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FIXED POINTS FOR CONFLUENT
MAPS ONTO DISKS
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ABSTRACT. Let M be a compact subset of a disk D such that H'(M) =~ 0. It
is shown that if f is a confluent mapping from M onto D and if g is any
mapping from M into D, then f{p) = g(p) for some p € M.

Let R? denote the Euclidean plane and let B> = {(x,, x,) € R?: x? + x2
< 1}. In [6] Hamilton proved the following theorem: If f is an open mapping
from a locally connected unicoherent continuum M C B? onto B, then f has a
Jixed point. The following theorem improves Hamilton’s theorem by allowing
more general mappings f, by not requiring that M be locally connected, and
by obtaining a much stronger conclusion. Recall that a mapping (=
continuous function) f from a space Y onto a space Z is confluent {1, p. 213]
provided that for each compact connected subset K of Z and each compo-
nent 4 of f~!(K), we have f[4] = K. A mapping f: Y — Z is universal [7, p.
433] provided that if g is any mapping from Y into Z, then there existsp € Y
such that f(p) = g(p).

THEOREM. Let M be a compact subset of B* such that M does not separate
RLIfFf M Y B is confluent, then f is universal (and, thus, f has a fixed
point).

PROOF. Let S' = {(x}, x) € R% x} + x} = 1}. Let M, = f~'(S") and let
hH= fLM, (the restriction of f to M,). Note that, since f is confluent, f,:
M, - S' is confluent. If follows from a theorem in [9, p. 229] that any
confluent mapping from a compact Hausdorff space onto S' is essential
(= not nullhomotopic)-see Remark 2 here. Hence, f, is essential. Thus, since
every mapping from M into S' is nullhomotopic (see [3, 2.1, p. 357]), we see
that f; cannot be extended to a mapping of M into S'. Therefore, by the
lemma in [11], f is universal (and hence, by using the inclusion map g:
M — B2, we see that f has a fixed point since f(p) = g(p) for some p € M).

Of special interest in the following corollary is the fact that Hamilton’s
theorem remains valid for monotone mappings.
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COROLLARY. Let M be a compact subset of B> such that M does not separate
I
RLIff M B isa monotone, open, or quasi-interior mapping, then f is
universal (and, thus, f has a fixed point).

PROOF. Since these types of mappings are confluent (see [1, p. 214] and [10,
2.7)), the corollary follows from the theorem.

REMARK 1. Let us note that the proof of our theorem yields the following
more general fact: Let Y be a compact Hausdorff space such that Y is cr(S")
8, p. 434] or, equivalently, such that H'(Y) =~ 0. If f: Y5 B? is confluent,
then f is universal.

REMARK 2. In the proof of our theorem, we used a special case of a
theorem in [9, p. 229]. This special case has the following easy proof. Let k be
a confluent mapping from a compact Hausdorff space X onto S'. Suppose
that k is nullhomotopic. Then [4, 5.3, p. 18], k = ™ for some mapping y:
X — R! (the reals). Let g = e‘|y[X]. Since k is confluent and k = g o {, g is
confluent. Let A be a component of g~!(S') and let g’ = g|4. Since g is
confluent, g": 4 °ZY §'is confluent and, since X is compact, 4 is a bounded
closed interval. Therefore, we have a contradiction to [2, Corollary 20, p. 32]
which says that a confluent image of an arc is an arc (or a point). The reader
may wish to see [5] for generalizations of results in [9] and an affirmative
answer to Problem 558 in [9, p. 233].

REMARK 3. It is clear that every mapping from an arc onto a larger arc has
a fixed point (this is also true for mappings from any chainable continuum
onto a larger chainable continuum). However, for n > 2, there are fixed-
point-free mappings from n-cells onto larger n-cells [12].

The question of whether Hamilton’s theorem could be generalized to
confluent mappings was raised by Carl Eberhart in a conversation with the
author.

ADDED IN PROOF. Recently the author has generalized the results in this
paper to weakly confluent mappings. The manuscript, entitled Universal
mappings and weakly confluent mappings, has been submitted for publication;
an abstract of some of the results is in the Notices Amer. Math. Soc. 26
(1979), 79T-G80, p. A-445.
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