PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 78, Number 4, April 1980

DEVELOPABLE SPACES AND NEARNESS STRUCTURES
JOHN W. CARLSON

ABSTRACT. Necessary and sufficient conditions on a nearness structure are pro-
vided for which the underlying topology is developable. It is also shown that a
topology is developable if and only if it admits a compatible nearness structure
with a countable base. Finally it is shown that a topological space is embeddable in
a complete Moore space if and only if it admits a compatible nearness structure
satisfying certain stated conditions. Moreover, the complete Moore space is homeo-
morphic to Herrlich’s completion of the space with the specified nearness structure.

1. Introduction. Nearness structures were introduced by Herrlich in [5] and have
proved useful in unifying various topological structures. Their utility in the study of
extensions of a topological space is demonstrated in [2], [3], [4] and [6].

In this paper it is shown that a development for a topological space is a base for
a compatible nearness structure. A topological space is shown to be developable if
and only if it admits a nearness structure with a countable base. Given a nearness
space, necessary and sufficient conditions are provided for the underlying topology
to be developable.

Finally, those topological spaces that can be embedded in a complete Moore
space are characterized. That is, it is shown that a topological space can be
embedded in a complete Moore space if and only if it admits a compatible
nearness structure satisfying certain stated conditions. The complete Moore space
in which it can be embedded can be recovered, up to a homeomorphism, using
Herrlich’s completion of a nearness space.

2. Preliminaries. We will assume that the reader is basically familiar with the
concept of a nearness space as introduced by Herrlich in [5] and [6].

DEFINITION. Let X be a set and p a collection of covers of X, called uniform
covers. Then (X, p) is a nearness space provided that

(N1) @ € pand @ refines B implies B € p.

N2){X}€Epand T & p.

NHIf@epand B € pthen@ AP ={ANBAER,BEB)} Ep.

(N4) @ € p implies {intA: A € @} € p. (int A4 = {x: {4, X — {x}} Ep})p
is said to have a countable base provided there exists a countable » C p such that
for each U € p there exists V' € » that refines 9L, denoted by V < L.

For a given nearness space (X, p) the collection of sets that are “near” is given
byé{={@ Cc P(X): {X — 4: 4 € @)} & p}. The closure operator generated by a
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nearness space is defined by cll4 = {x: {{x}, 4} €§}. For @ €£ and x €
X, C(x, @) is defined by C(x, &) = N {cl4: 4 € @ and x & cl,4}. A filter F is
called a Cauchy filter if for each AU € p there exists U € QA with U € §. A
primitive cover for a topological space (X, ?) is a cover of the form {0, X — {x}}
where x € O € ¢. If the space is T, then it is called a primitive open cover. A
topological space is symmetric provided x € { y} implies y € {x}.

A development for a topological space (X, ¢) is a sequence {0, } of open covers
of X such that O, refines O, for each n and if x € O € r then there ‘exists O,
such that st(x, 0,) C O. It is called a complete development if for every decreasing
sequence of nonempty closed sets {M,}, such that for each n € N there exists
0 € 0, with O O M,, then N M, # J. A regular space with a complete develop-
ment is called a complete Moore space.

3. Results.

THEOREM 1. Let (X, t) be a symmetric topological space. Then X is developable if
and only if there exists a compatible nearness structure with a countable base.

PrROOF. Let {0, } be a development for X. Set
p={U c P(X): U is a cover of X there exists an O, that refines U}.

Axioms (N1) and (N2) are easily satisfied. Let @ € p and % € p. Then there exist
0, and O, that refine @ and B respectively. Let k = min{m, n}, then O, refines
@ A B and thus (N3) is satisfied. Let A° denote the interior of 4 with respect to
the topology . Suppose x € int,4; then {4, X — {x}} € p and there exists an
open cover O, that refines {4, X — {x}}. Thus st(x, 0,) C 4. Hence x € 4°. On
the other hand, suppose x € A°, then there exists O, such that st(x, 0,) c 4°
which implies that {4, X — {x}} € p. Hence x € int, 4. Thus for each 4 C X,
A° = int A. Suppose @ € p. Then there exists O, that refines @, which implies
that O, refines {int,4: 4 € @}. Hence (N4) is satisfied and p is a compatible
nearness structure for X.

