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CONTINUITY OF BEST APPROXIMANTS
D. LANDERS AND L. ROGGE

ABSTRACT. Let C,, n € N, be ®-closed lattices in an Orlicz-space Lg(R, &, ) and
assume that C, increases or decreases to a $-closed lattice C,,. Let f,, n € N, be
@-measurable real valued functions with f, — f u-a.e. and sup|f,| € L. If g, is a
best ®-approximant of f, in C, it is shown that lim, _y g, and lim, y g, are best
®-approximants of f in C,. -

1. Introduction and notations. Let (2, @, ) be a measure space and ®: R, - R,
be a convex function with ®(0) = 0 and ® = 0. Denote by L,(R, @, p) respectively
LR, @, p) the system of all p-equivalence classes of @-measurable functions f
such that [®(a|f]) du < oo for some a > O respectively for all « > 0. L, and L§
are linear spaces with Ly C Lg; if ®(x) = x” then L, = LY and we obtain the
spaces L,, p > 1. If C C Ly and f € Ly denote by pg(f|C) the system of all
g € C fulfilling

JoUs—ghdu = int [@(f - h]) du.

The elements of pg(f|C) are called best ®-approximants of f, given C. The concept
of best ®-approximants, given C, covers and unifies many important concepts of
probability theory, e.g. the concepts in [1], [2], [6]; for more details see [4]. It is
known that pg(f|C) # & if C is a lattice (i.e. f, g € C implies fA g, f\V g € C)
which is ®-closed (i.e. f, € C, f € Ly and f,1f or f,| f imply f € C); see Theorem
4 of [4]. In general, py(f|C) contains a lot of different elements; for instance if
®(x) = x or if C is not convex. This creates problems for proving limit theorems
for best ®-approximants. In special cases—i.e. for ®(x) = x?, p > 1, and special
types of C—limit results for best ®-approximants of f, given C, are easier to obtain
for varying f than for varying C; but in all these cases best approximants are
unique. In the general context, however, the case of varying f is more complex.
There exist limit theorems for best ®-approximants of martingale type (see Theo-
rem 21 and Theorem 22 of [4])—i.e. limit theorems for g, € ug(f|C,) with varying
C,-but there exist no continuity theorems for best ®-approximants—i.e. limit
theorems for g, € pg(f,|C) with varying f,. It is the aim of this paper to close this
gap. We prove a limit theorem for best ®-approximants g, € pg(f,|C,) where as
well the functions f, as the ®-closed lattices C, may vary with n € N. We apply this
result to obtain continuity of best approximants in the Orlicz-space norm of L,
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2. The results. Throughout the following let (2, &, p) be a measure space and ®:
R, — R, be a convex function with ®(0) = 0 and ® = 0. Then ® is a continuous
function with lim, ,, ®(f) = 0. If C, C Ly, n EN U {0}, we write C,|C,, if
C,DCoips nEN, and C, = N,en G, If C, are P-closed lattices we write
c1C, if C,c C,,, and C_ is the smallest ®-closed set containing U,cn C,;
then C_, is a lattice, too (see [4, p. 229]).

1. THEOREM. Assume that Ly = Ly. Let C, C Ly, n € N, be ®-closed lattices
with C,|C, or C,1C,, and f, € Ly, n €N, with f, — f p-a.e. and sup,cn|f,| € Ly
Then for all g, € pg(f,|C,), n EN,

(1) H_En €N 8n € H‘d’(fl Coo)’ hmn eN 8, € "'Q(f‘ Coo)'

(11) suanNl gnl € Ltb’

ProOF. Let C,| C,,. We prove that for each g € pue(f|C,)

(1) gA lim g, € pe(f|C,), gV lim g, € pg(fIC.).
neN neN
As
lim g, =(g\/ﬁn' g,.)/\ lim g,
nEN neN neN
and
Tim g,,=(g/\1i_m_ g,.)vH &>
neN neN neN
(1) implies (i).

