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A NOTE ON NOETHERIAN P.I. RINGS

AMIRAM BRAUN

Abstract. Let R = F{x¡, . . . , xk) be an affine semiprime p.i. ring, Krull-dim(/?)

= 2 and F a central subfield. It is proved that R is noetherian iff R is a left (right)

finite module over a commutative affine subring.

Introduction. In [C] and later in [Sen] examples were given (for the first time) of

prime affine Noetherian p.i. rings which are not finite modules over their centers.

The common feature that both examples share is that they are finite modules over

a commutative Noetherian subring. Also, both examples are of Krull dimension 2.

We show here that this is not accidental. Indeed we have the following

Theorem. Let R = F{xx,. . ., xk} be a semiprime affine p.i. ring, k ■ d(R) = 2.

Then R is noetherian iff R is a finite left (right) module over a commutative affine

(hence noetherian) subring.

For notations we follow [P]. Also by NR(I) we denote the nilradical of the ideal /

of R. T(R) will denote the "trace envelope" of R (e.g., [B]), k • d(R) will denote the

classical Krull dimension of R, and hR(I) will denote the height of the ideal / in R.

Lemma 1. Let R = F{xx, . . . , xk) be a semiprime affine p.i. ring with k • d(R) =

1. Then R is a finite module over its center.

Proof. Let Px, . . . , P, be the minimal prime ideals in R; we have n'_! P¡ —

{0}. Let R¡ = R/Pj for i = 1, . . ., /. Then R¡ is a finite module over its center Z,

[S, Sen]. We have that D^, P, + P,/P, = D¡^, P,¥> 0 in R¡ for i= 1, ...,/. By

Noether's normalization theorem, [N] there exists a¡ £ Dj¥=i Pj n Z, such that Z, is

integral over jF[ä,] for i = 1,. . ., / (if k ■ d(R,) = 0 we take 5, = 1). Let v. R -> Rx

© R2 © • • • ®R¡ denote the obvious inclusion with v(x) = x, © • • • ©je, where

x¡ denotes the canonical image of x in R¡. Let a, £ H.^ P, be a preimage of a¡ in

R, i = 1, . . . , /; then v(a¡) = â„ and v(a,) £ Z,- Ç Z(RX © • • • ®R,). Thus

F[v(ax), . . . , v(a¡)] is a central subring of /?,©••• ®R,. Moreover Z,

© • • • ©Z, = Z(RX © • • • ®R,) is integral over F[v(ax), . .., v(a,)\ and conse-

quently v(R) Q Rx © • • • ®R, is a finite module over v(F[ax, .. . , a¡]).   Q.E.D.

Let R be a semiprime affine p.i. ring with minimal prime ideals Px, . . ., Pk.

Assume that p.i.d(Pj) = nt for /,_, + 1 < y < /,, !</</, and n = nx > n2

> ■ ■ ■ > n„ i, = k. Let Q, = nj_^ i + 1 Pp t = 1, . . . , /. By [A] there exists a
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central alternating polynomial a, of n, X n, matrices with the following properties:

(a) If a, = a,[Xx, . . . , Xm, Yx, . . . , Ys] then given r £ R/Q, we have

a,[bx, . . . , bm, dx, . . ., djc^r) = <*,[/„ . . . ,fm, dx, . . ., ds] where the ¿>/s, d¡% and

ff$ are in R/Q, and c¡(f) is the ith coefficient of the characteristic polynomial of r.

(b) If e = a,[bx, ...,bm, dx,..., ds] then (erf + y,(«r)* ' + ■■ ■ +yk = 0

where y„ i ■■ 1.k, are evaluations of a, in /?/(?<•

Lemma 2. Le7 /, = {x £ Ä|x « a« evaluation of a, with elements in C\j<t_x Qf}.

Then for x £ J.we have

(1) x £ Z(R).

(ii) if r G R then (xr)m + yx(xr)m~l + • • • +Ym = 0 where y¡ £ /„ / =

1, . . ., m.

(in)/, ç Hj^Qj.
(iv) /,-/,- 0/or í # j, /, í = 1, . . . , /.

Proof, (i) [x, Ä] c Ö, n • • • C\Q, since x = 0 (mod Q,+x n • • • nß,) (a,

vanishes  on  R/Q¡,  t + I < i)  and x = central  element (mod Q,).  Also x £

ny</_, e,; thus [x, R] c hj., Qj = n*_, p, = {0}.
(ii) This is a consequence of properties (a) and (b).

(iii) One merely observes that x E r\J<t_x Qj by definition and x £ ny>/+1 Qj

since a, vanishes on R/Q, fory > t + 1.

Finally, (iv) is a trivial consequence of (iii).

We now prove our main result:

Theorem. Let R = ^{x,,. . . , x^} be a semiprime affine p.i. ring R and k ■ d(R)

= 2. Then R is Noetherian iff R is a finite left (right) module over a commutative

affine subring D.

Proof. We resume the notations of the previous paragraph. We have that

R/Qx © • • • ®R/Q, is Noetherian since R is and, by [Sen], T = T(R/QX)

© • • • ®T(R/Q¡) is integral over the former ring. Let v denote the natural

inclusion v. R/Qx © • • • ®R/Q¡-> T. We have by the previous remarks that

p(2, /,/?) is a two-sided ideal in T and

Nt{v(ZJ,r)} n v(R) = n^v^J.r)}-

Thus

AW(2,/,Ä)}      ^("(2, J,R))

and the inclusion is integral. Clearly, hZ(T)(vÇ2., /,)) > 1. By Noether's normaliza-

tion theorem we have x, y with x, v £ Z(T), x £ 2, v(J,)Z(T), and Z(T) is

integral over F[x, y]. Thus, since

kj_m_\ = i
VW"(2, J,R)})      '



672 amtram braun

there exists an a £ v(R) withym + y,^m_1 + • • • + y„ £ NKR){v(2, J,R)}, Y, £

F[a], i = 1, . . ., m. Consequently, by (ii) of the previous lemma there are

/?,, . . ., ßs in v(Z, J,) such that v is integral over F[ßx, . . . , ßs, a]. Thus k[x, y] is

integral over F[x, ßx, . . ., ßs, a) = D c v(R) and Z> is commutative. Conse-

quently T is a right and left module over D and ?(./<) therefore shares the same

property. The other direction is definitely trivial.   Q.E.D.
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