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STRICT LOCAL RINGS
J. HERZOG

ABSTRACT. In this paper we introduce the notion of a strict local ring. A local
Cohen-Macaulay ring (B, m) is called strict if, whenever a local ring (4, n)
specializes by a regular sequence to B, then the associated graded ring gr,(4) is
Cohen-Macaulay. We show that an artinian graded algebra B is strict if for the
graded cotangent module we have T'(B/k, B), = 0 for » < —1. Various examples
are considered where this condition holds. In particular, with this method we
reprove a result of J. Sally [6].

The purpose of this paper is to extend results of J. Sally who showed that for a
certain class of local Cohen-Macaulay rings (B, m) the graded ring gr,(B) is again
Cohen-Macaulay. A typical result of this type proved by J. Sally is the following
[6]: Let (B, m) be a d-dimensional local Cohen-Macaulay ring with multiplicity e
and embedding dimension e — 4 + 1. Then gr,(R) is Cohen-Macaulay. For the
proof of the theorem one may assume that B/m is infinite. Then there exist
elements x,,...,x;,; € m such that m> =0 for the maximal ideal m of B =
B/(x,,...,xz). Thus all local rings with fixed embedding dimension equal to
e — d + 1 specalize to the same artinian local ring. Conversely all local rings
(B, m) specializing to (B, m) with m? = 0 have embedding dimension e + d — 1
and hence have the property that gr,,(B) is Cohen-Macaulay.

It is thus natural to make the following definition: A local Cohen-Macaulay ring
B is said to be strict if it has the following property: Given a local ring (4, n) and a
regular 4-sequence x such that B ~ 4 /(x)A, then gr,(4) is Cohen-Macaulay.

Although we have formulated this definition in great generality we will restrict
ourselves to studying only the most important case of strict artinian local rings. The
nonartinian case is treated very similarly.

For technical reasons we consider only analytic k-algebras k[|X, ... X,|]//,
where k is an infinite field. This is for the questions under consideration not very
restrictive, since one may always assume that the local ring is complete and has
infinite residue class field.

In [3, Theorem 2] we considered already certain classes of strict artinian
algebras. There we showed that B = k[|X, ... X,|l/1 is strict, if I is generated by
forms of degree 2 and no surjection 7/1? — B exists. An artinian local ring (B, m)
with m? = 0 is of this type.

In the theorem we are going to prove here, again the homomorphisms /71> — B
play an essential role. This is not astonishing since the definition of strict includes
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properties of algebras specializing to B. Such algebras however are nonobstructed
deformations of B. The tangent space of the deformation functor of B is given by
T*(B/k, B), which is (I/I** = Homg(I/I? B) modulo homomorphisms, in-
duced by derivations.

To be more precise, the partial derivatives give rise to homomorphisms

3:1/I1* > B,  fmod I* - (3f/3X;) mod I.
Letting U be the submodule of (I/I%)* generated by the 9, the T'(B/k, B) =
(I/1%*/ U. For more details see [4, 8].

Observe that if I is a homogeneous ideal, then (I/I?)* has a natural grading:
¢ € (I/1%* is called homogeneous if, for all homogeneous elements x € /12,
¢(x) is again homogeneous and deg ¢(x) — deg x is independent of x. In that case
one defines deg ¢ = deg ¢(x) — deg x.

In particular we have deg 9, = —1 for i = 1, . . ., n. Therefore also T'(B/k, B)
has a natural grading if B is a graded algebra. If M is any graded B-module, then
M, denotes its »th homogeneous part and H,,(z) = 2,c, dim, M,z" the Hilbert
function of M.

Note that (I/1%)* = T(B/k, B), forv < -1.

We are now able to state the main result of the paper.

THEOREM 1. Let B be a graded artinian algebra such that T'(B/k, B), = 0 for
v < —1. Then B is strict.

For the proof we will use a result of [3]. In our special case it can be described as
follows: Let B = k[|X, ... X,|]/I be a graded artinian algebra with I =
(fi» - - - » f) and all f; homogeneous. Suppose A specializes to B, i.e. B~ A /()4

wheret = ¢, ..., 1, is a regular A-sequence. Then A4 can be written as
A=k[|X,. ... X, Ty, ..., T,|]/J

where #, = T, mod J for i = 1, ..., m. The sequence ¢ is called super-regular if the

sequence * = ¢}, ..., t¥ of initial forms is again regular. In that case one has of

course that gr,(4) is Cohen-Macaulay and gr,(4)/(¢*)gr,(4) = gr,.(B).

