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THE EXTENSION OF H?”-FUNCTIONS FROM CERTAIN
HYPERSURFACES OF A POLYDISC

SERGIO E. ZARANTONELLO

ABSTRACT. Let E be a subvariety of the open unit polydisc U”, n > 2, of pure
dimension n — 1, satisfying the following conditions. There exists an annular

domain Q" = {(z,,...,2,) €EC": r <|z| < 1,1 <i < n}, a continuous function
n: [r, 1) > [r, 1),and a § > O, such that
(l) 'znl < "1((|21| +---+ Izn—ll)/(n - l)) whenever (zls RS ] zn) €EE N Qn’

(ii) |@ — B| > & whenever 1 < j <n and (§’, a, §") # (', B, $") are both in
(@"'x Ux Q" /)n E.

THEOREM. Let 0 < p < 0, let g be holomorphic on E and let u be the real part of
a holomorphic function on E. If | g(z)|P < u(z) for all z € E, then g can be extended
to a function in the Hardy space HP(U"™).

In this article a set of conditions is given under which it is possible to extend
H?-functions from codimension-1 subvarieties of a polydisc. These conditions are
essentially the same as those given by P. S. Chee (2, Theorem 4.1, p. 111]) for the
extension of H ®-functions, thereby providing a somewhat complete story in so far
asall p, 0 < p < o0, is concerned.

The notation will be as in [2). If 0 <r < 1 then U(r) = {z €C: |z|] <r}, if
0 <r<sthen Q(r,s) = {z € C: r < |z| <s}. We write U = U(1) and denote by
T its boundary, the unit circle. The cartesian product of n copies of a set S C C
will be represented by S”, in particular, U” will be the open unit polydisc, and 7"
the unit n-torus. By a polydomain in C* we mean a cartesian product of n open
connected subsets of C.

Let € be a polydomain in C" and let p € (0, o0). The Hardy space H?(R)
consists of all holomorphic functions f on Q such that |f|? has an n-harmonic
majorant on 2. We denote the class of bounded holomorphic functions on £ by
H>(Q).

Fix §, € Q. If f € H?(R), and if u is the least n-harmonic majorant of | f|” on ,
we write

|U]|H'(n) = “(fo)l/p-
As is well known, || || ysq) endows HP(R) with the structure of a Banach or Frechet
space, depending on whether 1 < p < o or 0 < p < 1. The topology of HP(Q) is
stronger than that of local uniform convergence in 2. Furthermore, the choice of §,
is immaterial, for if we fix p and vary {, the corresponding “norms” define
equivalent structures.
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For the remainder of the paper, p € (0, o0) and n > 2 will be fixed.

Our first step is to prove H” versions of Lemmas 1 and 2 of [1]. Fix 0 <r < 1
and write Q = Q(r, 1). If h is holomorphic on Q and has a Laurent expansion
h(z) = 2*2 ¢(m)z™, we define I1h by I1h(z) = =} c¢(m)z™. If h is holomorphic
on Q" and has a Laurent expansion

h(zy,...,z,)=Zc(my,...,m)z™M- -z,
we define IT;A, 1 < j < n, to be the holomorphic function whose Laurent series is
obtained by deleting above all terms in which m; > 0.

1. LEMMA. There exists a constant K such that
IIXh|| 120y < K|[h|| r2c0)
for all h € H?(Q).

Proor. Clearly, I is a continuous linear operator with respect to the topology of
local uniform convergence in Q. Also ([3, Theorem 10.12, p. 181]) I1h € H?(Q)
whenever h € H?(Q). The Closed Graph Theorem then implies that IT is a
bounded operator on H?(Q), completing the proof.

2. LEMMA. There exists a constant K such that
ITL A 1 gmy < K2l 7o
Jor all h € HP(Q")and 1 < j < n.

ProoF. Fix z, € Q. Take z, and §, = (2, . .., 2) as reference points for
Il Il 2@y and || || go(gny Tespectively. Let {Q,} be an expanding sequence of annulli
such that

@z € O,

(i) @, C ©,

(i) @ = U Q.
Let T, be the positively oriented boundary of Q,, and let G,(-, z) be the Greens
function of @, with pole at z.

