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BOUNDEDNESS OF MAXIMAL FUNCTIONS AND
SINGULAR INTEGRALS IN WEIGHTED L? SPACES

JOSE L. RUBIO DE FRANCIA

ABSTRACT. Given a weight w(x) > 0 in R”, necessary and sufficient conditions are
found for the boundedness of the Hardy-Littlewood maximal function and singular
integral operators from L?(w) to some other weighted L” space. The dual question
is also considered and partially answered.

1. Introduction. Weighted L? inequalities for the Hardy-Littlewood maximal
function as well as for some singular integral operators are known to hold if and
only if the weight function w belongs to Muckenhoupt’s class 4, (8, 2]. In [9], the
following question was raised: Find conditions on w(x) so that these operators are
bounded from LP(w) to some other weighted space LP(u). For the conjugate
function operator on the torus T, P. Koosis [6] has found that a necessary and
sufficient condition in the L? case is w™' € L'(T). Here we shall extend this result
to L?, where the condition becomes w?/? € LX(T), and is the same for the
conjugate function as for the Hardy-Littlewood maximal operator. Moreover, all
this can be extended to R”, where, in the L? case, the weight w must verify
w?/P € L} with an additional condition limiting the growth at infinity of w?/7,

2. Boundedness of the maximal function. Let M denote the Hardy-Littlewood
maximal operator in R"

- sup —
Mf(x) = S Tol fQIfI

where Q is always a cube in R” and |- | denotes Lebesgue measure. We shall
consider in particular the cubes Qp = {x € R™: max, ., ,|x/| < R}. L°R") will be
the space of all measurable functions in R” provided with the topology of local
convergence in measure, ie. lim, f = 0 (in L% iff lim,|{x € Q: |f(x)] > A}| =0
for every cube Q and every A > 0. We recall that a pair (v, w) of positive
measurable functions in R” belongs to the class 4,, 1 <p < oo, when

1/p 1/p
sup |Q|"( v) ( w“"/”) <o
el fe) U,

and this condition is equivalent to the fact that M be bounded from L?(w) to
weak-LP(v) (see [9)).
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THEOREM A. Given w(x) > 0 in R” and 1 < p < oo, the following conditions are
equivalent:

(a) There exists u(x) > 0 in R” such that M is bounded from L?(w) to LP(u).

() w?? € L, and lim sup_,| Qx| f o,w(x)? 7 dx < oo.

() There exists v(x) > 0 in R" such that (v, w) € 4,.

(d) Mf(x) < o0 a.e. for every f € LP(w).

(€) M is a continuous operator from LP(w) to L/(R").

Proor. It is obvious that (c) implies (b). If (b) holds, for every f € L?(w) we
have by Holder’s inequality

) , 1/p
lim 5“P|QR|_lf [f] < NNl Logwy lim S“P|QR|_I(f w_p/‘,) <
R—w Or R Or

and this is equivalent to Mf(x) < oo a.e. Thus (d) is obtained from (b). An
application of the Banach principle (see [4]) proves that (d) implies (e). Since M is
the maximal operator corresponding to a family of positive operators, it is a
consequence of Nikishin’s theorem (see [5]) that () implies (c). Therefore, (b), (c),
(d) and (e) are equivalent, and (a) implies that (u, w) € 4,. We only have to prove
that (a) follows from (b), which is the main point of the theorem. For each fixed
cube Q, we shall prove that there exists uy(x) > 0 on Q such that

M J0rug < ffw - (f € L2Gw)).

Once this is done, it suffices to take a partition of R” into a sequence (Q)) of
disjoint cubes, and then (a) is verified with u(x) = Z; 2"uQ](x)xQ(x).

In order to prove (1), we take R > 1 such that Q C Qg, and decompose each
f € LP(w) as f = f' + f”, where f” = fx, and f' = f — f”. Then, an elementary
geometric argument shows that, for every x € Q

Mf(x) < swp g [ If]
h>R Q2

) 1/p
< sup 2"i|f'llu(w)IQz;.I"( [ w*/') < Gellfll
h>R Q2
so that we obtain
@ [y < |QICE[ 1f1w  (f € LA(w)),
1) R

On the other hand, given scalars (a;) and functions (f) such that supp(f)) C Q.
JIfPw < 1, we use the /P-valued extension of the weak type (1, 1) inequality for the
maximal operator due to Fefferman and Stein [3] to get

{x: (§|aij}(x)|P)‘/p S )\} <Apk‘l Qu(glaffjlp)vpdx

1/p

< A,A"( J S leysmpwn) dx)w( fguw“""”)w < e 2 2 )
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If ¢ < 1, Kolmogorov’s inequality relating the L? norm with the weak-L! norm
implies

fQ(? *%Mﬁ(x)lp)q/" dx < ]A%R"’qlgll-q(g Iajl")q/P.

