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CENTRAL SEQUENCES ASSOCIATED WITH A STATE
SZE-KAI TSUI

ABSTRACT. Central sequences associated with a state are defined and used to derive
a characterization of the factor state in question. This characterization is used to
study the factor state extension problem. One of the affirmative results obtained in
this paper is as follows. Let &, be a finite dimensional sub-C*-algebra of €. Then
every factor state on the relative commutant of €, in & extends to a factor state on
e.

In this note a factor state on a C*-algebra is characterized in terms of central
sequences associated with it. The general concept of central sequences has been
used in many cases to characterize different properties (see [1], [3], [4], and [5] for
example). This characterization is then used to study factorial extensions of factor
states from a sub-C*-algebra to the C*-algebra containing it.

1. A characterization of factor states. All C*-algebras considered in this note are
unital and separable. (In the general case, one may consider ¢-central nets.) Let ¢
be a state on &. For y in &, let ¢ -y denote the element in €* (the dual of @)
defined by ¢ - y(x) = ¢p(yx) forallx € @, and @* = {x € &|x > 0}.

1.1 DEFINITION. A sequence of elements {x; € @|i =1,2,...} is said to be a
@-central sequence in @, if

lim (¢-y(xx) — @-y(xx)) =0 forallx,y € @. (1)
11— 00

A ¢-central sequence {x;} is called convergent if ¢ -y(x;x) converges for all
x,y € @, and is called positive if 0 < x; for all i. A positive g-central sequence
{x;}n=1 18 k-bounded, if, for all i, sup, ., P(y*xy) < k. Two ¢-central se-
quences {x;} and {z;} in @ are said to be equivalent, if lim,_, (¢ y(x) — @ -y(z))
= 0 for ally in @. A @-central sequence {x;} is trivial, if there exists a sequence of
complex numbers {A;} which is equivalent to {x;}.

In the following we tie the existence of a nontrivial ¢-central sequence to the fact
that ¢ is not a factor state. Let 7, J(, be the GNS representation and its
representation space induced by @, and @(y*x) = {7, (x)f, 7 (¥)f,> for all x, y in
@. Let ® = 7,(€)” and Z(%R) be the center of R. This notation is used for the
rest of the paper.

1.2 PrOPOSITION. Every A € Z*(R) with ||A|| < 1 gives rise to a positive
1-bounded convergent @-central sequence {x;} in @ such that {Am (2)f,, T, (V)f,> =
lim; , ¢(y*x;z) forall z,y in @.
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PROOF. Since 4 is in Z*(R ), by Kaplansky’s density theorem there exists a
sequence of positive elements {x;} in @ with ||7(x)|| < ||4]| such that {=(x)}
converges to A in the ultraweak operator topology, and {x;} is 1-bounded. In
particular, lim;_, ,{(7,(x;) — A)7(x)f, 7, (¥)f,> = Ofor all x,y in &. That is

,l_lf?o o(yx,z) = (An(2)f,, m(y*)f,) forallz,y € @. )
Replacing y by yx and z by 1 in (2), we derive
lim @(yxx) = {Afy, 7,(x*)7(5*)f, )
= (A (x)f,, T, (y*))
Jim @(yx;x).

Hence lim,_, , ¢ - y(x;x) exists, and

lim [@-y(x,x) — @-y(xx)] =0 forallx,y € @ QED.
11— 00

The ¢@-central sequence in Proposition 1.2 is called a ¢-central sequence de-
termined by A. In the remainder of this section we are going to establish a
one-to-one correspondence between Z* (%) and the collection of all equivalence
classes of positive bounded convergent central sequences in &.

1.3. PROPOSITION. Given a positive k-bounded convergent ¢-central sequence {x,},
there exists an element A in Z* (R) which determines the equivalence class of {x;}.
Furthermore ||A|| < k.

