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THE IDEAL CLASS GROUPS OF TWO CYCLOTOMIC FIELDS
FRANK GERTH III

ABSTRACT. It is known that there are exactly two cyclotomic fields with class
numbers equal to 8, namely the fields of 29th and 68th roots of unity. We show by
elementary methods how to determine the structure of the ideal class groups of
these fields.

In [2] Masley indicates that there are exactly two cyclotomic fields that have
class numbers equal to 8. These fields are Q({,9) and Q({,z), where Q denotes the
field of rational numbers, and {,q (resp., {¢) is @ primitive 29th (resp., 68th) root of
unity. Masley remarks that it is known that the ideal class group of Q({,) has
exponent 2 but that the structure of the ideal class group of Q({¢g) is unknown. In
this paper we show by elementary methods how to determine the structure of the
ideal class groups of Q({,o) and Q({s), given that their class numbers are equal to
8.

We let K be a finite extension of Q, and we let L be an extension of K of degree
2. We let o be the generator of Gal(L/K). We let Cy (resp., C,) denote the ideal
class group of K (resp., L) and hy (resp., ;) the class number of K (resp., L). We
shall suppose that h, = 1.

LEMMA 1. Ifa € C,, then a'*° = 1.

PRrOOF. Let N: C; — Cy be the map induced by the norm map from ideals of L
to ideals of X, and let i: C, — C, be the map induced by the inclusion map from
ideals of K to ideals of L. Then a'*® = i(Na) = 1 since Na € Cx and h = 1.

Next we let B, = {a € C,|a* =1} and 4, = {a € C,|a° = a}.If a € A4, then
a®=a'*° =1 by Lemma 1, and hence 4, C B,. On the other hand, if a € B,,
then a?> = 1 implies @ = a~!. From Lemma 1, a° = a~'. So a° = a, and hence
a € A;. So we have proved the following lemma.

LEMMA 2. B, = A, .

LEMMA 3. |4, | = 297'C*1=9 ywhere | A, | denotes the order of A,, d is the number
of ramified primes in L/ K, q satisfies 29 = |(Ex N N ,xL*)/ E}| with Ej the group
of units of K and Ny ,x the norm map from L to K, and r is the rank of the free
abelian part of E,.

ProoF. This result is a classical result proved in [1, Theorem 13].
REMARK.r + 1 — g > 0in Lemma 3.
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Now we consider K = Q($,,) and L = Q({g) = K(V-1). It is well known that
hy = 1. We shall apply Lemma 3 to L = Q({¢). It is easy to see that the only
primes of K which ramify in L are the primes of K that are above the rational
prime 2. A simple calculation shows that the order of 2 modulo 17 is 8. Hence 2
decomposes in Q(V'17 ), but the primes above 2 in Q(V17 ) remain inert in Q(¢,,).
So there are exactly 2 primes of K which ramify in L. So d = 2 in Lemma 3, and
we see that |4, | < 2. Since h, = 8 by [2], then |B,| > 1. So |B,| = |4,| = 2, and
hence C, is a cyclic group of order 8. So we have proved the second part of the
following theorem.

THEOREM 1. The ideal class group of Q({y) is an elementary abelian 2-group of
order 8, and the ideal class group of Q(ss) is a cyclic group of order 8.

REMARK. Although the first part of Theorem 1 was already known, we briefly
indicate how to prove that result. We let K = Q(V29), and we let L be the
subfield of Q({,,) of degree 2 over K. In applying Lemma 3, calculations show that
d = 3 (the prime above 29 and the two real archimedean primes of K ramify in
L/K),r=1,and g =0.So |4,| = 1, and hence |B,| = 1. Next we let M = Q({5),
and we let C,, denote the ideal class group of M. We define By, = {a € Cp/|a* =
1}, and A4,, = {a € By|a™ = a}. Here 7 is a generator of Gal(M /L), which is a
cyclic group of order 7. Now we note that |4,,| = 1. (If a € 4,,, thena = a’ =
a'*7*7+ " +* = 1) But |B,,| # 1 since |C,| = 8. Hence 7 is a automorphism of
B,, of degree 7, which forces | B,,| = |C),| = 8.

REMARK. For certain facts about cyclotomic fields that are used in this paper, see

[3].
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