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NORMAL FAMILIES OF QUASIMEROMORPHIC MAPPINGS
RUTH MINIOWITZ'

ABSTRACT. We obtain several sufficient conditions for a family of quasiregular or
quasimeromorphic mappings to be normal, which are generalizations to known
results for analytic functions.

1. Introduction. Zalcman in [Z] formulated a heuristic principle in Complex
Function Theory that yielded simple proofs to some of Montel’s theorems concern-
ing normal families.

Here we generalize Zalcman’s result to the Theory of Quasimeromorphic Map-
pings. We obtain several sufficient conditions for a family to be normal. We also
obtain some n-dimensional versions of known theorems for analytic functions.

2. Preliminaries. We consider quasiregular and quasimeromorphic mappings
f: D >R” where D is a domain in R” or in R” and n > 2. We shall use the same
notations and terminology as in [MRV1, MRV2, MRV3].

For the definitions and main properties of quasiregular and quasimeromorphic
mappings, as well as related material, we refer the reader to those papers.

2.1. Normal families. A family & of K-quammeromorphw mappings in a domain
D C R” is called normal, if every sequence {f,} C § has a subsequence that
converges uniformly, in the spherical metric, on every compact subset contained in
D.

The spherical distance g(a, b) between two points a, b € R”" is defined by

a(a,b) = |a — (1 + [aP)3- (1 + BR)%,  a,bER",

g(a, 00) = (1 + |aP) 2.

3. A necessary and sufficient condition for normality.

THEOREM 1. Let % be a family of K-quasimeromorphic mappings in a domain D,
D C R, n > 2 Then ¥ is a normal family if and only if for each compact subset E
of D there exists a finite number M such that

q(f(x,), f(x3)) < M(q(xy, x5))*
for each x, € E, x, € D and f € F where a = (K)"/~",
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Proor. The sufficiency is clear, since it implies equicontinuity at each point, and
by Ascoli’s theorem, equicontinuity implies normality. For the necessary part,
suppose ¥ is a normal family in D, and x, be any arbitrary point in D. As ¥ is
normal it is equicontinuous at x,, and consequently there exists a positive: number
8 < 1, such that g(x, xo) < § is contained in D and g(f(x), f(x,)) < 1 whenever
q(x, xp) < 8 and f € F. Let T be a Mobius transformation that corresponds to a
rotation of the Riemann sphere, that maps x, to the origin, and denote by 7!
inverse mapping. 7 maps the neighborhood ¢(x, x,) <8, onto a ball B0, r),
r < 1. For each f € %, we denote by U a Mébius transformation that corresponds
to a rotation of the Riemann sphere that takes f(x,) onto the origin. The mappings
v = U e fo T7!are K-quasiregular in T(D). As U corresponds to a rotation of the
Riemann sphere, we have |v({)| < 1 whenever |{| < r. By [MRV2, 3.4] we can get
that if |§,| <r/2, [$5] <r/2,

[o&) = o6 < (20/ (7 = 5) Jits = ok
where A, is a constant that depends only on 7, A, > 1, and a = (K)"/¢~". Thus
[o(§1) — v(§)] < Mol§, — I
where M, = 2°*'\, /r* depends on x,, n and K. In the ball |{| < r we have
&1 _dls]

“O =Ty T e
thus
1§ =&l
Q(fp §2) (1 )

Therefore for each |§,| <r/2, |$,| <r/2
[o(81) = o(§)] < Mo(1 + r*)*(q($,, £2))°,

or

a(f(x1), f(x3)) = q(v($1), v($2) < [o($y) — (&)

< Mg(q($1, §5))" = My(q(x), x,))*
for each f € ¥ and each x,, x, in g(x, xo) < §".

Let E be any compact subset of D, for each p € E there exist constants k, and
M, such that g(f(x)), f(x))) < M,(q(x,, x,))* whenever g(x,, p) < k,, q(x,, p) < k,
and f € %. The rest of the proof is the same as [V1, Theorem 1].

REeMARK. For plane quasimeromorphic mappings Theorem 1 is known, see [V1,
Theorem 1].

4. The main lemma.

LEMMA 1. 4 family % of K-quasimeromorphic mappings in the unit ball B" is not
normal if and only if there exist

(@) anumber0<r<1,

(b) points x,,, x,, in B"(r),
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(c) mappings f,, € ¥,

(d) numbers p,, — 0%,
such that
(*) Jn(Xm + Pm$) — 8(8)
spherically uniformly on compact subsets of R", where g is a nonconstant quasimero-
morphic mapping.

