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BORNOLOGICAL SPACES OF NON-ARCHIMEDEAN VALUED

FUNCTIONS WrTH THE COMPACT-OPEN TOPOLOGY

W. GOVAERTS1

Abstract. Let F be a field with nontrivial non-Archimedean valuation of

rank one and let X be a zero-dimensional Hausdorff space. The vector space

C(X, F) of all continuous functions from X into F is provided with the

compact-open topology c. We prove that C(X, F, c) is bornological if and

only if X is a Z-replete space.

Introduction. In this paper we prove the conjecture in Remark (3) of [2]. In

[2] the reader may find some comments on ultraregular (zero-dimensional)

spaces and Z-replete spaces. Let ßcX be the Banaschewski compactification

of X, i.e. the essentially (up to homeomorphism) unique compact ultraregular

space that contains X as a dense subspace and is such that disjoint clopen sets

in X have disjoint closures in ßgX. As in [1] VqX is the set of all x E ßcX such

that for each sequence ( Vn)™_, of neighborhoods of x in ßcX, f) "_ ] Vn n X

¥^ 0. From Theorem 9 in [1] we know that VqX = vzX.

The aim of this paper is to prove

Theorem 1. C(X, F, c) is an F-bornological space if and only if X is

Z-replete.

The relatively easy "only if" part was obtained in [2, Remark 2]. So from

now on we assume that A' is a fixed ultraregular space with VqX = vzX = X

and we consider an absolutely convex subset S of C(X, F) that absorbs all

c-bounded sets. We want to show that S is a c-neighborhood; without loss of

generality we assume 0 ¥= S =£ C(X, F).

Definition 1. If / E C(X, F), then B(f) = {g E C(X, F): \g(x)\ < |/(x)|

for all x EX}.

Clearly, B(f) is an absolutely convex c-bounded set.

Definition 2. & = {A c X: A is clopen and there is a X E F \ {0} with

B(xA)<tXS}.
Here \a denotes the characteristic function of A; we have 0 £ &.

Lemma 1 (slightly more general than [2, Lemma 1]). If A £ & and f E

C(X, F) with fix) = 0 for all x EX\A, then B(f) Q XS for all X E F \ {0}.
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Proof. Let X G F \ {0} be given. As B(f2) is bounded, there is a Aq G F

such that |\,| > 1 and B(f2) Q X„XS. Let W = {x E X: \f(x)\ < IaJ}, a

clopenset. Thenf = f-Xw + f' Xa\w =/" Xacmv + fXxsw

As |/X4n^l < \\>\Xa and /(«a, B(fxAnW) Q X^B^) Q \^¿xXS = XS.

Hence as |/x*.w| < IVA B(f) Q ̂ ÜCrnr) + B(fXx,fV) QXS + VV
CAS.

Lemma 2.IfAE&,A= U ^L\A¡ with all A¡ clopen, then there is an i with

A¡ G â.

Proof. Cf. [2, Lemma 2].

Lemma 3. // (A¡)f„, is a family of disjoint clopen sets, and if U," i A¡ is

clopen, then at most a finite number of A¡ are in &.

Proof. Cf. [2, Lemma 3]. Remark, however, that our case requires U ,°11 A¡

to be a clopen set.

Proof of the "if" part of Theorem 1. Let DC be the family of all clopen

subsets F of A such that X \V & &. Then DC Ç # by Lemma 2. By Lemma

1, A" G DC and <f> £ DC. Clearly, any clopen subset of X containing a member

of DC belongs to DC. Finally, if V, W G DC, then V n W E DC, for as

X \ (V n W) = (X \ V) \j (X \ W), X \(V n W)&âby Lemma 2.

Thus DC is a filter base of clopen sets. Let K be the adherence of DC in ßcX.

Thus AT is a nonempty, compact subset of ßcX. We shall show that K C VqX

= X. Assume, on the contrary, that a E K \ v0X. Then there is a decreasing

sequence (Vn)n>0 of clopen neighborhoods of a in /JqA such that VQ = ßcyX

and (n ?.0Vn) n X = 0. Hence X = U "i«^ \ K+i) n X).

By Lemma 3, there exists m > 0 such that (F„ \ Vn+X) n A" £ â for all

n > m. Consequently, as

OO

vm n a- = U ((KB \ Fn+I) n x),      vm n * G Ä,

by Lemma 2, whence A \ Km G DC. Thus aGAr\FmnA'n Km (closures in

ß<yX). However, X \Vm and X p\ Vm are disjoint clopen sets in X so that

their closures in ßcyX are disjoint. This contradiction establishes that K C VqX

= X.

Now clearly K = fl DC. As B(xx) is bounded, there is a X # 0 such that

B(Xx) £ A,S- As A is compact, we need only show that if |/(x)| < \X\~X for all

x E K, then/ G S. Let W = {x G X: \f(x)\ < |X|-1}, a clopen subset of X.

The closure W of IT in ß^X is a neighborhood of K. Since (n DC) n (/V \

W) = 0 and /SqA \ W is compact, there is a K G DC with V <z W. Hence

K Ç W and A" \ If G £. By Lemma 1 applied toX\W, B(f- Xx\w) G S,

and Ai/- Xwr) Ç B(X~xxx) Q S, so

/?(/) Ç /*(/• x*w) + *(/■ Xrv)^S+S CS.

In particular,/ G S.
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Final Remarks. This paper was greatly improved and simplified thanks to

the comments of Professor S. Warner. He also remarked that the principal

result of [2] can be established in this way. Indeed, suppose that, in addition

to the assumptions made on S in this paper, S absorbs all pointwisely

bounded sets. It suffices to prove that K is finite. By Lemma 4 of [2],

X = Ax u A2 u • • • UAn where each A¡ E & and A¡ is not the disjoint

union of two members of ¿E. We shall prove that K n A¡ has at most one

point. Suppose a, b E K n A¡, aj= b. Let V be clopen such that a E V,

b E X\V. Either A, n V E & or A¡ \ V g &. We may assume A¡ n V E

#. Then X \ (A¡ n V) E % so that a E K QX\(Ain V), which is a con-

tradiction.
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