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AN INEQUALITY CONCERNING THREE FUNDAMENTAL

DIMENSIONS OF PARACOMPACT a-SPACES

SHTNPEI OKA

Abstract. It is shown that Ind X < dim X + ind X for any nonempty paracom-

pact a-space.

In this paper a map is a continuous map and a space is a Hausdorff topological

space. The symbols dim, Ind and ind usually denote covering dimension, large

inductive dimension and small inductive dimension, respectively. As is well known,

ind X < Ind X and dim X < Ind X for any normal space X. A space is called a

<T-space if it admits a a-locally finite net (cf. [7]). The aim of this paper is to prove

the following inequality.

Theorem 1. Let X be a nonempty paracompact a-space. Then Ind X < dim X +

ind*.

Corollary 2. Let X be a paracompact a-space with ind X < 0. Then dim X =

Ind*.

Our arguments are based on Leibo's ideas of constructing a special kind of map

onto metric spaces and making use of Pasynkov's factorization theorem (see [3]).

The following lemma is implicit in [3], and is generalized in [5] to the case where

% is à-discrète and in [6] to the case where % is a-locally finite.

Lemma 3. Let X be a submetrizable space (i.e. X admits a weaker metric topology),

and let % be a countable collection of cozero sets of X. Then there exist a metric

space M and a one-to-one map f from X onto M such that f(U) is an open set of M

for every U G Gll.

The following lemma is well known (see [2, Lemma 2.3.16]).

Lemma 4. Let X be a space and let C, K be disjoint closed sets of X. Let % be a

countable open cover of X such that, for each U £ 3ll, either U n C = 0 or

U n K = 0. Then C and K are separated by a closed set S such that S C

U {Bd U: U E %}.

Let X be a paracompact a-space. Let f = U°°-i%  and ^ = U°lx% be

collections of subsets of X satisfying the following conditions:

(1) <3r consists of closed sets of X, and *V consists of open sets of X;
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(2) <5 is a net of X;

(3) for each /, % is written as %; = { V¡(F): F G %}, and F c V¡(F) for each

F G %;

(4) ^ is discrete in X for each /'.

Every paracompact a-space admits such collections. For each /, put

F, = U {F: F G $,.}    and    F,- = U { V: V G %}.

Lemma 5. Let X be a nonempty paracompact a-space and let <5, T be collections of

subsets of X satisfying (l)-(4) above. Let Y be a totally normal space and let

f: X —> Y be a one-to-one onto map such that, for each i, f(F¡) is a closed set and

f( Vj) is an open set of Y. Then Ind X < Ind Y + ind X.

Proof. The proof is by induction on Ind Y + ind X. Suppose Ind Y + ind X =

0. Let C and Kbe disjoint closed sets of X. For each i, put %(C) = {F £ %: F c

W for some clopen set W with W n C = 0}. For each F £ %(C), fix such a IF

and denote it by W¡(F, C). Since ind* = 0, it follows from (2) that U," .Sv(C)

covers * — C. Since Ind Y = 0, it follows from assumption that, for each i, there

exists a clopen set O, of y such that/(F,) c O, c f(V¡). By (4), F^F") n f~\Ot) is

a clopen set for each F E. %. Now put

H,{C) = U { IF,(F, C) n K,(F) n /"'(O,): F G $(C)}.

Then, by (4) again, 7L(C) is a clopen set of X. Clearly X - C = U,~ ,/7,(C).

Similarly we can find clopen sets H¡(K), i = 1,2,..., such that X — K =

L)°lxHj(K). Hence, by Lemma 4, C and K are separated by the empty set and,

therefore, Ind X = 0.

Now suppose that the lemma is valid when Ind Y + ind X < n — 1, and con-

sider the case when Ind Y + ind X = n. Let A and B be disjoint closed sets of X.

For each i, put ^(/l) = {F G ^: F c IF for some open set IF with W n A = 0

and ind Bd IF < ind * — 1}. For each F G ^(^4), fix such a IF and denote it by

Wi(F, A). By (2), U ?=X%(A) covers X - A. Note that for any X' c *,/|AT'; X' -+

f(X') satisfies the assumption of Lemma 5 with respect to <Î\X' and Tl*'. Since

Ind/(Bd W¡(F, A)) + ind Bd W¡(F, A) < Ind Y + (ind X - 1) = n - 1,

it follows from the induction hypothesis that Ind Bd W¡(F, A) < n — 1. On the

other hand, by assumption, we can find an open set 0¡ of Y such \h&tf(F¡) c 0¡ c

6> C/(F¿) and Ind Bd O, < Ind y - 1. Since Ind Bd 0¡ + ind/_1(Bd 0¡) <

Ind y — 1 + ind X = n — 1, it follows from the induction hypothesis that

Ind Bd f-\0¡) < Ind/-'(Bd O,) < n - 1. By (4), Bd(F,(F) n /_1(0,)) C
Bd/-l(G,).Nowput

7L04) = U { W^F, A) n V^F) n /-'(O,.): F G %(4)},

Since

Ind Bd(lF,(F, A) n F,(F) n /"'(O,))

< max{lnd Bd Wt(F, A), Ind Bd(^(F) n f_1(0,))} < « - 1,
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it follows from (4) that Ind Bd 77,(,4) < « - 1. Clearly X - A = U,°l,77,.(/1) and

A n Cl H ¡(A) = 0 for each i. Similarly there exist open sets 77,(7?), i = 1, 2, ...,

such that Ind Bd 77,(B) <n- 1, X - B = U°l ,77,(7*) and B n Cl 77,(5) = 0 for

each /. Then, applying Lemma 4, we have a closed set S separating A and 7? such

that S c (U," , Bd 77,04)) u (U°l, Bd 77,(5)). By the countable sum theorem for

Ind, we have Ind S < n — 1. Thus Ind X < n, which completes the proof of

Lemma 5.

Proof of Theorem 1. Let X be a nonempty paracompact a-space, and let

f- U,".^ and °V = U,",^ be collections of subsets of X satisfying (l)-(4)

above. By [1, Lemma 8.2] and [7, Theorem 4.6], X is submetrizable. Thus Lemma 3

applies to yield a metric space L and a one-to-one onto map g: X -» L such that,

for each /, g(F¡) is a closed set and g(I^) is an open set of L. By Pasynkov's

factorization theorem [8, Theorem 29], there exist a metric space M and onto maps

f:X—>M and h: M -» L such that g = h ° f and dim Af < dim A'. Clearly / is
one-to-one, f(F¡) is a closed set of M for each i, and /( Fj) is an open set of M for

each i. Hence, by Lemma 5,

Ind X < Ind M + ind X = dim M + ind X < dim * + ind A'.

This completes the proof of Theorem 1.

In the proof of Lemma 5, the following theorem is essentially proved.

Theorem 6. A paracompact a-space with ind X < 0 admits a special family in the

sense of Leibo [4].

Remark. The inequality in Theorem 1 does not hold even if Af is compact. In

fact, Filippov [9] obtained compact spaces R¡, i = 1, 2, 3,... , such that dim R¡ =

1, ind 7?, = / and Ind 7?, = 2/ — 1. Corollary 2 is also restricted in generalization

by Nagami's example [10] of a normal space Z with ind Z = 0, dim Z = 1,

Ind Z = 2.
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