PROOF. Suppose ¥ is not normal on B”, then it is not normal on some compact
subset that is contained in B"(r*), r* < 1. By Theorem 1 there exist two sequences
of points x* and y in B"(r*) and a sequence f,, € ¥ such that

I ACSACA)
m= g ym)”
It should be noted that o < 1.
Fixr,r* <r < 1 and let

40, a=(K)Y/"Y,

Mm = sup (1 _ Ezli) q(fm(x)afma(y)) , o= (K)l/(l-").
lsl < r q(x,y)

It is clear that M,, — co.
Let x,, and y,, be sequences such that

9(fn(Xm); Jon(Vm)) (1 _ M) S M,
4%y V)" r 2
and let g,($) = f.(x,, + pn{), Where

« 4K Ym)”

Pm .
G Xm)s Jon(Im))
As p2 < /M, )1 — |x,|*/r? it follows that p, —0 as m — . The mappings
gn($) are defined for |{| < R,, where R,, = (r — |X,,])/Pp- AS

A Pm At kDo e
R, r-— |xm| l'sz rM,,
and a < 1, it follows that R,, — oo as m — o0.
We shall show that { g, } is a normal family. Take ¢, {, such that |{,|, |$,] <R
and choose R < R,, and |x,, + p,§;| <r,i =1, 2. Then using the definition of M,,
we get

2(8n($1), £4(8)) _ Pl + RY4(S (X + PmS1): S + Pm$2))
9 8" (G + 0mt) = Gt + o)l ]
(1 + |xm + me]lz)%(l + |xm + Pm§2|2)%
pa(l + R*)°M,,
(1 _ Ix_m+p_fl) '

r2
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But as p2 < (2/M,)(1 — |x,,|>/r? it follows that
q( gm(gl)’ gm(§2)) < ("2 - Ixmlz)

-2(1 + RY)".
D L P N
Thus
W6 8nlla) (11l r= bl o e
WG ) TR+ Re, 7= Ixl - Rey, 20RO

The first factor is bounded by 1; the second factor for fixed R tends to 1 as m
tends to co. Thus by Theorem 1, { g,,} is a normal family. Taking a subsequence, if
necessary, we can assume that g, converges uniformly on compact subsets of R” to
a quasimeromorphic mapping g or a constant. We want to show that g is not a
constant. Take a sequence §,, such that x,, + p,¢,, = y,, (it is possible as | y,,| < r).
It is easy to check that |, |* < 2(1 + r»* and therefore {{,} contains a convergent
subsequence. Thus for that subsequence

2(2m(0), 8n(Sm)) _ PRI fn (i) fuym) (1 + 18)

10.80% gy (L+ 1) (14 )
(1 + 18P S L+ 180
A+ D)0 + [y A+
Thus
(x) 9(8n(0). 8n8) S 1

4(0,¢,,)° 1+ )

As g,, is a normal family it is equicontinuous at x = 0; then we follow the same
argument as in the proof of Theorem 1. We can find a positive number a such that
|$,| < a and g, (B"(a)) is defined for m large enough. Then we define a sequence
of Mobius transformations U, that correspond to rotations of the Riemann sphere
that takes g,,(0) onto the origin. The sequence &,, = U,, ° g, forms a normal family
of K-quasiregular bounded mappings on B"(a) of Theorem 1. By the definition of
U,, and [MRV2, 3.4] we get

2(8(9), 8n8m) _ 4(1n(0), hn(§,n))

70, £,)" 400, )"
a/2
T TR L (PR
(1 + |h )P 90 5) a

where A, is a positive constant that depends on n, and d(A) is the diameter of a set
A. Thus by (*)' it follows that

1 A1+ az)"'/2 n
T < (B @)
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If g,, converges to g and g = constant then we can find a subsequence m; such that
h,, converges to h and h = constant. But if lim,,_ d(h,(B"(a))) »6 >0, h =
constant; therefore, g 2 constant.

For the converse, suppose that % is normal in B". By Theorem 1 there exists a
constant M > 0 such that

sp IS0

Ixl<a+n/2  q(x,y)*
|y| < (l +r)/2

forall f € 9.
Suppose (*) holds, fix §;, ¢, € R”, then for large m and |x,, + p,.$i| < (1 + r)/2,
i=1,2, weget
p:tq(fm(xm + pmgl)’fm(xm + pm§2))
q(xm + pmgl’ xm + pm§2)a

< paM,

or equivalently,

q(gm(gl)a gm(§2)) (l + lxm + pmg—llZ)a/Z(l + lxm + pmgzlz)a/2 < paM.

|§ 1 lea
Thus
q( gm(gl)’ gm(§2))
< paM.
5 -aF P
Therefore
q(8(8)), g(%,)) = lim q(8.(£1), 8($2) -0
|§| - &I m—0o0 |§| - lea
But as {, and {, are any two points in R”, it follows that g is a constant (possibly
00).

