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DIFFERENTIATE DECOMPOSITIONS OF MANIFOLDS

INTO TOTALLY C "PATH DISCONNECTED SUBSETS

M. V. MIELKE

Abstract. For C°°-manifolds M, N, the set of all C'-maps M -* N with totally

C°°-path disconnected fibers is shown to be dense in the set of all C'-maps

M -> N, if dim N > 0.

1. Introduction. R. D. Anderson [1] in 1950, and Lewis and Walsh [3] more

recently, have given a continuous decomposition of the plane into pseudo-arcs.

This gives a nontrivial example of a continuous map of the plane to itself with

totally path disconnected fibers (= point inverses). Such maps were called a-light

by Ungar [7]. One can consider a differentiable analogue of such maps and seek a

nontrivial C "-decomposition of a C°°-manifold into totally C"-path disconnected

subsets. But, if by a C "-decomposition of M we mean a decomposition that can be

induced by a C°°-map of M to some C "-manifold N, then, as a consequence of

Sard's theorem [6], "most" elements of the decomposition will be C"-submanifolds

of dimension dim M - dim N, and thus will not be totally C"-path disconnected

if dim M > dim N. However, if we consider ^-decompositions, where s < oo,

then the situation is different. In this case we show, using results of [4], not only the

existence of C^-decompositions into totally C"-path disconnected elements, but

that "many" C^decompositions are of this type. More explicitly, and more

generally, we show that for any integer 5 > 0 and for any C "-manifolds M and N

with dim N > 0, the set Drs(M, N) of all C'-maps M -> N with totally Cr-path

disconnected fibers is dense, relative to the fine C'-topology, in the set CS(M, N)

of all C^-maps M —» N, if r is sufficiently large.

2. Main results. Define L: R -> {0, 1, . . . } by L(p) = {log2(p)} if p > 1, and 0

otherwise, where {x} = least integer > x.

2.1 Theorem. If N, M are Cx'-manifolds of dimension n > 0 and m respectively

and s is a positive integer then D*(M, N)= CS(M, N), where ~ denotes closure

relative to the fine Cx-topology and r = s + \ + max{L(w — 1), L(m/n)}.

Since DSS(M, N) = CS(M, N) if m = 0 and, by an easy calculation, max{L(w —

1), L(m/n)} < m — 1, if m > 0, 2.1 clearly implies:

2.2 Corollary. Dsr(M, N ) = DSX(M, N ) = CS(M, N)fors= 1, 2, ... , if r > s

+ dim M and dim N > 0.
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Theorem 2.1 readily follows from the next two propositions involving the sets

Ers(M, N) = {/|/ E CS(M, N), such that for all C-paths ß in M, with a non-

empty, connected, open subset of R as domain, fß G Cs implies ß is constant)

since E' c E*r if r > rx.

2.3 Proposition. For r > s, Dsr(M, N) = CS(M, N) if Ers(Rm, Rn) * 0 #

Esr(Rm~x, R), where m = dim M > 0 and n = dim N > 0.

2.4 Proposition. Ers(Rm, R") ^ 0 if r = s + 1 + L(m/n) and « > 0.

To show 2.3 some preliminary results are necessary. Define a subset K of M to

be an r-set if any C-path in K is constant.

2.5 Lemma, (a) If {A,} is a locally finite family of closed r-sets in M then U ¡K¡ is

also a closed r-set. (b) If K is a closed r-set in M and f G CS(M, N) restricts to a

map in Esr(M - K, N) thenf G Esr(M, N). (c) If r > s, Esr(Rm, R) J* 0, andx is a

point in an open subset U of Rm+X, then there is an open set V, x G V c V G U,

such that 8V = V - V is an r-set. (d) If r > s, f G CS+X(M, Rn), g G

CX(M, [0, 1]), and h G Esr(M, Rn) then (f + gh) G Ers(g~x(0, 1], R").

