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SOME TRANSFORMATIONS OF BASIC HYPERGEOMETRIC
SERIES AND THEIR APPLICATIONS

V. K. JAIN

ABSTRACT. Using Bailey’s transformation, relations between basic and basic bi-
lateral hypergeometric series are obtained. Some interesting special cases, like
identities of Rogers-Ramanujan type, summation theorems for particular basic
bilateral hypergeometric series ,y,, are also discussed.

1. Bailey [3], [4] used the simple transformation
o0 o0
20 oY, = 20 8,8, (L.1)

where B, = 37_,au,_,v,,, and y, = X%, 8,u,_,0,,, to obtain transformations
of basic hypergeometric series from which he deduced a number of identities of
Rogers-Ramanujan type. Later on, Slater [9] used the transformation (1.1) to
obtain a long list of identities of Rogers-Ramanujan type.

In §2 of this note we use (1.1) to obtain transformations of basic hypergeometric
series using some of the summation formulae which we had proved in an earlier
paper [6]. In fact we prove the following three general transformations:
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where the generalized basic and basic bilateral hypergeometric series are defined
as
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respectively, where [a; ¢], = (1 — aX1 — aq) - - - (1 — ag"~ "), [a; g}, = 1, and
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The series ,, ¢,,, converges for all positive integral values of r and for all x,
except that when r = 0, it converges only for |x| < 1. On the other hand, the series
(1.6) converges if A > 0. If A = 0 then

bb,---b
LAl <.
A

a,a, *

In the case A = 0, we drop it.
In §3 we use (1.2)—(1.4) to deduce some new as well as known identities of
Rogers-Ramanujan type with moduli 5, 6, 8, 12, 16, 20 and 24.

2. Proof of (1.2). Letting
q
_\S,5(s+1)/2 [ bz’q]q
s [q;q],[;;q] bz,q]

we can evaluate (B,) in a closed form by using the g-analogue of Watson’s
summation theorem [6] viz.
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whereas on taking
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and using the following summation theorem
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(obtained from the summation theorem [10, 3.3.1.3] by letting d — o), we get
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Making use of these values in (1.1), we get
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In the last series, setting n = —r — 1, the two series combine into a bilateral
series (1.2) provided ¢, d # 1.
ProoF OF (1.3). Assuming
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and using the g-analogue of the Bailey’s theorem [1] viz.
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we obtain by using (2.3), y,) in the form
1 n
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Using these values in (1.1) and proceeding as in the proof of (1.2), we get (1.3).
PRrROOF OF (1.4). Setting,
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and using the g-analogue of Gauss’ second summation theorem [1] viz.
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Substituting these values in (1.1), we get (1.4) on observing that the odd part of
right-hand side adds up to zero. It is of interest to note that (1.4) is a limiting case
of the following more general transformation connecting a terminating
Saalschiitzian ¢, on the base g and a well-poised ,qp, On the base g? (this result is
very reminiscent of the Watson’s g-analogue of Whipple’s theorem [11] which
expresses a terminating Saalschiitzian ¢, on the base ¢ into a well-poised ¢¢, on
the base g):
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The proof of (2.12) proceeds along the lines of that of (1.4) except in this case we
use the g-analogue of Watson’s summation theorem [2] (instead of g-analogue of
Gauss’ second summation theorem (2.9)) and the summation theorem for the
well-poised ¢¢5 [10, 3.3.1.4] (instead of using (2.3)) for evaluating <{8,> and {r,>
respectively.

3. We begin this section by noting that if in (1.2) a, b -0, the series on the
left-hand side may be summed by the g-analogue of Gauss’ theorem [10, 3.3.2.5] to
yield

[";q]“['%;q]m['%;q]w[é;q]w _ 2 (1= ¢""eq: q),,[dg; al,,
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provided |g| < |cd| < |c%d%g|, ¢, d # 1.

Next, we deduce some identities of Rogers-Ramanujan type from the transfor-
mations proved in §2. The technique adopted is to specialize the parameters in the
transformation in such a way that the right-hand side may be summed by Jacobi’s
triple product identity [8, (1.1)]:

n=—o0

2 ( )x an? bn = fj:l(l _ x(2n—l)azb)(l _ x(Zn—l)az—b)(l - sz). (32)

For instance, considering (1.2) and setting ¢, d - 00,a = ¢~/ and b*> = —¢g~1/2
one obtains the following identity of Rogers-Ramanujan type
2
e _q2; q2 qn +n _
[asia)am™ . L™ _ I a-4¢v" 3.3)
n=o (45 4]54, n=0,3,9 (mod 12)

On the other hand, in (1.2) letting b, d » 00, a = ¢~ /4 ¢ = —¢g~'/2 and replacing
g by ¢°, we get,

0 [ -4; q ] qnz+2n

[¢% ¢*], =

=0 [¢%¢*],[4% ¢*]
=[4: 9] [-9% ¢*]., I (1-g¢"~". (34)

n=0,5,15 (mod 20)
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Next, in (1.2) letting a, b —> 00, ¢ = ¢~ /%, d = ¢~ '/? we get

[ 2] § [¢; 4*],(-9)"

a0 [4% 4],
[ @] L0+ 90+ 9= ). 69)

Furthermore, (1.2) on letting d > o0, ¢ = -1, a = ¢'/4, b> = —¢'/? and replacing ¢
by ¢?, would yield

[¢54], & [-1g]e™" =
i Srerir el (TS BT RICL

whereas for d > o0, a = ¢'/4, b = ¢~ V/4 ¢ = —¢~'/? and q replaced by ¢, (1.2)
yields

n*+2n

2 a1 2 [0 8- 4la
(4 4] 2, [4% ¢*].[4 @°],..