PrOOF. Let {x;} be a positive convergent k-bounded ¢-central sequence in @
with & < oo. Denote lim;_, ., ¢ - y(x;x) = Y(y, x). It is easily seen that
(i) ¢ is bilinear on & X @.
i) Y(y* y) = lim_,, @(y*xy) > 0 and Y(y* y) = lim;_,,, e(y*xy) <
ke(y*y).
Define a positive semidefinite sesquilinear functional on H, X H,, by
¢(‘”¢(x)f¢’ ”')(y)fq)) = ‘I’(y‘9 x) for x’y e @'
It is also bicontinuous. In fact,
[$(7 () 7 (),)] = lim |@(y*x,x)| < lim g(y*x)" p(xx;x)'>
< Jim kp(y*y)2p(x* )" = k|my ()| |7 (2]
By Riesz’s representation theorem [9, p. 90), there exists an operator 4 in B(SC,,)
such that
<AW¢(x)fw’ ‘”¢(y)fv> = lp(y" x) = '_l-ig q)(y‘xlx)
= ',l_ig <‘”Q(xi)‘”qp(x)fqp’ ﬂ'l’(y)-,;’)'

Hence 7,(x;) converges to 4 in weak operator topology, and 4 € R. It is also clear
that A is positive and ||4|| < k.
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Since ‘P()’, x) = limi—wo Q- y(xix) = limi—»eo Q- y(xxi) = limi—»oo (p(yxxi) =
Y(yx, 1), (x,y € &), we have
VOt x2) = 9tz 1) = Wr*x, 2) = WD) 2)
which is the same as
<Aﬂcp(x)"q:(z) [ 4 '”(p(y)fq:> = <A7rq7(z)f¢’ ‘”Q(x)*ww(y)fq;>
= {my(x)Am,(2)fr me(D)f, )
for all x, y, z in . Hence A7 (x) = 7 (x)4, (x € &),and 4 € Z*(R). QE.D.

The above proof is analogous to the proof of the theorem that pure states are
those states inducing an irreducible representation in GNS construction [7].

1.4. THEOREM. o is a factor state if and only if all bounded positive convergent
@-central sequences are equivalent to trivial sequences.

ProoOF. It follows evidently from 1.2 and 1.3. Q.E.D.

2. Extension of factor states. The usefulness of the above characterization of
factor states can be illustrated in the study of the possibility for factorial extensions
of a factor state from a sub-C*-algebra to the C*-algebra containing it.

Let % be a sub-C*-algebra of a C*-algebra @ and ¢ be a state on B . The state
space of @ is denoted by (&) and K, = {y € S(@)| Y|g = ¢}. K, is a weak*
compact convex subset of @*, and it is always nonempty [2, 2.10.1]. By the
Krein-Milman Theorem we can assume the existence of an extreme point, Y, in
Ke-

¢2.1. DEFINITION. Let {x;} be a ¢-central sequence in @ and { y;} be a p-central
sequence in B . { y;} is called a restriction of {x;} in B if

lim [@-y(x;) —@-y(»)] =0 forallyin®.
1—>00

2.2. PROPOSITION. Suppose @ is a factor state. Y, an extreme point in ‘JC,,, is a
Sactor state if every bounded positive -central sequence in & has a restriction in B
which is bounded positive and convergent.

PRrOOF. Let {m,, 3, } be the GNS representation induced by y, and f, be the
cyclic vector of 7, (&). Without loss of generality we may let {x;} be a 1-bounded
positive convergent y,-central sequence in &, with lim, ,  Yo(x;) =A > 0, and 4
be the element in * (7, (€)") determining {x;} by Propositions 1.2 and 1.3. By the
assumption, there exists a bounded positive convergent ¢-central sequence {z;|z; €
% } that is a restriction of {x;} in B . Since ¢ is a factor state on B, it follows from
Theorem 1.4 that {z;} is equivalent to a trivial sequence {A;} with lim, | ¢(z) =
lim, ,, A =A<1

Consider a positive linear functional on & defined by y ,(x) = Ay (XWyo 4>
for x in &@. It is clear that y, < ). For z in % we have