Proof, (a) Since {A,} is locally finite, it suffices to prove the result for two

closed r-sets Kx, K2. For (/?: l/-> # = Kx u K^ G Cr, let Ux = ß~x((K - Kx) u

(K - K2)) and U2 = interior (U - Ux). Since (K - Kx) c K2, (K - KJ c Kx, (K

- Kx) n (K - K2) = 0, and ß(U2) G Kx n K2 G Kx the assumptions imply that

the continuous map ß is locally constant on the dense subset Ux u U2 of the

connected set U, i.e., ß is constant, (b) For (ß: t/-> M) G Cr, let Ux = ß~x(M -

K), U2 = interior(f/ - Ux) and proceed as in (a), noting that/ß E Cs+X implies ß

is locally constant on Ux. (c) If E?(Rm, R) =£ 0 then clearly there is a g E

Ers(Rm, (0, 1)). Further, if t G R - {0}, then the image K¡(t) of the map /,:

Rm ^>Rm+i given by

i,(x„ . . . , xj = (xx, . . . , x,_ „ tg(xx, . .., x„), x¡, . . ., xm),

i = 1, 2,..., m + 1,

is a closed r-set in Rm+X. Indeed, if ß is a Cr-path in K¡(t) then t¡(d$) = ß G C

G Cs+X, where d¡: Rm+X -» Rm is deletion of the z'th coordinate. Since t¡ is clearly

in Ers(Rm,Rm+x) and ¿,/? E C, it follows that 40, and consequently ß, is

constant. If e > 0 then K = U 5"-Y (^(e) U AT,(-e)) is a closed r-set in Äm+1 by

(a) and the component V of the origin in Rm+X -» K is such that 8V G K and

K c (-e, e)m+1. This clearly implies (c). (d) If ß is a C'-path in g~'(0, 1] with

(/ + gh)ß = a E Cs+X, then hß = (a - fß)/(gß) G Cs+X and thus 0 is constant.

This shows 2.5.

For an open subset U of Rm and/ E CS(U, R") define |/|: U - Rby \f\(x) =

the maximum of the absolute value of all the partials of order < 1 at x of the

«-component functions of/. Clearly |/| is continuous and if / = g on K c U then

|/| = | g\ on the interior of AT.
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Proof of 2.3. It suffices to show that CS+X(M, N) cErs(M,N) since Esr(M, N)

C Dsr(M, N) and, by 4.2 of [5], CS+X(M, N) = CS(M, N). Given /G

CS+X(M, N), it is possible, with the aid of 2.5(c), to find C"-coordinate systems

{ C/„ A,-}, { W¡, k¡) in M, N respectively together with an open cover { V¡) of M for

which f(U¡) c W¡, V¡ c U¡, V¡ is compact, SV¡ is an r-set and {V¡) is locally finite,

/ G /. If, for a family 8t = (5, > 0} of constants and a well ordering of the index

set /, there is a family p, G CS(M, N) such that,

(l)p, = p,on VjfoTJ < i,

(2)Pi = /on M - Kt, where Kt = U k<iVk,

(3) \(p,)j - (S)j\ < Sj/1 on hj(Vt n Vj) for i < /, where ( ), = k¿ )hj~x,

then the unique CJ-mapp: M —> N withp = p¡ on V¡ clearly satisfies \(p)¡ — (f)¡\

< 5, on h¡(V¡) by (3),,. Therefore, by 3.6 of [5],p is in the ¿„-neighborhood off. To

show / G E?(M, N ), then, it suffices to construct such a family for which p E

Ers(M, N). To this end assume that the family {pk} is given for all k < i (take

p0 = f, KQ = 0) and define p¡ as follows. By (1) and (2) there is a unique C^-map

p\: M —> N that coincides withp^ and/on Vk and on M — K¡ respectively, where

Kl = Uk<iVk. Let qt = (p,'V + ea¡g¡: h^U,) -> kt(W¿, where a,- G
C"(A,(Í7,), [0, 1]) is such that «,-'(0) = A,(c/. n (M - (Kf - K!))) (a,- exists by

