 1 /

where the first summation extends over all sums § of rank r of the open sets

&x, &2, . . . , &„. Therefore, since x = g8,

*,(*)-2/»(§ n[o,x])>ô-2sA(g)
s s

The inequality holds for all e > 0, hence

•rW>(;:})r».

This proves the theorem when the (•£,. are open sets and (0, w) Ç &¡. The

extension of the theorem, first to the case in which the sets &¡ are closed, and

then to the case of arbitrary Lebesgue measurable sets (£,, follows exactly as

in Macbeath's proof,    fj
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It is an open problem to generalize Mann's Theorem and Dyson's Theorem

to sums of sets of finite-dimensional vectors with nonnegative integral coordi-

nates, and to generalize Macbeath's Theorem to sums of Lebesgue measur-

able sets in finite-dimensional Euclidean spaces.
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