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A MORREY-NIKOL'SKIi INEQUALITY
JAMES ROSS

ABSTRACT. An inequality of Sobolev type is proved which unifies some work
of Nikol'skil on fractional derivatives and some work of Morrey which
assumes that the growth rate of the L? norm of the gradient of a function on
balls is bounded by some power of the radius.

In this paper we prove the

THEOREM. Let Q, be a cube in R" and u(x) € LP(Q,). Suppose that
[ 1u(x + 1) = u(x) dx < K?|[*|Q|'~#/" (1)
Qo

Jor all parallel subcubes, Q, of Q, and for all t such that the integral is defined.
The constants are assumed to satisfy K > 0,0 <a < 1,0< B <n,andp > 1.
Then:

(@) If ap < B, then the function u(x) is in L'(Q,) for all r satisfying
1/r>1/p — a/Band

1/r
(f |u(x) — uQ°|r dx) < CK
o

where uy, is the average value of u(x) on Q.
@ii) If ap > B, then the function u(x) is Holder continuous in Q, with
exponent & = a — 3/p and

|u(y) — u(x)| < CK|x —y|‘Y for all x,y € Q.

The constant, C, depends only on |Qy|, a, B, p, n and in case (i) on r. Here
|Q] is the volume of the cube Q.

This result is related to the work of Morrey [5] where the condition
f lu|” dx < K?|B(x, r)|l_ﬁ/"
B(xo R)

is assumed to hold for all balls, B(x,, R), in the region considered and to the
work of Nikol’skii [6], where the condition

f lu(x + 1) — u(x)|” dx < K?|¢|*
Rn

is studied. Actually the closest result to ours in the literature is Stampacchia
[7, Theorem 3.2]. If, in case (i), we could weaken our hypothesis to include the
possibility that 1/r = 1/p — a/ B, we would have a new proof of Nikol'skil’s
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results for a cube. Of course Nikol’skii considers primarily the case R”. Our
result may be thought of as a unification of these works.

Our method of proof is a direct attack in the spirit of and inspired by the
proof of Lemma 2 in John and Nirenberg [3]. The proof of case (ii) is little
more than a paraphrase of their proof—plus an application of a result due to
Meyers [4] and Campanato [2]. Meyers’ proof uses the technique of Lemma 1
in [3). The proof of case (i) seems to be considerably different from the work
in [3]. In particular, no covering lemma is used. Besides the intrinsic value of
our theorem, estimates like (1) can occur in the study of elliptic regularity. We
will apply our result to this problem in a future paper.

PROOF OF CASE (i): ap > . We will need the

LEMMA. Let a, b, i =1,..., k and r > 1 be real numbers. Then there exist
constants c,, ¢, > 0 which are independent of a and the b;’s such that

k k k
21(|a + b —|a|) < ¢ 2. |6 + ¢;|a|”" 2] |5
i= i= i=

ProOF. Let N > 1. If |a/b;| < N, then
la+ b —|a|” =|b]"(|(a/b) + 1| —|a/b|") < c(N)|b)]".
If |a/b, > N, then
la + b —|a| =|a|'|(l +b/a) — 1
=|a|'|rb,/a + r(r — 1)/2(b,/a)’ + - - - | <|a|'c,(N)|b;/a|.

Thus, |a + b — |a|” < ¢;|a]""'|b;| + c,|b,|"- Adding, we obtain the result.
We will assume that |Q,| = 1. The general case follows by a simple change
of scale. We now develop an appropriate representation for

fQo|u(x) - qul’ dx.

Let N > 1 be an integer. We subdivide Q, into 2"V equal subcubes. The

subcubes are denoted by Qy,, i = 1,...,2"". The indexing of the subcubes
is done in such a way that the subcubes Qy ;, i = (kK — 1)2" + 1,. .., k2"; are
contained in the subcube Qy_,, for N=2, 3,..., and for k=

1,...,2"""D Let uy, be defined by

Uy = (l/lQN,il)L A(u(x) - qu) dx.

Let Ay =2 2?":,|u,,,,,~|’. It is easy to see that
lim A4y = f dx
Nooo Qolu(x) —ug,|”

in the sense that, if either side is finite, so is the other and they are equal. Let
ay; be defined according to the formula

Anvk-12"+j = Unk-1D2"+j — UN-1k
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where N=2,3,...,k=1,...,2"¥ D and j=1,...,2" Let a,;, =uy,

i=1,...,2" Finally, let by, ; = ay _ ;- Using this notation we have
MN-1) 2n
- r
Ay=2"" 3 ( 2 Jun—1x + bl )
k=1 \j=1
Now,
0< Ay — Ay_,
2mN-1) bld
— r r
=2V kEI ( l|“1v—1,k + by | —|un— 14l )
=1 \,=

k=1 \j=

2n(N-1) on
- r -1
<™ 3 ( 2] clIbN,k,jl + oofun 1l ]bN,kJI)
(here ¢, and c, are constants from our lemma)
2nN 2n(N—l) bl l/r
<2 e X IaN,jI’ + 2Ty |uN—1,k|r-l( > ,bN,k,iI’) l
Jj=1 k=1 Jj=1

2nN

1/r
2nN
< 2—nN ¢, 2 |aN,j|r + C22"(l_l/’)(AN_12"(N-1))l_I/r( 2 |aN,j|’)
Jj=1 Jj=1

2nN
= ¢, Xy + c,AL"Y'XY", where X, =2~ 21 lay,|"-
j=

Suppose that

Xy <o ()
where c is a constant independent of N and 0 < y < 1. Then 4y < 4,_, +
oy + Ay Y yNr, N =2, 3,.... Let B, =max(l, 4,). Then the

sequence defined by
By = By_ (1 + ((c; + &;By_1)/By-y""), N=23,...,

majorizes the sequence {4, }. Since By > 1 for all N, (¢, + ¢,By_,)/By_,
< d < o and d is independent of N. The sequence C,, defined by
Cy=Cy_,(1+ "), N=23,...,
C, = B,
majorizes the sequence B,. By elementary results on infinite products the
sequence C, converges and of course we can get explicit estimates. All that
remains, therefore, is to prove (2).