~[ L L+ 90+ 21 - ). 6)

Similarly (1.3) with a, b — oo and ¢ = ¢*/2, reduces to
oo g+
=491 2, [ 1w 1,0,
= I a-¢'+g O (a-¢)"
207,13 (mod 20) n20,3,17 (mod 20)
- e L+ - O - O] 69

where the last line is written by using an identity due to Bailey [4, 4.1], see also
Sears [7]. Last, if in (1.4) we make ¢, d —»> o0 and then b = 1, b = g, we get the
following two known identities (Slater [9, 2.46,2.44])

) qn(3n—l)/2 ;
= I -q¢)7 (39)
=0 [g;4],[a; "], n0,4,6 (mod 10)
0 q3n(n+l)/2

= O a-4¢m (3.10)

n=0 [4:4),[4 4’ ],01  n=028 med10)

It may not be out of place to mention that identities involving the sum of two or
three or even more triple products can also be obtained from (1.2)—(1.4) e.g. in (1.2)
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by letting b, d — oo, we have

[q; q]w © [cq; q]”(_)nqn(n+l)/2
[%; q]°° =0 [ g% qz]n[%; q] o
_ ) (1 _ q""“)[cq; q]zn[azq; 2] ( )n Sn*+n
e [L), [ g ] (ca)®”

(3.11)

Next, taking a = ¢'/4, ¢ = ¢~"/2 and replacing ¢ by 42 (3.11) gives a known
identity due to Slater [9, 2.16] viz.

2 21 w (g7t " +2n
[q’q]ao'go [q q]n

=[4:4"] [ 4], I -4

n=0,7,13 (mod 20)

+q I (1-4¢7)7"

n=0,3,17 (mod 20)

=[q; qZ]w ]-ii][l + (_)nqSu—l][l )n Sn— 4][1 _( )n Sn] (3.12)

whereas taking a = ¢'/4, ¢ = —¢~'/2 and replacing ¢ by ¢? (3.11) yields

[qz. qz] § [—q; qz]nq'hz"
’ o

=0 [¢%4'],[4; 4],

=[-4; ¢*] _[4; 4], II (1-4¢m)7"
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n=0,3,17 (mod 20)

-[-a ], nﬁ [1- (g™ |[1 + O¢™*][1 - rg™]. (.13)

Combining (3.12) and (3.13), one obtains identities for the triple product
I 220.7,13 @moa 2001 = ™)™ " and 11,0317 (moa 20((1 — ¢")™". It may also be observed
that (3.8) and (3.12) yield a series transformation. But if we had started with the
identity (3.8), we would have not been able to obtain the identities on modulus 20
which could be obtained from (3.12).
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The identity (3.11) for @ = ¢~ '/4, ¢ = ¢'/? would correspond to (cf. Bailey [5,
4.2)

2, 2 o (—)"4"1
[4% 4 ]oo”_o (4% ¢'],

=4 ¢*][4 9., I a-¢"
n=0,9,11 (mod 20)
- II (1-qm7"
n=0,1,19 (mod 20)

00

=[g:¢*], Il [1 - ("¢ 2][1+ ()¢ 2][1 - (9)"¢™], (3.14)

n=1
and fora = ¢~ /4, ¢ = —¢'/? would lead to
] [-¢% ¢*] 4"
&4 2
5 9). 2, T e Al

=[-¢% ¢ [ q]w[ II (1-¢m7"
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+¢ DI -4
n=0,1,19 (mod 20)

+2q II 1-4g"7". (3.15)
n=0,5,15 (mod 20)

Identities (3.4), (3.14) and (3.15) can be combined to produce series expansions for
the triple products Il,-q,1,19 moa 20(1 — 4™~ and I,e0911 (moa20(1 — ¢™~", but
for reasons of brevity, we do not mention them here.

Also, note that letting a, b, d > oo and giving for ¢ in succession, the values
g~ % and ¢'/2, (1.2) reduces to the following identities:

[¢%5 %], & [@ 4] ()"
[¢ ¢*], n=0 [q% 4],

= I1(+ )1+ 191 - )

n=1

+q T1 (1 + g=9)(1 + =21 = o)

= TLQ+ g0 + )1 - 4, 619
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7). § [o ¢*],..()"
[4; 4*], n=0 (4% ¢*],

= ﬁ (1 + q24n—l2)2(1 _ qun)

n=1

©
—q H (1 + q24n—8)(1 + q24n—l6)(l _ q24n)
n=1

-q Hl(l + @71+ @271 - g**)
0

+q3 H (1 + q24n)(1 + q24n—24)(l _ q24n)
n=1

= T+ P0 - ) - IO+ a0+ )0 - ),

n=1
(3.17)

Manipulating (3.16) with the identity obtained from it by replacing ¢ by —¢, one
obtains the two identities involving infinite products on modulus 24.

In this connection it may be remarked that if one starts with the corresponding
identity of Slater [9, 2.87] and proceeds as described above, one would end up with
only two known identities on modulus 12 [9, (2.50) and (2.51)]. We conclude with
the remark that the above listing of the identities is not exhaustive. Indeed one can
get a large number of identities from the transformations discussed in §2.

I am grateful to Dr. Arun Verma for suggesting the problem and for his help
during the preparation of this paper.
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