Now suppose that (X, 7) has a compatible nearness structure with a countable
base, which we denote by {U,}. Set V;, = {int, U: U € U}, and let O, = V| and
Or = Ve AOy_, forall kK > 1. Then {0, } is a sequence of open covers such that
Oks1 < O for all k € N. Let O be open and x € O. Then {0, X — {x}} € p
since x € int, 0. Hence there exists U, that refines {0, X — {x}}. If k = 1 then
st(x, 0;) C O. Assume k > 1. Let P € O, and x € P. Then P =int, U N Q for
some U €, and Q € V,_,. Now U c O which implies P Cc O. Hence
st(x, 0,) C O. Thus {0, } is a development for (X, 7).

THEOREM 2. Let (X, t) be a symmetric topological space. Then there exists a
complete development for X if and only if there exists a compatible nearness structure
with a countable base such that each Cauchy closed filter with a countable base has a
nonvoid adherence.

PrOOF. Suppose {0,} is a complete development for (X, 7). Then, as shown in
the proof of Theorem 1, the collection p, of all covers of X refined by some 0,, is a
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compatible nearness structure with a countable base. Let & be a closed Cauchy
filter with a countable base {®,}. Now each O, € p, and since ¥ is Cauchy there
exist 0, € O, and a closed set F, € ¥ such that 0, D F,. Set M, = F, N B, N
M,_; My = X, then

MN%Fo>MN{B:neN}={B:nEN}D N {M:neN)*a.

Now suppose the condition holds. Then there exists a countable base {QU;} for
the compatible nearness structure p. Then, using precisely the same construction as
in the proof of Theorem 1, we obtain a development {0, } for (X, ¢). Suppose { M;}
is a decreasing sequence of closed sets such that for each n € N there exists
0 € 0, with M, C O. Let ¥ be the closed filter generated by the base { M,}. Then
¥ is Cauchy and hence it clusters. Therefore, N\ M; # & and {0, } is a complete
development for (X, ¢).

THEOREM 3. Let (X, p) be a nearness space. Then the underlying topology t has a
development if and only if

(1) there exists a sequence of uniform covers {Q,} such that each primitive cover is
refined by some U, or

(2) there exists a sequence of near collections { &, }, with empty adherence, such that
{C(x, &,): x € X, n € N} forms a base for the closed sets of X.

ProOF. Let {0, } be a development for (X, ¢). Either O, € p for each n or there
exists m such that O, & pforalln > m.

Case 1. O, € pu for each n € N. To see that condition (1) holds, let O € ¢ and
x € O. Then there exists O, such that x € st(x, 0,) € 0. Hence O, refines the
primitive cover {0, X — {x}}.

Case 2. Letk =n — mforn >m and set @, = {X — O: O € 0, }. Then since
0, & p for n > m, we have that @, € ¢ for k € N. Also N @, = @ for each
k € N. Let F be a closed set in X and x & F. Then x € X — F = Q and there
exists n such that st(x, 0,) C Q. Since O, , refines O, we may assume that n > m.
Thus, x € U {O: x € O and O € O,} C Q. Therefore, x € X — U {O0: x € O
and0 €0,}and X — U{O:x€0and 0 €0,}) DX —Q=F. Lethk=n—
m, then

c(x, &)= N {Z:x gAand A € @k}

N {X-0:x¢X—-0andO €0,)
=x-U{0:xe0€0,}DF

Now suppose condition (1) holds, then one can construct a development for X in
the manner demonstrated in the proof of Theorem 1. Suppose then that condition
(2) holds. Let {@,} be a sequence of near collections satisfying condition (2). Set
9, ={X—A: A€ Q,). 2, is an open cover for each n € N since N &, = &.
Define O, as follows. Let O, = 2, and 0, = 2, A 0,_, for n > 1. Then each 0, is
an open cover and O, , refines O, for each n. Let O be an open set and x € O.
Now F = X — O is closed and x ¢ F. By condition (2), there exists » € N with
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x & C(x, @,) and C(x,®,)D F. Thus, x & N {4: x& 4 and 4 €@Q,) D F.

Thus xEX - N{4d: x¢Adand A€@)CX—F=0.Thus x€ U {X —

AxeAandAe@}COThereforexeU{QxEQandQEQ}CO
If n = 1 we have st(x, O,) C O.If n > 1 we have

st(x,0,) = U {O:x€ 0and 0 € 0,}
=UJ{@nPxeQnPandQ €, andP €0,_,}
c U {g:xeg@andQ €9,} c 0.