Applying Lemma 3toC, D - - - D C, D C, we obtain forn > k
JRUA - A AT =8 A~ A& A gl) i

2
@ <[OUf A AfAS— gD de
and

[oUfv - VAV =8V Ve Ve du
3

Y L TAVZRRRVAVIEF: ) P
From (2) we obtain for each k with n — o0 according to the Lemma of Fatou that

Jo(SAN L - 8N Asl)de

n>k n>k

) ,
<lim [OUf A AfAS~ gD dn
n€EN
Since sup,en|f,| € L by assumption, (4) implies by the Theorem of Lebesgue that
foreachk €N

®  fofAnf-gA A

n>k n>k

)dn<f<1>( /\/\f,.-gl)du<°°-

n>k
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As f, = f, sup,enlf,| € Ly we obtain from (5) with k — co using on the left side
the Lemma of Fatou and on the right side the Theorem of Lebesgue that

© Jo{ly- e tim ) an < [0S s d < .

neN

From (5) we obtain that g A\ /\,54 8 € Lo As g N\ Nusk 8 < Nk 8 < 8
this implies

™ /\kg,. € L,.
n>
In the same way as (6) and (7) we obtain
6)* o |f - Tim g,|) 4 o(f- g4
(©) S (P SVnENg,.)u<f (If - gD du < oo
and
(7n* V g € L.

n>k

From (7) and (7)* applied to k = 1 we obtain (ii). As C,| are ®-closed lattices we
obtain with (7) that A\, g, € C; for j > k. As lim, g, € Ly by (ii), this
implies lim,_\ g, € G, for each kK EN and hence lim _\ g, € C,. Similarly
lim, .y g, € C,.. Now (6), (6)* and g € C,, imply (1). This finishes the proof for
the decreasing case.

Now let C,1C,,. Applying Lemma 3 with C, D C,_,D --- D G, k <n, we
obtain for k < n

JoUhA- - N=aA-- A& du< [QULA- -+ NSy~ &) do

Proceeding now as in the decreasing case, i.e. letting at first n — oo and then
k — oo and using on the left sides the Lemma of Fatou and on the right sides the
Theorem of Lebesgue we obtain

n>k
and
©) follr- im gf)du < tim [ A s &) o
neN keN n>k
In the same way we obtain
(®)* Ve €Ly, kEN,
n>k
and
9)* f@( —Egn)du<yfd)( \/f,,-gkl)dp<oo.
nEN kEN n>k

Relations (8) and (8*) directly imply

(10) sup |g,| €E Ly and lim g, Tim g € C,.
neN neEN neN
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Now apply Lemma 4 to b, = |f, — g, and r,, = | /\n)kj;l — Jil- Since sup, en| 8|
€ L, by (10), sup,enlfil € Ly and f, - f p-a.e. by assumption we have
SUp;en Mks SUPen Tk € Ly and r, — 0 p-a.e, i.e. the assumptions of Lemma 4 are
fulfilled. Hence we obtain

(11) lim f ®(h, + r,) dp = lim f ®(h,) dp.
kEN kGN
Since

A g =) < {15 — sl +| A L= 5]) = o + 5

n>k n>k
(9 and (11) imply
(12) (I)( — lim ,,)d < lim | ®(f, dj
f lf "eNg n kENf | fe — 8l) dp.

According to (12) and (10) we get lim, \ g, € pe(f|C,) if we show that for all
gEC,

(13) lim [®(f, - &) du < [@(1f - g) du.

keN

Let C be the set of all g € L, fulfilling (13). Since g, € ue(filCd), Gty fi > f
p-a.e. and sup,,EN|fI € L, it is easy to see that C is ®-closed with U ,en C, C C.
Hence C C C, ie. _(13) holds for all g e C. Thus lim, 8, € po(fIC.) is
shown; the proof for lim, y g, € pe(f|C,,) runs similarly (by using (9*) instead of
).

The martingale results, given in [4], hold for more general functions ® than
convex functions, namely for so-called p-functions. We do not know whether also
the preceding theorem is true for this more general concept; the proof of Theorem
1 heavily uses the convexity of ®. Approximating lim, . g, p-a.e. by g, where 7, is
a sequence of finite stopping times for g,, n € N, it can be seen that Theorem 1 is
true for p-functions in the special case that C, is the system of @,-measurable
functions in L, where &, C @ are o-fields, and €,1&, or &,]&,. However, this
procedure fails for arbitrary ®-closed lattices C,.

If f € Ly put || fllp := inf{a > 0: [®(|f|/a) dn < 1}. Then || || is a norm on
L and the spaces (L, || ||) are Banach-spaces; the well-known Orlicz spaces (see
[5, p. 46]). If C C Ly and f € Ly we denote by g (f|C) the set of all best
Il lo-approximants of f, given C, i.e. the set of all elements g € C with

If — glle = inf{||f — hllo: h € C}.
The concept of best || ||4-approximants and its connection with the concept of best
®-approximants has been investigated in [4]. If & is strictly convex and if Ly =
L, then for each ®-closed convex lattice C C L4 and each f € L, there exist a
unique best ®-approximant and a unique best || ||o-approximant of f, given C (see
Corollary 5 and Corollary 13 of [4]), we denote these unique elements by pg(f|C)
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and p; ,(f|C), respectively. Hence Ly D f— pe(f|C) € Ly and Ly D f—
y ((fIC) € Ly are operators on Ly and the following result states the || ||o-con-
tinuity of these operators.