To prove our lemma we make the following observation. Let f € HP(Q"), write
$=(z2,...,2,) and denote the exterior normal derivative by 9/9». The n-
harmonic functions

=(LY\'r ... p0 .
() = (217) fl‘k j;ka(WI, e W) % G (wy, 2))
d
5 Gl 20)| | - - - |dbw)

form an increasing sequence (since | f|? is n-subharmonic), which, as can be easily
seen, converges to the least n-harmonic majorant of | f|? in Q”. Hence

P (LY p9 .
Nz omy = S‘:p( 2,,,) fl‘k frk|f(wv cees W) P Gi(wy, 20)

9
aGk(Wm zo)|aw| - - - |aw,|.  (2.1)
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Without loss of generality, set j = 1. Let u be the least n-harmonic majorant of
|h|? on Q" Fix {’ € Q" !, let § = (2, {") € Q" and define h.(z,) = h({). Clearly
h;. € H?(Q); in particular, u(-,{") is a harmonic majorant of |A;|” on Q. By
Lemma 1,

Ik ngy < KllAcl oy < Ktizer $7)'7%. (22)
The relations (2.1), with n = 1 and f = I1A, and (2.2), imply
1 d
3 fr [T (W) 5> Gelzo, W) || < KPu(z, £). 23)
k

Clearly ITh(z)) = ILA($), so if we choose §' = (w,, ..., w,) € T;~!, multiply
both terms in (2.3) by 2 G(z4, W) - - * = Gi(2, W,), and then integrate on I} ~!
with respect to (5-)" " '|dw,| - - - |dw,|, we obtain

1\" p 0
(E) Lk‘ e j;klnlh(wl’ ce W) ‘a;Gk(Wv Zo)r -

0
EGI‘(Wm Zo)|dwd < |dw,| < KPu($y). (2.4)

Taking the supremum in (2.4) over all k, we get
ITL,Aan gmy < KPu(S0) = KP|[Aancon,

which establishes the lemma.

The next lemmas, 3, 4 and 5, are listed for future reference; the proofs will be
omitted. The proof of Lemma 3 is a straightforward generalization of the corre-
sponding one-variable result (see the last paragraph on p. 182 of [3]). Lemmas 4
and 5 are proven in greater generality in [6] and [7].

Let ¥}, 1 <j <n, be bounded domains in C with boundaries alf,.. The dis-
tinguished boundary of U = V, X - - - XV, is the product dU = 9V,
X -+ XaV,. We say that 0% is analytic if each dV; consists of finitely many
disjoint closed analytic curves.

3. LEMMA. Let © C QU be bounded polydomains in C* with analytic distinguished
boundaries 0 C 02. If f is holomorphic on ., and if its restriction to 2 is in
HP(2), then f € HP(U).

_For Lemmas 4 and 5, let {QU;};e, be a family of polydomains in C” such that
U'c U ;e U

4. LeMMA [6, Theorem 2.10, p. 301}. If f is holomorphic on U" and if the restriction

of f to each U, N U™ belongs to HP(U, N U™), then f € HP(U").

5. LemMA [7, Theorem 4.9]. For each i,j € I let f; € H? (U, N U; N U") be
given such that f; + f; + f,; = 0 on any nonvoid intersection U, N W, N Y, N U".
Then there exist functions f; € HP(U, N U") such that f; — f, = f;.

Let E be a subvariety of U" of pure dimension n — 1 satisfying the following
conditions. There exist r € (0, 1), an annulus Q = Q(r, 1), a continuous function



522 S. E. ZARANTONELLO

n: [r, 1) > [r, 1), and § > O, such that

| 24| < ﬂ((lzll"‘ ceH |z )/ (n - 1)
whenever (z,, ..., 2,) € Q" N E, and such that |a — 8| > § whenever 1 < j <n
and ({, &, §") # (', B, §M)arein (@' X U X Q" /)N E.

6. THEOREM. Let g be a holomorphic function on E, let u be a pluriharmonic
function on E, and assume |g(2)IP < u(z) for all z € E. Then g has an extension
G € H?(U™).

PrOOF. The requirements on E imply, as is observed in [5] for the more
restrictive case dist(E, T") > 0, that (Q"~! X U) N E (and more generally any
product obtained by permuting the n factors) is an unbranched analytic cover of
Q" ! of say m sheets. Thus, there are holomorphic functions a, . . ., a,, on Q" !
such that

(@"'"XU)NE= {({’, z,) € Q"' X U: z, = (') for some 1 < j < m}.