[2, p. 24]) and where g, G £,f(A,.(t/,), Rn). Since p¡ = / on (M - K¡) D ((K¡ - K'¡)

n Vj) = Ku it follows that 9tJ = (VV,A,)7 - (S)j = kJt[(S)i + ea,g,]A,7 -Jj^Aj
= ^y on hj(Ku), where ( )y = ( ),( )/'. Consequently \9tJ\ = |^.| on hj(Ku). Since

all of the functions making up i//iy together with all their partíais of order < 1 are

continuous and since K,. is compact, it is clear, from the form of \p¡j, that the

constant e > 0 can be picked so that |uV .| < Sj/2 on ^(K^). Further, since {V¡} is

locally finite, the set / = {j\i < j, Ku =£ 0} is finite and so e can be chosen so that

(4). \9¡j\ < ôj/2 on hj(K¡j) for all/ G J. Finally, take e smaller, if necessary, in order

that q¡(h¡( V¡)), and thus q¡(h¡( U¡)), is contained in k¡( W¡). The map

_  ( p\ on M - Vt,

P,~\kTxqjH    ont/,-

is clearly in CS(M, N) and satisfies condition (1) sincep, = p'¡ on (M — (K¡ — K¡))

D Vk. Further, since M - K¡ = (M - V,) n (M - K!),Pi = p\ = / on M - K¡

and condition (2) holds. Since hj(Vk n V,■. f) V}) c hj(Vk n V¡) n hj(Vk n Vf), con-

ditions (1) and (3)^ imply that \(j>,)j - (f)j\ < 5,-/2 on hj(Vk n Vi C\ Vf) and thus

also on hj(K[ n V, n Vf). By definition, (Pi)j - (f)j = 9U on i¿y c U¡ and, by

(4),, \(p,)j - (AI < 5/2 on ¥*»)• Since W n F- n K7> U (^y) is dense in F,- n

Vj, condition (3),7 also holds. Finally, if we assume inductively that pk restricts to a

map in E?(Vk, N) for k < i, then the same is true for k = i. Indeed, sincep,- = /on

(M - K[) D (Kt - K¡) = hr\a~\% 1]), 2.5(d) implies that q, E E;(a~x(0, 1],

k¡(W¡)) and consequently, sincep, = ki~xqihi on U¡ D (K¡ — KI), thatp, restricts to

a map in E'(K¡ — K¡, N). Since p¡ = pk on Vk, p¡ also restricts to a map in

¿/(A/ n V¡, N). Lemma 2.5(b) then implies thatp, restricts to a map in E'(V¡, N)

since, by 2.5(a), [V, - (K¡ n V¡) \j (K - K¡)] c (U k<iSVk) n F,- is an r-set. Since

p = Pi on V¡,p E Esr(M, N) and 2.3 is proved.
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In the terminology of §4 of [4], the set of (r, s)-maps from Rm to R" coincides

with the set E'(Rm, R"). Proposition 4.3 of [4], showing the existence of (r, s)-maps

if r = s + 1 + L(m/n), then gives 2.4 and consequently 2.1.

Remark. The conditions in Theorem 2.1 subsume r > s. If r < s the rank

theorem [2, p. 273] readily implies that Dsr(M, N) = 0 if dim M > dim N. This

follows since then for any C^map /: M —» N there are ^-coordinate patches

centered atp and f(p) respectively relative to which/has the form/(x,, . . . , xm) =

(x., xk, 0, . . . , 0) where p is a point of M where the rank Ar of / is maximum

and where m = dim M. Since Ar < dim N < m the fiber f~x(f(p)) contains the

C'-path ß(t) = (0, . . . , 0- If further, s > dim M - dim N > 0 then the ^-ver-

sion of Sard's theorem [6, p. 47] implies that "almost all" fibers of / support

nontrivial C^-paths.
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