5. The heuristic principle. Following the notation of [Z], we write {f, D} to
denote that the mapping f is defined on the domain D c R”, and we distinguish
between mappings { f, D} and {f, D’} if D # D’. For meromorphic functions the
following theorem was proved by Zalcman in [Z]; the same proof holds for
quasimeromorphic mappings in R”, n > 2.

THEOREM 2. Let P be a property (that is a family of K-quasiregular or K-quasi-
meromorphic mappings) such that

) If{f,D}) € Pand D' C D then {f, D'} € P.

(i) If {f, D} € P and ¢(x) = aT(x) + b, a € R™, T is an orthogonal mapping
and b € R", then {f » ¢, $"(D)} € P.

(iii) If {f,, D,,} € P where D,c D,Cc--- cD,C..., and D= U,,_ D,
f,n = f uniformly on compact subsets of D, then { f, D} € P.

If {f, R"} € P implies that f is a constant mapping, then for every domain D C R"
the family of mappings & = {f: {f, D} € P} is normal on D.
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6. Applications. The ability to use Theorem 2 depends on finding conditions that
will force a quasiregular mapping in R” to be a constant mapping. The following
theorem of Rickman’s, an n-dimensional version of Picard’s Little Theorem, is one
such condition.

THEOREM 3 (RICKMAN [R]). For every integer n > 2 and each K > 1 there exists a
positive integer | = I(n, K) such that if f: R" > R"\ {a,, a,, . . ., )} is K-quasiregu-
lar and a,, . . . , a; are distinct points in R", then f is a constant mapping.

We also need the following lemma, which is an n-dimensional version of
Hurwitz’s Theorem.

LEMMA 2. Let f,: D —»R"\ {a} be a sequence of K-quasiregular mappings that
converge uniformly on every compact subset of D to a K-quasiregular mapping f. Then
f is either a constant mapping or n(a, f, D) =0 (n(a, f, D) is the multiplicity
Sfunction).

PROOF. Suppose that f is not constant and that there exists a point x, € D such
that f(x,) = a. Let r be a positive number such that U = U(xy, f, r), the x,
component of f~(B"(f(x,), r)) is a normal neighborhood of x,. Such a U exists by
[MRV1, 2.10]. If we choose r sufficiently small, then for m sufficiently large, the
mappings f, are defined on U(x,, f, r) and converge uniformly to f. Denote
dU(xq, f,r) by R, then R is a compact set and as lim,, . f, = f, f.(R)—
S"~1(f(xo), r) uniformly. Let U,, be the component of R"\ f,(R) that contains
Jf(xp), then u(y, f,,, U) (the topological index) is constant for every y € U,,, but this
is possible only if u(y, f,,, U) = 0 as n(f(xy), f,., D) = 0. But £, (R) converging to
S"~1(f(xo), r), and f,(x,) converging to f(x,) implies that for sufficiently large m,
w(ys fys U) > 0fory € U,. This is a contradiction to u(y, f,,, U) = 0. Thus if fis
not constant then n(a, f, D) = 0.

THEOREM 4. Let & be a family of K-quasimeromorphic mappings in a domain D,
D CR" n>2. Let |l =I(n, K) be the number guaranteed in Theorem 3. If there
exists a set of different points in R*, A = {ay, ..., a,} such that (D) N A = O for
all f € F, then F is a normal family.

PrOOF. Let P be the property “either f is constant or f omits the points
a,, ...,a,,” It is obvious that conditions (i) and (ii) of Theorem 2 are satisfied.
In order that (iii) be satisfied, we can assume that one of the omitted points is co
(otherwise let & be a Mobius transformation that maps one point to co and we
consider the family {h o f} where f € %). (iij) will follow immediately from
Lemma 2. Theorem 3 guarantees that if { f, R"} € P then f is a constant mapping.
Thus we obtain that ¥ is a normal family.

ReMARKS. (i) For families of K-quasiregular mappings the point oo is always
omitted so we need only to require that /(n, K) points are omitted in Theorem 4.

(ii) Theorem 4 for analytic functions is known as Montel’s Theorem.
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THEOREM 5. Let & be a family of K-quasimeromorphic mappings in a domain D,
D CR" n>2 Let ]l = l(n, K) be the number in Theorem 3. Suppose there exists a
positive number ¢, such that

(1) each f € & omits | + 1 points a\(f), . . ., a,,,(f),

@ g(a(f), a(f)) >e>0wheni+j,1<i,j<l+1
Then % is a normal family.

ProoF. The proof will be based again on Theorem 2.
Let P be the property: “f omits / + 1 distinct points a,(f), . . . , a;;,(f) such that

a(a(f). a(f)) >e>0, i#j, 1<i,j<Ii+],

or f is a constant.” The rest of the proof follows verbatim the proof of the Extended
Montel Theorem in [Z].