2. COROLLARY. Let ® be strictly convex and assume that Ly = Ly. Let C C L,
be a ®-closed convex lattice and a cone. Then pg(-|C) and p, ((-|C) are || |lo-
continuous operators on Lg.

PROOF. As L, = Lg let us at first remark that
(1) I, llo — O iff f ®(alh,|) du - O for alla > 0.

Let now || f, — follo =»en 0 and N; C N be a subsequence. It suffices to prove that
there exists a subsequence N, C N, such that

(2 | k(S| €) — pa(fol Ol — O,
IIENz

3) I ®my ||(fn|c) ] “(f°|c)"°ngl)\l,0‘
Since || f, — follo =nen, O there exists a subsequence N, C N, such that
4) f",.gﬁ ] Jo p-ae.
and
&) 2 If, — folle < oo.

neEN,

From (5) and Ly, = Lg we obtain
(6 sup |fol < |fol + 2 |fa —fol € Lo

neN, neN,
Now (4), (6) and Theorem 1 imply
(7 pa(£1C) = pe(folC) p-ae;  sup |pe(flC)| € Ly
nEN; nEN,

Using (1), Ly = LY and the Theorem of Lebesgue, (7) implies (2). It remains to
prove (3). Since || f, — follo — 0 and C is || ||g-closed (see Theorem 10 of [4]) it is
easy to see that

(3) 8, =/ — &y ||(f;x|C)||o n-e-)N Il fo — B ||(f0|c)"o =: &

Let w.l.g. 8, > 0; hence w.l.g. §, > O for all n € N. According to Corollary 8 of [4]
we have, as C is a cone, that

© wy (£1C) = snm..( 8lnfn|c), neNU (0).

Since f, =, fo and 8, — &, by (8), we have
1 1
8"',;'|ﬂ). sofo‘
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Hence the continuity of pg(-|C) implies

%(%ﬂfnlC ) - uq.(jsl;folc )“MgNO-
Together with (9) and (8) this yields (3).

For the special case that C is the system of measurable functions with respect to
a o-field the assertion of Corollary 2 follows from Satz 5.10 of [3]). The methods
used there are closely related to this special type of C and cannot be transferred to
arbitrary ®-closed convex lattices.

The following lemmas are the main tools for the proof of Theorem 1.

3. LEMMA. Assume that Ly = Lg. Let C; C Ly, i = 1, . . ., n, be ®-closed lattices
withC, D C,D -+ DC,Iff, €E Lyandg; € pe(f|C),i=1,...,nthen

OJPUAN - Na— & A N&D A < JRUAN - -+ NSy — &) dus

(i) f2UAV - VL&V - VeDde < [V - - VS, — &) dp.

ProoF. To show (i) it suffices to prove that forj < n

f‘b(lfn/\--'/\f,.—g,-/\~-/\g,.l)du
(1
<JOUAA -+ Af=gur Aw - Agil) do

As @ is convex, Lemma 20 of [4] implies

AN A=A (g A A8
@) +@(1f — &V (ga A Agl)
SYUANA - A= gu A A&l + (1 — 8-
Since C; is a lattice and g; € C; C C; fori > jwehave g \V/ (g1 A\ - - - A\8&) €
C;. As g; € pg(f|C;) we obtain
3) [e(5 - gD du< [@(1f =V (gar A -+ Agl) d.

Using (3) integration of (2) yields (1). This proves (i); the proof for (ii) runs by
interchanging \/ and A.

4. LEMMA. Assume that Ly = Ly. Let 0 < by, r, € Ly and assume that
SUPxen M SUPren 7k € Ly and r, — O p-a.e. Then

[ + ) du— f (k) du = 0.

PrROOF. Let @, be the right derivative of ®. Then @', is nondecreasing and
D(x) = [§ D', (D) dt (see e.g. [5]). Hence for all k € N

() O(h + 1) — B(h) = fh WGy (1) dt < 1 @, (b + 1) < r®,(h + 1)
ke

with 7 == sup;en 7% € Lo and h := sup,en b € L.
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By the Theorem of Lebesgue (*) directly implies the assertion if we show
r®,(h+r) € L,. As 0 < x®, (x) < [Z & () dt < D(2x) and Ly, = LT we have
g¥. (gD €L, if 0< g€ L, Applying this to g=h+r € L, we obtain
r® (h+r)eL,.
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