THEOREM 2 [2, Theorem 1]. ¢ is super-regular if and only if there exists F; € J such
that, fori=1,...,k, f, = F, mod(T,, ..., T,) and deg f, = deg F,.

PROOF OF THEOREM 1. Let B = k[|X,, ..., X, ||/Iwith I = (f,, ..., f,) and all f
homogeneous. Suppose A specializes to B. As in the discussions above we write
A~K|X,...X,, Ty,...,T,|)/J with J = (F,,..., F,) and we suppose that
t=1t,...,1,is aregular sequence with B ~ A4 /(#)A4, where ¢, = T, mod 1.

We have

E:Zfi(v)Tr’ ﬂr)ek['Xl,...,X,,l]

and f@ = f fori = 1, ..., k. Here » denotes a multi-index.

Let F,=3, j-,.‘”)T' (1 <i < k), where g is the I-residue of an element g €
K[|X,, ..., X,|]. We are going to show that deg F, > deg f, fori = 1, ..., k. Then,
of course, we can modify the F, such that deg F, =degf, for i=1,...,k.

Applying Theorem 2 we see that B is strict.
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We will use the following notation: If F € k[|X,,..., X,, T}, ..., T,|] with
F=73, fOT", f® € K[|X,, ..., X,|], then forg > 0

FO=3 o7
[vI<q
denotes the truncated series, where || < ¢ means that 37_,» <gq for » =

()}
Assume now that deg F; < deg f; for some i = 1, ..., k. After renumbering we
may even assume that for some p > 0 we have

(*) deg T,(p) >degf fori=1,...,k anddeg Tl(p“) < deg f;.
Since k is infinite we may choose an automorphism

QK[|Xy .. X Ty oo, Tl ] > k[IXy oo X Ty o, Tl

which is the identity on k[|X,, . . ., X,|] and such that for ®(F**V) = =, g"T” we
have deg g#7*1%----OTP+! < deg f. We could take for instance the automorphism
® defined by &(T,) = a7}, (T) = o,T; + T; (1 <i < m) with o, € k\ {0}
suitably chosen.

After the application of such an automorphism ® and after reduction modulo
the new variables ©(T)), . . . , ®(7,), we may assume that we are dealing only with
one variable T. Hence 4 = k[|X,,..., X, T|}/(F}, ..., F), t=Tmod I is a
regular element of 4 and B = A /tA4, the assumptions on the F; being as before in
(.

Next we may modify the F, such that all the homogeneous components of the £
belonging to I are zero for » # 0.

We then obtain

(»+) deg FP =degf, fori=1,...,k and deg Ff*V < degf,.

Since ¢ is a regular element of 4, the homomorphisms
¢, k[T]/T?—> A/14, T mod T7 — ¢ mod ¢?

are flat for all g. It is clear that ¢,: k —> A/t4 = B is just the structure map of B
and that ¢, ® k[T]/T? = ¢, for all q.

Consequently each relation (r,) = (ry,...,7r,) of (f,...,f,) admits a lifting
(R@) of order q. This means that there exist polynomials

RP = r® 4 yOT 4+ ... 4+ /9T

with r® € K[|X,, . . ., X, |}, 7@ = r, and 2"_, ROF® = 0 mod T9*".

Moreover each lifting (R@) of order g can be lifted further to (R“*"), where
&“”" = R@ + r,.(""")T("“), ,.i(q+l) € K|X,, ..., X,|]] and zlic_] R,.(""")F,.(q”) =
0 mod T9*2.

These are easy facts on flat modules and can be found for instance in [1, §3].
Now let (r;) be a homogeneous relation of (f;, . . ., f,). Then deg r; + deg f; does
not depend on i. We put d = deg r; + deg f.

We claim that for p as in (++) we can find a lifting (R?) of (r;) of order p such
that deg R = deg r, for i = 1, . .., k. In fact, let (R?’) be any lifting of (r,) of
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order p. We proceed by induction and may assume that we have already
deg R~V =degr,

Since the coefficient of T” in 37_, R®PF{” must be zero, we obtain an equation

k (p—1 k
> ( 2 F?”f,"‘"’) + 3 FOf = 0.

i=1\»=0 i=1

Denoting by (F), the /th homogeneous component of a series we find that

k
(Er'f’)j:) =0 for/<d-p.
1

i=1
We put r? =3, .., ,(F?), and R® = R®~V + r(PT? Then (RP) is the
relation we wanted. Next let (R(P* 1) be a lifting of (R?’), where deg RP = deg r,
and RP*Y = R + ;PP forj=1,...,k.