To this end, we establish two estimates: a “global” estimate and a “local”
estimate.

The Nth “global” estimate. There are 2" vertices V;, i =1,...,2" of Q,.
For each pair of vertices (¥, V}) there correspond two cubes Q; and Q; which
satisfy Q,, O, C Q,, ¥; and V are vertices of Q; and Q; respectively and the
edge length of Q; and Q;is 1 — 27V, Choose ¢, j to translate Q; to Q.. The cube
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Q; is composed of (2¥ — 1)" of the cubes Qy,, i = 1,...,2"". Rename these
cubes O, k=1,...,2" - 1)

We have
(2" "
10, | l [ uwrd—f
(2” "
= lQ:’ \f u(x +
@ - 1)

f u(x + 1) — u(x)[ dx

- fQ'lu(x + ;) — u(x)[ dx < KPn®/227M>,

Here Q, i is the translation of Q,; by ;. Summing these inequalities corre-
sponding to all possible pairs of vertices and discarding irrelevant terms from
the left-hand side we obtain

2 |azv,,~ - aNJ,IP < Kpnap/z(é")zN(n—ap)

where the sum is over all i,/ such that Q,; and Qy; belong to the same
subcube in the (N — 1)st partition of Q.
Since 212."_ 1bnx; = 0, one can easily show that

2"
.2 IbN,k,jlp < 2 |bw i — bN,kj|p'
Jj=1 1<i<gj<2”

Hence
2nN

2. lay,|” < KPno®/}(3)2Nn=0), (©)
=

The Nth “local” estimate. Select two subcubes from the Nth subdivision
belonging to the same cube from the (N — 1)st subdivision. Choose ¢ to
translate one of the cubes to the other. Fixing the (N — 1)st subcube and
summing the inequalities resulting from applying (1), to all possible pairs of
Nth subdivision cubes, we get

2"
> |bN,k.i|p < K*n ap/2(§")2N(B—ap).
j=1

So in particular
|aw,* < KPn®2(F)2NE-0), =1, 2N, (4)

We now obtain an upper bound for

2nN

2 |aN./| (5)

j=
subject to the conditions (3) and (4). With these restrictions, it is easy to see
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that to make (5) as large as possible one of its terms should be made as large
as possible, then another should be made as large as possible, etc. Since the
largest |ay |” can be is given by (4) and because of (3), the number of these
largest terms is bounded by 2V ~A. All the other terms must be zero. This
leads to the estimate

7N

D IGNJI' < Krnr/2(§")’/P2N(n—B+r(B—ap)/p)‘
Jj=1

Thus X, < C2CA+B=a)/PN = ¢y N But since -8 + r(B — ap)/p < 0 by
hypothesis, y < 1. This completes the proof.

PROOF OF THE CASE ap > B. Consider a subcube Q of Q, of edge length e.
Subdivide Q into 2™ equal subcubes, Q;,, i = 1,...,2", Let u, denote the
average value of ¥ on Q,. Then

7N

1 = K -nN
0] fQ|u ug| dx = 131_1302 igl|u,. ug|.

By the Schwarz inequality,

2nN

27Ny |u; — up| <
i=1

2nN

1/2
27N 21 |u, — “Q'ZJ =4}
i=-

where the A4, are so defined. Following John and Nirenberg we conclude that

2nN

24, =1 3 |y —

ij=1
Now subdivide Q into 2"¥*V equal subcubes. Each of the subcubes Q, is
thereby divided into 2" cubes Q, ;,j=1,...,2" i=1,...,2"". And u, =
2732 u,, where u, , is the average values of u on Q, .

We next note that

1/p
< (f lu(x + 1) — u(x)f dx) |Q, .|‘_'/”
0., Y

&)

f u(x + 1) — u(x) dx

Qi.j

< K|Q " TH M0 TPt = KO

Choose ¢ so that o u(x + 1) dx = [ u(x) dx where @, and Q,; have one
face in common. Thus for any two subcubes Q, ; and Q,, of Q,

|u,; = ;| < Knh® /P = M, |
where h = 27V,
Following John and Nirenberg, it can be shown that 4, , < 4y + M}, ,,

N=0,1,2,....Now,since 4, = 0,

N N (g2 \o"B/p N
Ay < X M? = Kn* Y (-2-27) = KX~ #/P) 3 x,

Jj=1 Jj=1 Jj=1
where x = 27 %«—8/p) < |,
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Hence, 4, < Ce**~#/P) and

1 (« B/p)/n
Tg—lfglu—ugldx<C|Q| /)/n,

The result now follows from Meyers [4] or Campanato [2].
REMARK 1. It is not hard to prove more general versions of case (ii). For
example, if n = 1 and ¢,(x) and ¢,(x) are increasing functions and if

1/p
([ jucx + 0 = wor ax) ™ < ko ipenti

then

_ 1/2
(171D [ Ju = wgl e < ( [ Vo101 ) =5

In particular, if g(|Q|) -0, we have that u(x) € VMO(Q,), the space of
functions of vanishing mean oscillation.

REMARK 2. Before discovering our proof, we had tried several approaches
which did not work. The method of Stampacchia [7] does not work and the
method of symmetrization used so successfully by Garsia and Rodemich in
[2] and elsewhere does not work because the appropriate functional is not
decreased by symmetrization.
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