Therefore {0, } is a development for X.

An extension of a topological space (X, ¢) is a dense embedding e: (X, ¢) »
(Y, s) where (7Y, s) is a topological space. It is called a strict extension if {clye(A4):
A C X} is a base for the closed sets in Y. We will assume that the embeddings e:
X — Y are injections and thus not distinguish between A and e(A4) for 4 C X.
Another way to characterize the strict topology on Y is as follows. Suppose X C Y
and Y is an extension of X. Foreachy € Y,let 0, = {O N X:y € O and O open
in Y}. For O € (X), define O* = {y: O € 0,}. Then Y is a strict extension of X
if {O*: O € «(X)} is a base for the topology on Y. Moreover, if Y is a regular
extension of X then it is a strict extension. (See Banaschewski [1] and Bentley and
Herrlich [3].)

A nearness structure £ on X is said to be induced by a strict extension Y
provided

(1) e: X — Y is a strict extension and

2¢=(€ c 2(X): Ncl,@ # ).

In a nearness space (X, £), a nonempty collection of subsets of X is called a
cluster if it is maximal in § with respect to inclusion. The nearness space is called
concrete if each near collection is contained in a cluster.

LEMMA. Let Y be an extension of X. Let S be openin Y and O = X N S. Then
(1) int,((Y — X) U O) = O* and
2)S c 0* c cl,S.

THEOREM 4. Let (Y, t) be a regular topological space and Y a strict extension of X
with X C Y. Set §={Q@ Cc P(X): Ncly@ # B}. Then Y is a complete Moore
space if and only if there exists a countable collection of uniform covers {U,} such
that

(1) each primitive open cover in X is refined by some U, and

(2) if {@;} is an increasing sequence of nearness collections that are Cauchy with
respect to the covers ; then their union is near.

(3) For each cluster & and closed set F in X with F & @ there exlsts QU; such that
Ue®n, impliesUN F=0.

PrROOF. Suppose Y is a complete Moore space. Then there exists a complete
development {2,: i € N} such that {cl,0: Q € 2, ,) refines 2,. Set A, = {Q N
X: 0€2) Then N{c, X —(XNQ):QELICcN{Y-0:Q0€}=
. Thus each 2, belongs to p.
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Condition 1. Let O be open in X and x € O. Then there exists Q, open in Y, with
Q N X = 0. Now there exists 2; such that st(x, 2,) c Q. Let U= X N Q, € U,.
If x€ Uthen U C O.1f x € U then U C X — {x)}. Hence Q, refines {0, X —
(x)).

Condition 2. Let {@;} be an increasing sequence of near collections which are
Cauchy with respect to the covers {U;: i € N}. Define M, = N cl,&;. Then {M,}
is a decreasing sequence of closed sets in Y. Consider M,; there exists U € A, ,,
such that U € &,. Now U = Q,,, N X for some Q,,, € 2,,,; and there exists
0, €2, with cl,Q,,, C Q.. Hence M, = N cl,& cclyU CclyQr,y C Q-
Since Y is a complete Moore space it follows that J+# N {M;: i E N} =
N {Ncly@:i € N}. Hence U {@: i € N} is a near collection.

Condition 3. Let @ be a cluster in £ Then there exists + € Y such that
{t} = Ncly@. Indeed, @ = {4 C X: t € clyA}. Suppose F is closed in X and
F € @.Thent & cl, F.Let Q = Y — cl, F, then there exists 2, with st(z, ;) C Q.
Suppose U € A,,, N @ Then U= Q N X for some Q € 2, ,. Then ¢ € cl, Q.
Now there exists Q' € 2, with 1 € cl,Q C Q' C st(t, 2;) C Y — cl F. Therefore,
UnF=0.

Suppose the conditions hold. Let {QU;} satisfy the given conditions and define
2, = {int,((Y — X)u U): U € ,;}.

Claim. {2,} is a complete development for Y. Let 2; be given, we first show that
Q, is an open cover of Y. Since A; € p it follows that {X — U: U € Q,;} & &
Hence N {cly(X — U): U € A;} = & which implies that ¥ — N {cl(X — U):
UeQ,} =Y Hence U{Y —cly(X — U): U € U} = Y; thatis, U {int,(Y —
(X — U)): U € ;} = Y. Therefore, U {int,((Y — X)u U): U € Q;} =Y.

