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A NEW CRITERION FOR/j-VALENT FUNCTIONS

r. m. goel and n. s. som

Abstract. In this paper we consider the classes Kn+p_x of functions/(z) — zp +

ap+xzp + i + • ■ • which are regular in the unit disc E = {z: \z\ < 1} and satisfy-

ing the condition

Re((z»/)<"+'V(^-,/)("+',",)) > (n+p)/2,

where p is a positive integer and n is any integer greater than -p. It is proved that

K„+p c Kn+p_,. Since K0 is the class of /»-valent functions, consequently it follows

that all functions in Kn+p_, are /»-valent. We also obtain some special elements of

K„+p_t via the Hadamard product.

1. Introduction. Let A(p) denote the class of functions

f(z) = zp + ap+xzp+x + • • • ,      p a positive integer, (1)

which are regular in the unit disc E = {z: \z\ < 1}. In this paper we shall prove

that a function/ G A(p) and satisfying one of the conditions

/     (zj)in+p)     \      n+p
Re      v   J>-    > —r^,       z G E, (2)

\(z"-xfYn+p-l)!     2

n any integer greater than -p, is/>-valent in E. We denote by Kn+p_x the classes of

functions/(z) G A(p) and satisfying (2). We shall show that

Kn+p c Kn+p-l- (3)

Since K0 is the class of functions which satisfy the condition

zf'(z)      2p - 1
ReKzJ>      2      >0

and we know from [4] that such functions are //-valent, the /J-valence of functions

in Kn+p_x will follow from (3). By takings = 1, we get the classes Kn introduced

by S. Ruscheweyh in [3] and thus our results are generalizations of Ruscheweyh's.

2. The classes Kn+p_x. Let / and g belong to A(p). We denote by /* g the

Hadamard product or convolution of/, g G A(p), that is, if

OO 00

f(z) = zp+2   ap+nzp+",       g(z) = z» + 2   bp+nzp+",
n=\ n-\

then

f(z) * g(z) = z» + 1   ap+nbp+nzp+".
n = \
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Let

D„+P-lf(z)= z »/(z); (4)
(1 - z)

then

zp(zn-if(z))i"+p~l)

From (2) and (5) it follows that a function/ in A(p) belongs to Kn+p_x if and

only if

/   D"
; -
\Dn+

-2- \>X-M^^fr,  >4.     *" (6)

In the notation (6), we can also define a class Ä"_ j as the set of functions/ G A(p)

with Re(/(z)/z') > \, z G £.

We shall need the following lemma due to I. S. Jack [1].

Lemma 1. Let w be nonconstant and regular in \z\ < R, w(0) = 0. If \w\ attains its

maximum value on the circle \z\ = r < R, at z0, we have zow'(z0) = kw(z0) where k

is a real number and k > 1.

Theorem 1. KH+p c Kn+p_v

Proof. Let/ G Kn+p,

g{z) = z»yD zPAz))j (?)

and R = sup{r: g(z) ¥= 0, 0 < \z\ < r < 1}. Then u(z) = zg'(z)/g(z) is regular in

this circle. (4) yields the identity

z(D"+p-lf)' = (p + n)Dn+pf- nDn+p-f. (8)

Differentiating (7) logarithmically and using (8) we get

-£^--I-f«. (9)Dn+p-\j        2 2p V   '

Again taking the logarithmic derivative of (9) and using (8) we have

Dn+p+lf      1 1 (I      n+p zu'   \

Since/ G Kn+p, therefore

„ / n + p zu'   \ 1 „ ,,„.

In order to prove the theorem it is sufficient to prove that Re u > 0 for \z\ < 1.

Let u = p{\ + w)/(l - w); then

zu'        n+p zw'       w n+p    l + w ,,„.
—T— +     -,      " =-"¡-+ —TT^'l-. (12)w + /> 2;? vv     1 — w 2        I — w
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If Re u(z0) = 0 for a certain z0,  |z0| < R, and Re u(z) > 0,  \z\ < |z0|, then

\w(z)\ < |w(z0)| = 1 for \z\ < |z0| and w(z0) j=- 1. By applying Lemma 1, (12) gives

D  /   ¿o"'(¿o)    ,   n + p Á 1   z0w'(z0) 1
Re  —r——— + —=— «(z0)   = -x -T-r- < -x,

\ "(¿o) + /> 2/> / 2     w(^o) 2

which contradicts (11). Therefore  Re u(z) >0 for |z| < R, and hence g(z) is

/^-valent in \z\ < R. Thus we see that g(z) cannot vanish on \z\ = R if R < 1.

Hence R = 1 and this proves the theorem.

Remark 1. If we put

^j«+p-lr\/>/(n+p)

then we have

(r\n+p-\f\P/Kn+p)

^P-1) > O3)

Dn+Pf       zg'
P-Dn+p-lj g

This implies that/ G Kn+p_x if and only if g is/»-valently starlike of order \.