Yu(2) = il_ifg Yo(x;2) = il_i)lg Yo(zx;) = iljglo Yo(22;)
= il—iglo Yo(2N) = Ao(2) = Ag(2).
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Hence v, /A is a state which extends ¢. If A = 1, it follows from y, — ¢, > 0 and
(o — ¥ )(I) = O that ||y — ¢,|| = 0. Hence y, = ¢,,and 4 = I. If A < 1, then

Yo =A(3a) + (1 = N 725 (Yo - )
Thus y, = ¢, /A because y is extremal in K. This implies that lim, , ., Yo(xx;) =
AYy(x) for all x in &, namely, {x;} is equivalent to a trivial sequence {A\;JA; = A} in
@. Therefore, by Theorem 1.4, Y is a factor state. Q.E.D.
In what follows, let M, be the n X n full matrix algebra (over the complex field).

Suppose that M, is a sub-C*-algebra of C*-algebra @, and let ¥ = M, the
commutant of M, in @ (i.e, B = {x € @|xp = yx for all y in M,}).

2.3. THEOREM. Every factor state ¢ of B extends to a factor state on &.

PROOF. Let ¢, be an extreme point in K, {x;} be a bounded positive convergent
Yo-central sequence, and A be the element in Z(w, (€)") determining {x;}. We
denote the matrix units of M, by {e,|r,s = 1,..., n}.

For any x,y in ® and r with 1 < r < n we have

'11210 Yo y(e, 1 x,e,,%) = '.l_if?o Yo - y(xe, 1 x;e,,). (3

Letting %, = 27_, e, x€,,, i = 1,2,..., we derive from (3) that, for any x, y in
®,

Illglo Yo y(x%) = il_iglo Yo - ¥(%;x). C))

On the other hand, since 4 determines {x;}, by Proposition 1.2 we have, for x, y
in®andr=12,...,n,

'llflolo 4’0 ) y(erlxielrx) = <A‘”¢o(elrx)f¢o’ ‘”:po(elry‘)fico>

= (A=, (e, e, x)f, 1, (YD

= <4”‘lfo(e”x)f'l’o’ ‘”'Po(y .)f:l'o>‘ (5)
It follows from (5) that, for x, y in B, we have
il_iglo Yo y(X;x) = <A1r%(x)f%, 77%()’ ‘)f%> = il_iglo Yo - y(x;x). (6)

It is easy to see that X;’s are in M, = ®. It follows from (4), (6) and ||z, (%)|| <
|7, (x|l that {X;} is a bounded positive convergent y,-central sequence in )
which is a restriction of {x;}. By Proposition 2.2 v, is a factor state. Q.E.D.

2.4. REMARK. Let @, be a finite dimensional sub-C*-algebra of @, namely,
@ =3, M,,. Denote the commutant of €, in @ by @ . The proof of Theorem
2.3 can be slightly generalized to show that every factor state on 9 extends to a
factor state on @. In fact, redefining %; in the proof of Theorem 2.3 by

k%
‘ii = 2 2 er’le{r’
j=1r=1
where {e€,}%,, are the matrix units of M,,, and replacing the ¢, in conditions (3)

and (5) of the proof of Theorem 2.3 by ¢/, forr =1,2,...,nandj = 1,...,k,
we can prove the above assertion by the same argument as in Theorem 2.3.
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2.5. REMARK. Let P be a projection mapping of @ onto B of norm one. Due to
[8, §3], P is always completely positive. Suppose that ¢ is a factor state on %, and
Yo is an extreme point in K, such that y, = ¢ o P. For any bounded positive
convergent y,-central sequence {x,} in @, we have

Jim [Yo(yx,X) — Yo(yxx,)|=0 forx,yin@.
In particular, if x, y are in % we have
Jim |@(yP(x,)x) = ¢(yxP(x,))| =0,
lim |g © P(yx,) = @ ° P(yP(x,))] = 0.
It follows from (7) that {P(x,)} is a bounded positive convergent y,-central
sequence in B which is a restriction of {x,} in % . By Proposition 2.2 y, is a factor
state. If one considers 5, = {@ ° P|P = projection mapping of 4 onto % of norm

one}, it would be interesting to determine if the extreme points in 5,, when they
exist, are factor states on @.

()
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