According to Maurey’s factorization theorem [7, Theorem 2], there exists a mea-
surable function g such that

fQ |gl" < oo, fQ Mh(x)

ol e (G-37)

for every function 4 supported in Q, with ||A|| .s,, < 1. Thus

3) J @Y1 ax < [157F (S € ().

From (2) and (3) we obtain (1) with uy(x) = 2' 7 inf(| g(x)|?, |Q|'Cg?). Since
ug’? € L'(Q), and r/p = q/(p — q) increases to p’/p as g — 1, the last assertion
of the theorem also follows.

The dual question, i.e., finding conditions on u(x) so that M is bounded from
some L?(w) to L?(u), was also raised in [9]. A partial answer is contained in the
following.

THEOREM B. Given u(x) > 0 in R” and 1 <p < oo, in order that there exists
w(x) < oo a.e. such that M is bounded from LP(w) to L?(u), it is

(i) necessary that u € Ly, and lim supy_, .| Qx| ™(f o 4)'/? < oo,

(i) sufficient that u € L}, and, for some q < p, lim supR_m|QR|"(kau)'/q < 0.

Proor. If M is bounded from L?(w) to L?(u), the pair (1, w) belongs to A,, and
part (i) follows easily. The proof of (ii) depends on the following fact which will be
obtained as a by-product of the results for singular integral operators:

[*] If u € Ly, and lim supg_,|Qr|™(Jo,w)'/? < o0, for every r >q > 1 there
exists w(x) > 0 such that (u, w) € A,.

Using [*] with ¢ < r < p we see that M is bounded from L’(w) to weak-L’(u),
and since it is bounded on L* we only have to interpolate by the Marcinkiewicz
theorem.

3. Boundedness of singular integrals. By a singular integral operator (s.i.0.) in R”
we shall mean an operator of the form

Tf(x) = K * f(x) = pv. [KO)(x - y) &

with the kernel X satisfying the conditions

(@) |K(x)| < B,
(5) |K(x)| < Bllx||™,

©) |K(x — y) = K(x)| < Bl yll/llx|I"*" when ||y|| <|Ix|l/2,
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where || - || stands for Euclidean norm in R". The least constant B for which (4), (5)
and (6) hold will be denoted by B(T). The simplest examples of such operators are
the Riesz transforms

Rf=Ksf, K =cx/IxI"™" (=12...,n)
where ¢, = 7~®*Y/20((n + 1)/2) (see [11]).
THEOREM C. Given w(x) > 0 in R” and 1 < p < oo, the following conditions are
equivalent:

(a) There exists u(x) > 0 in R" such that, for every singular integral operator of the
type described above

[T )Pu(x) dx < BT) [Ifx)Pw(x) dx  (f € LP(w)).

() w?/P € L, and [gaw(x)?/?(1 + ||x|))™ dx < co.

(c) The Riesz transforms are continuous operators from LP(w) to L(R™).
Moreover, if any of these conditions hold and s < p’/p, u(x) can be obtained in (a)
such that u™ € L.

PROOF. (a) implies (c). This is obvious because convergence in LP(u) (with
u(x) > 0 everywhere in R”) implies local convergence in measure. In fact, if f; -0
(in L?(u)) and m, denotes the measure dm,(x) = u(x) dx,

m({x: | £l > A}) < AP Sl Erwy > O

for every A > 0, and since u™' € L'(Q, m,) for every cube Q

I{x € Q: |f(x)| > A} = u dm, 0.

j;lfjl>>\}ﬁQ

(c) implies (b). Since R = 27_, R; is continuous in measure in L?(w), if we fix
our attention on the unit ball B = {x € R": ||x|| < 1}, there exists A, > 0 big
enough so that

(7 [{x € B: |Rg(x)| > Aol &ll oy} < 27| B|
for all g € LP(w). Let P={x ER": x;, 20, x, 2 0,...,x, » 0} be the first
“quadrant” in R". If f € L?(w) and x € (-P) N B,

IR(f1xp)()| = 2 & [1IDIGs = 3l =y
=af, If(y)l( > 1% - ) )ux = B > 6 [|Dllx =y d

>, [ LA + 1Y) .
P
Since (-P) N B| = 27| B], (7) implies

®) ¢ fp DI+ 171D & < Agll fxell ooy
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By the same argument, (8) holds if we replace P by any other of the 2" “quadrants”
in R". Therefore

ST+ 15107 d < 276Nl 1l oo

By writing the integrand as | A(y)|(1 + ||¥|)"™w(¥)"'W(y) dy, we see that the func-
tion w(y)!(1 + ||¥|])™ belongs to L?(w). This proves (b).