We now present an n-dimensional version for Picard’s Big Theorem. The proof is
similar to the one in [SZ, pp. 351-352). Another n-dimensional version for this
theorem can be found in [R]; one can obtain Theorem 6 by the same methods that
are in [R].

THEOREM 6. Let f: B" \ {0} — R" be a K-quasiregular mapping and x = 0 be an
essential singularity for f. Let | = l(n, K) be the number in Theorem 3. Then for all
but at most | — 1 exceptional values of y in R”, f takes any y infinitely often in
B"\ {0}.

PROOF. Let us assume that there exists / distinct points a,, . . . , @, € R" which f
assumes only finitely often in B” \ {0}. Let G be the spherical ring B” \ B"(1/2),
and consider in G the sequence f(x) = f(1/ 27 Nx). The mappings f, map
G onto the same domain that the mapping f maps the spherical ring
B"(1/2~Y\ B™(1/2).

For j sufficiently large each f; maps G to R"\ {a,, ..., a;} as n(a, f, B" \ {0})
< oo for 1 < k < /. By Theorem 4 the family { £} is a normal family in G, thus we
can find a subsequence that on any sphere S"!(r), 3 < r < 1, which is a compact
subset of G, is either bounded or tends uniformly to oo, but by [MRV2, 4.2] that
means that x = 0 is not an essential singularity, which is a contradiction.

Similarly one can get also an n-dimensional version of Julia’s Theorem that can
be formulated as follows.

THEOREM 7. Let f: B" \ {0} — R" be a K-quasiregular mapping with an essential
singularity at x = 0, and let | = l(n, K) be the number in Theorem 3. Then there
exists a point x, in D such that for each ¢ > 0, n(y, f, R) = oo with at most | — 1
exceptions for y, where

af 1 €
R=UR m=p{gn )

Using Theorem 2 one can get also some known sufficient conditions for
normality for families of K-quasimeromorphic local homeomorphisms, quasicon-
formal, and conformal mappings. We shall point out some of them. We need the
following lemma.
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Lemma 3. Let f,,: D,,—>R" be a sequence of K-quasiregular mappings that are
local homeomorphisms and D, c D,C --- c D, Cc....If D= U, _ D, f,—>f

uniformly on compact subsets of D, then f is a K-quasiregular mapping that is a local
homeomorphism or f is a constant.

Proor. If D,, = B" for every m then it follows from [Sa, Lemma 4.2]. For any
sequence of domain, take x, € D, then for m > my, x, € D,,. By [MRV3, 2.7] we
can conclude that there exists a positive number r = r(n, K) such that any f,, (may
be except a finite number) is K-quasiconformal in the ball B"(x,, - d) where
d = dist{x,, 9D} /2. As the limit of a sequence of K-quasiconformal mappings that
converges uniformly on compact subsets is K-quasiconformal or a constant, we can
conclude that the limit function is K-quasiconformal or a constant in B"(x, 7 - d).
As x, was an arbitrary point it follows that f is either a constant mapping or a
K-quasiregular mapping that is a local homeomorphism.

THEOREM 8 [MRV3, 2.9]. Let D be a domain in R", n > 3, K > 1,and ¢ > 0. If
% = {f} is a family of K-quasimeromorphic local homeomorphisms f: D —R” such
that every f € F omits two points a;, b, € R" with q(ay, b) > ¢ >0, then Fisa
normal family.

PrOOF. We can assume that one of the points a; or b, is co; otherwise, we can
compose each mapping with a Mobius transformation that will correspond to a
rotation of the Riemann sphere and that takes one of the points to co. Then we can
talk about the new family.

Let P be the property: “f is a K-quasimeromorphic local homeomorphism that
omits two points @;, oo such that g(a;, ©) > & > 0 or f is a constant.” Conditions
(i) and (ii) of Theorem 2 are clearly satisfied; condition (iii) is fulfilled by Lemma
3. By [Zo] any K-quasiregular local homeomorphism of R” is a global homeomor-
phism. But if f is K-quasiconformal then as of topological reasons it follows that if
{f, R*} € P then fis a constant mapping. Thus f is a normal family of Theorem 2.

As a corollary we can get [MRV3, 2.10], that is the same conditions as in
Theorem 8 but the omitted points are fixed. We can also obtain [V2, 19.2] that have
the normality condition for a family of K-quasiconformal mappings. As corollaries
to the last condition we can get [V2, 19.3-19.5].

ReMARK. The following theorems are classical for conformal mappings and can
be obtained by the result of [Z].

THEOREM 9. Let § = { f} be a family of conformal mappings f: D —-C\ {a, b},
D c C. Then ¥ is a normal family.

THEOREM 10. Let & = { f} be a family of conformal mappings f. D — C\ {a, b},
D c Cand q(a;, by) > ¢ > 0,Vf € F, then F is a normal family.
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