As in [5], define
—_ < ’ ’ Zn ~ al(g') 6.1
gn(g) - igl g({ ’ a,-({ )) 11-[;&] ai(g-/) _ aj({/) ( . )
1<j<m

for{=(2)e Q"' x U.

Clearly, g, is holomorphic in Q"' X U and agrees with g on (Q"~' X U) N E.
Since for each 1 < i < m the composition ¥({") = u({’, a;({’)) is the real part of
some holomorphic function on Q" !, since

(", a8 < u(3),
and since |a(§") — a;($)| > & for i #, it follows from (6.1) that | g,|? is majorized
on Q"' X U by the real part of a holomorphic function. In particular, g, €
HP(Q" ! X V).

A parallel construction to the above yields local extensions g; € H?(Q~! x U
X Q" ") ofgforeachl <i < n.

By [2, Theorem 3.1, p. 110] there exists F € H*(U"™) such that E is the zero set
of F and such that F generates the ideal-sheaf of E. We define

h = (¢ - g)/F, (62)
where ¢ is a holomorphic extension of g on U” (which exists by Cartan’s Theorem
B). Since F generates the ideal-sheaf of E, the functions A; are well defined and
holomorphic on Q°~! X U x Q"".

To prove our theorem, we first consider the particular case dist(E, T") > 0.

By taking r larger, if necessary, we can assume dist(E, Q") >0, and ([4,
Theorem 4.8.3, p. 91]) that 1/F is bounded on Q”". This immediately implies
h; — h = (g — g)/F € H?(Q") which with Lemma 2 and the fact that ILA =0
yields

ILh, = IL(h, — b) € H?(Q"). (6.3)
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As in [1], we define
h=Q1-1)(1-1IL) - - - (1 = I,)h, (6.4)
and G = ¢ — Fh. The function G is a holomorphic extension of g on U". We
proceed to establish G € H?(U").
From (6.4) it follows that
h—h=-2,ILh + 2., ILILA — + - -
A repeated application of Lemma 2, together with (6.3), implies h — A, € HP(Q").
This, and (6.2), gives us
Lemma 3 then implies G € HP(U").
We now consider the general case of the theorem.
Fixr € (r, 1), let
¢ =sup{n(x):r<x<1-(01-r)/(n-1)}
and choose ¢ € (¢’, 1). Following [2] we define
U =U"'"XUF)yx U 1<i<n—1,
U, ="' x U,
2 =0""'xQ(r,r) X Q"' X Q(c,1), 1<i<n-1.
We observe
UWNU=U""XUF)X U= x U(ryx Uk,  1<i<k<n-]1,
WNA,=0""XQrr)x Q" "'xU, 1<i<n-—1
Suppose 1 <i<n—1 If (z,...,2,_) € Q"' x Q(r, V) X @Q"~*~! and
(zy.-.52,_12,) € E, then
|za| K 0((J24] + - = - +|z,4])/ (n = 1)) <’ <.
Hence dist(E, 2;) > 0. We can then apply the special case of the theorem, proven
above, to obtain extensions G; € H?(U,;)of gfor1 <i<n— 1.
In (6.1) we constructed an extension g, € H?(U,) of g. We relabel g, = G,. The
set of functions {G;: 1 < i < n} is then a complete set of local H”-extensions of g.
Let1 <i<,j<nThenG, — G € H (U N ), and G, — G;=00n Y, N U,
N E. Since F generates the ideal-sheaf of E, the functions
ij = (Gi - G/)/F (6.5)
are well defined and holomorphic on Q; N ;. Moreover, since 1/F is bounded
on 2, (12, Remark on p. 111]), we have f; € H?(2; N ; N ). The functions f;
are holomorphic on AU, N AU;, and the distinguished boundary of U N A, is
contained in that of 2, N AU N AU. Lemma 3 then implies that f; €
HP(U; N ).
The sets {Q;: 1 < i < n} form an open cover of U”". They can be enlarged to

form an open cover of U" such that the intersection of the enlargement of @, with
U" is again ;. By Lemma 5 there exist functions f; € H?(%,) such that

5=5=y (66)
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The functions G; + f,F are in H?(?,) and extend g. Moreover, (6.5) and (6.6)
imply G, + f,F = G, + f;,F on U, N ;. Hence we can analytically continue the
functions G; + f,F to a holomorphic function G on U” which extends g. The
restriction of G to A, (the function G; + f;F) is in H?(%;). Lemma 4 then implies
G € H?(U™). This completes the proof.
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