3. Special elements of Kn+p_x. In this section, we form special elements of the

class Kn+p_, via the Hadamard product of elements of Kn+p_, and hv(z), where

M*)- 1 7T7*y.     Re">-^ (14)

Theorem 2. If p is any positive integer, n an integer greater than -p and

Re v > (n - p)/2, then f* hv G Kn+p_xfor all f G Kn+p_x. In particular h„ G

Kn+p-v

Proof. One can easily verify that the function F = f * hv satisfies

z(Dn+p-xF)' = (p + v)Dn+p-xf- vDn+p'xF. (15)

Since the families Kn+p_x are compact, it is enough to prove the theorem for

Re v > (n - p)/2. Let

g

(r¡n+p-lp\P/\n-fp)

^H . (16)
and R = sup{/-: g(z) ^ 0, 0 <\z\ <r < I}. We shall prove that Re(zg'/g) >

p/2, \z\ < R, and this implies R = 1. Define a regular function w(z) in E by

Dn+pF   _zg' _        p

P Dn+p- lF g 1   _  w(z) •

Obviously w(0) = 0, m»(z) ̂ 1 for z G 21. Differentiating (16) logarithmically and

using (15) we obtain, after a simple computation,

(y^- + v - njDn+p-xF =(p + v)Dn+p-xf. (18)

Again, differentiating (18) logarithmically and using (8) and (15), we get

Dn+Pf zw'     in+p \-> 1
-LT =-Til--+v-n)     + --. (19)
Dn+p-\j     i{_    yzVl-w ; 1 - w
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We show |vv(z)| < 1, for otherwise by Lemma 1, there exists z0 in \z\ < R such

that z0w'(z0) = kw(zQ), |w(z0)| = 1 and k > 1. Then

ß"*7(i„) 1      +     M*o)
V 1 - »Vo) /ZJ'-^-'Xzo)      1 - w(z0)      (1 _ w(zo)f

Since Re 1/(1 - w(z0)) = |, h>(z0)/(1 — w(z0))2 is real and negative and

- P
Re

hence

f    n+f+v-n\   >0   forRO^-

Z)"^/(z0)    ^ 1
Re---< -r.

D"+p-lf(z0)      2

This  contradicts  the  fact  that /GZCn+/J_,.  Hence  F G Kn+p_x.  Since  A„ =

(z'/0 - ¿)) * ä„ therefore A, G Kn+p_x.

Remark 2. The first part of Theorem 2 can also be written in a more suggestive

form as follows. Let Re v > (n - p)/2. Iff G Kn+p_x, then

F(*)--^  fr'/W^e^-,    forRer>^.

For « = 0,p = 1, we get the result due to Libera [2].

Theorem 3. Let F G Kn+p_x, t = Re v > (n - p)/2. Let /(z) be the unique

solution of F(z) = A„ */(z). Then Re (Dn+pf/Dn+p-xf) >{■ in \z\ < R, where R is

the smallest positive root of (t — n)r2 + (p + n + 2)r — p — t = 0.

TAis result is sharp when v is real.

Proof. Since F G Kn+p_x, it follows by Remark 1 that

^p-1-) (20)

is/>-valently starlike of order \. Define a regular function u(z) in E by

Dn+pF       zg'
p-— = -2- = pu(z). (21)
F d»+p-iF       g v    '

Obviously m(0) = 1 and Re u(z) > \ for z G E. As in Theorem 2, we can easily

see that

(p + v)Dn+pf{z) = {{v - n)u(z) + (n + p)u\z) + zu'(z))Dn+p-iF(z), (22)

and

(p + v)Dn+p~xf{z) = ({v - n) + (n + p)u(z))Dn+p-xF(z). (23)

From (22) and (23), we get

*"+y   -\ = u(z)-\ +-"'(*>    w , . (24)Z)"+/,_1/(z)      2        w      2      »> - « + (n +/>)u(z) v    '

It is well known that for \z\ = r < 1,

\zu\z)\ < (2r/ (1 - r2))(Re u(z) - \). (25)
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Thus from (24) and (25) we have for |z| = r < 1,

l2>"+*-'/(z)      2) \y;      2)\        (1 - r)(p + t + (t - n)r) J'

(26)

where we have used Re u(z) > 1/(1 + r) for \z\ = r.

Thus Re(Dn+pf(z)/Dn+p-xf(z) - {-) > 0 if the right-hand side of (26) is positive,

which is satisfied provided \z\ < R, where R is the smallest positive root of

(t — n)r2 + (p + n + 2)r — p — t = 0. To show that the result is sharp, we con-

sider F(z) = zp/(l — z). Then the unique solution of F(z) = hv(z) * f(z) is

= z"(p + v-(p + v- l)z)

(p + v)(l - zf

Now F G Kn+p_x and it can be easily seen that

(z'Dn+pF(z))' = (p + v)z"-xDn+pf(z),

and

(z'Dn+p-xF(z))' = (p + v)z"-xDn+p-1f(z).

This implies that

Dn+Pf(z)

Dn+p-xf(z)      \(\-z)

I z'+p        X/l      z*+p      V

= \(i-zr^+ij/l(i-zr+"/
1 z

+
1 - z (1 - z)(v +p + (n - v)z)

This yields

Dn+Pf(z) = 1

D"+P~xf(z)      2

Hence the result is sharp for v real.

for z = -R.
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