(b) implies (a). Fix a cube Q and take R > 1 such that @ C {x: ||x|| < R}. Asin
Theorem A, it will suffice to find a constant C > 0 and a function v(x) > 0 on Q
with v € L(Q) (where s < p’/p is given) such that, for every s.i.o. T with
B(T) < 1, the following inequalities hold:

®) [ JTCPo(x) dx < Sl when supp(f)  {x: ¢l < 2R},
(1) sup |THx)| < Cllfllrw when supp(f)  {x: [}l > 2R).

To prove (10) we take C =2(f, 1 W(»)* /7| y||™ dy)'/?. Then, if f is supported
in {x: ||x|]| > 2R} and B(T) < 1, we have by (5) and (6)

sup [TA(x)| < sup f LA IK(x =)l &

xeQ x€EQ

<sup [ I I+ KO &
x€Q7IIyYI>2R

3 -n
< 'jf"y">m|f(y)| IYI™ & < Clifll Loy

The proof of (9) depends on the vector valued inequalites for singular integrals due
to Benedek, Calder6n and Panzone [1]. Given a sequence of sio. (T); with
B(T) < 1, the operator T defined on /?-valued functions by 7Y Jofooooskpr o0
= (T\fi» Tofy - - - » Tf,. . . ) satisfies the hypothesis of [1, Theorem 1], and there-
fore, it is of weak type (1, 1), i.e.

{x ER™ (; |7}j;.(x)ll’)l/p > )\} (g |fj|p)

with 4, depending only on p (and not on the particular sequence of operators (7)),
provided that B(T)) < 1). By the same argument as Theorem A (e.g. Kolmogorov’s
inequality and Maurey’s Theorem 2 of [7]) we obtain a function g € L"(Q), with
3=1— 1 andgq < 1 arbitrarily close to 1, such that [,|h(x)/g(x)|P dx < 1 for any

function 4 in the family

F = {Tf|T si.o. with B(T) < L1, || fllowy < 1, supp(f) C {x: ||x|| < 2R}}.
This proves (9) with v(x) = |g(x)|?, and taking ¢ so that r/p = q/(p — q) = s, it
follows that v™* € L'(Q).

Since every s.i.0. T is selfadjoint, 7 is bounded from L?(w) to L?(u) if and only
if it is bounded (with the same norm) from L?(u?/?) to L” (w?/?) (see [10] for the

1/p
-1
< Ap)\
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simple proof of this fact). Therefore, Theoerem C already gives us the complete
answer of the dual question for s.i.o.

THEOREM D. Given u(x) > 0 in R" and 1 <p < oo, the following conditions are
equivalent:

(@) There exists w(x) < oo a.e. such that, for every singular integral operator of the
type considered here

[T 0)lPu(x) dx < B(T) [If(x)Pwix) dx  (f € LP(w)).

®)u € L} and [g. u(x)(1 + ||x|)™ dx < co.

(c) There exists w(x) < oo a.e. such that the Riesz transforms are bounded from
L?(w) to LP(u).

Moreover, given s < 1, w(x) in (a) and (c) can be obtained such that w* € L} .

At this point, the fact needed in the proof of Theorem B is easy to obtain.
PROOF OF [+]. We assume that u € Ly, u > 0 and A(t) = [ <,% < Ct™ (t >
1). If ¢ < r, by using polar coordinates and integration by parts

[ w1+ el ™ ax = [ A+ )™ dr u(1x’) do(x’)
R" 0 i =1

- "W + ) dt = nr [ RO + )™V dr < oo
0 0

By Theorem D, there exists w(x) < oo a.e. such that the Riesz transforms are
bounded from L’(w) to L'(u), and this implies (u, w) € A, (see [2, 9)).

The proofs of Theorems A, B, C, D work also in the periodic case (and are even
simpler because there is no limitation at infinity for the weights). In particular, for
the torus T = [0, 1), if we denote by f the conjugate function of f € L'(T), we ask
for weights u(x), w(x) such that

(11) '[r | flPu < f |fIPw  (f trigonometric polynomial)
T

COROLLARY. (i) Given w(x) >0 in T and 1 <p < oo, (11) holds for some
u(x) > 0 if and only if w?/?P € LX(T). In this case, and if s < p’/p is given, u can be
found such that u™ € L\(T).

(ii) Given u(x) > 0inTand 1 <p < oo, (11) holds for some w(x) < oo a.e. if and
only if u € L'(T). In this case, and if s < 1 is given, w can be found such that
w® € LY(T).

For p =2, (i) has been proved by P. Koosis [6], who obtains #(x) such that
log u € LY(T). The corollary is also true for the inequality (11) with Mf (maximal
function of f € L(T)) instead of f (part (i) is well known in this case; see
[3, Lemma 1]).
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ADDED IN PROOF. L. Carleson and P. Jones have obtained essentially the same
results of Theorems A and C by a somewhat different method (Mittag-Leffler
Institute, Report No. 2, 1981).
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