We now show that for each open set Q in Y with 1 € Q there exists 2, such that
st(t, 2;) C Q. Since Y is regular, there exists an open set S such thatz € § c cl,S
c Q.

Case 1.1 € X. Now § N X is open in X and there exists QU with st(¢, U;) C S
N X. Let U € ; with ¢t € U. Then by the Lemma, U* C cl,(S N X) Ccl,S C
Q. Hence st(t, 2;) C Q.

Case2.t €Y — X.Let @ = {4 C X:t €clyA}. Then @ is a near cluster in £.
Recall that r€ S Cccl,S C Q. Set FF=Y — S and F= X N F’ and hence
F & @. By condition (3), there exists A, such that U € A, N @ implies U N F =
. Now 2, = {int,((Y — X) U U): U € Q,}. Suppose ¢ € int,((Y — X) u V).
It suffices to show that int,((Y — X)u U)C Q. Now ¢ €int,((Y — X) U U)
and since X is dense in Y it follows that ¢+ € cl,U. Hence U € @. Therefore
U N F=. Consequently, U C S N X and this implies U* C (S N X)*. By the
Lemma, int,((Y — X)uU U) = U* c (S n X)* ccl,S c Q. Hence st(t, 2;) C
0.

We have shown that {2;: i € N} is a development for Y. To see that it is a
complete development, let {M,: i € N} be a decreasing sequence of nonempty
closed sets in Y such that for each i € N there exists Q € 2, with M, C Q. Let
@ = {A C X: M, C clyA}. Since Y is a strict extension of X it follows that M, =
N cly @ for each i € N. Consider @;; then there exists a Q € 2, with M, C Q.
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That is, M, C int,((Y — X) U U) for some U € Q. Let m € M,. Suppose m &
cl, U. Then there exists an open set S in Y with m € S and § N U = &. Since
m € int,((Y — X) U U) it follows that S N int,((Y — X) U U) is a nonempty
open set contained in Y — X; but this is impossible. Thus U € &,. By Condition 2,
U &; € ¢ and hence N M; # . Therefore, Y is a complete Moore space.

The following important theorem was proved by Bentley and Herrlich in [3]. It is
stated here for the convenience of the reader.

THEOREM A. For any T, nearness space (X, %) the following conditions are
equivalent.

(1) ¢ is a nearness structure induced on X by a strict extension.

(2) The completion (X*, £*) of (X, &) is topological.

(3) Every nonempty X-near collection is contained in some X-cluster.

Recall a nearness space satisfying the above equivalent conditions is called
concrete.

THEOREM 5. Let (X, &) be a nearness space. The following conditions are equivalent.

(1) ¢ is a nearness structure induced on X by a complete Moore space.

(2) The completion (X*, £*) of (X, §) is topological and (X*, t(£*)) is a complete
Moore space.

(3) £ satisfies the following conditions.

(A) & is concrete and regular.

(B) There exists a countable collection of uniform covers {Q;} such that

(B1) each primitive open cover in X is refined by some U,

(B2) if {&;} is an increasing sequence of nearness collections that are Cauchy with
respect to the cover Q; then their union is near,

(B3) for each cluster @ and closed set F with F & @ there exists U, such that
Ue®@nN, impliesUnN F=0.

PROOF. (2) implies (1) is evident. (1) implies (3) follows from Theorem 4. (3)
implies (2) follows from Theorem 4 and Theorem A, together with the fact that the
completion of a regular nearness space is regular, and its underlying topology is
regular [3].

The author wishes to express his appreciation for the kind suggestions made by
the referee. He noted that these results could not be obtained in the category of
uniform spaces and thus the generality of nearness spaces is necessary. To see this,
F. Burton Jones, in [7], has shown that there exists a locally connected, connected
complete Moore space that is not completely regular (hence, not uniformizable).

ADDED IN PROOF. It has been called to the author’s attention that Theorem 1 was
presented by H. Brandenburg at the Symposium on Topology in Beograd in 1977
and announced in the Notices Amer. Math. Soc. 25 (1978), p. A-449.
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