Again we have

k 14 k k
S (& amper2)+ S opege S oo -0

i=1\p=1 i=] i=1

We also have

kK [ P
deg > ( 2 rﬁ"f."’“‘”’) >d—(p+1)
i=1\r=1
and by assumption (+*) deg f{P*V < degf, —(p + 1). Let A =degr, +
deg f{P*D. ThenA <d — (p + 1)and

k k

(£ 0+ S ) o
i=1 i=1 A

Letting A, =\ —degr, and g = (f**"),, then g, # 0 and hence g, & I but

Sk _, r.g € I. The X, do not depend on the particular chosen relation (r;). Thus

¢:1/I* > B, fmodI?>H g modI

is a homomorphism % 0 with deg¢ = degg, — degf, < —(p + 1) < -1. This
contradicts our assumption that T'(B/k, B), = 0 for» < -1.

The referee of this paper indicated to the author a proof of this theorem in which
he does not use any reduction to the case of one variable 7. The advantage of his
proof is that no assumptions on k are necessary.

The following result, which provides a large class of strict algebras, was obtained
by the author together with D. Eisenbud.

PROPOSITION 1. Let B = k[|X,, ..., X,|l/(fis - - . , fi) be an artinian algebra with
deg f,=dfori=1,...,k, where n,d > 2. If the module of relations is generated
by homogeneous relations (r,) with degr, = 1 fori =1, ..., k, then T'(B/k, B), =
0 forv < -1.

ProoF. We put P = k[|X,,..., X,|}. I=(f},...,f;) admits a homogeneous
presentation P!(~-d — 1) - P*(-d) — I — 0. Here M(d) denotes as usual the shift
of the graded module M by d, i.e. M(d), = M, ,. Dualizing with respect to P and
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with respect to B = P/I we obtain for all integers » a commutative diagram:

0 SN Hom(/, P), - Pf,, - ) 3
Olol "‘ll “ﬂ
0 - Hom(l, B), - B;+r - B¢}+ 1+»

It follows that a;, a, are isomorphisms for » < —1, hence also ay.
Thus for v < -1 we get

Homg(1/1?, B), = Homy(I, B), = Hom,(, P), = Hom,(I, I), = 0.

Here we also used that grade 7 > 2.
We give two examples:

(@) Let B =k[|X,,..., X,|]l/(Xy, ..., X,)" with n > 2. It is well known and
easy to check that (X,, ..., X,)? is generated by the minors of the d X (d + n)-
matrix

X, X, , X,, 0, 0
0, X, o X,
0, 0, X, X

and that the generating relations of these minors are just the rows of this matrix.
Hence by Proposition 1 and Theorem 1, B is strict.

(b) Let B=k[|X,,...,X,[1/(fis-.->f) wWith n > 3 and degf, =d > 1 for
i=1,...,k. Assume further that B is an artinian Gorenstein ring, that ¢ gener-
ates the socle of B and that deg o = 2d — 2. In [7] P. Schenzel calls Gorenstein
rings of this type extremal. In fact they are extremal in the sense that in general one
only has the inequality dego > 2d — 2. P. Schenzel points out that extremal
Gorenstein rings with given d occur as rings associated to certain polytops. For
details see also [9]. P. Schenzel also proves a structure theorem (Theorem B) on the
resolution of extremal Gorenstein rings. For the convenience of the reader we
prove here what we need. Let

O-F,»>F,_,>»--->F->F->0

be a minimal homogeneous P-resolution of B, P = k[|X|, . . ., X,|] as before. Since
B is a Gorenstein ring the resolution is symmetric and in particular F, = P(-d,) is
a free module of rank 1. Say F, = EBJ‘F"_l P[-d]; then d;; =d forj=1,..., B
and again by symmetry d,_, ; =d, —dforj=1,...,8,

Since the resolution is minimal we have the inequalities d; > d + i — 1 for
2 <i<n-— 1 It follows that d, > 2d + (n — 2). Calculating Hilbert functions it
is easy to see that deg 0 = d, — n; hence deg o > 2d — 2. Equality holds if and
onlyifd; =d+i—1for2 <0 <n— 1 In particular the module of relations of
I is generated by linear relations.

The two above examples turn out to be special cases of a theorem due to D.
Eisenbud and A. Iarrobino, which was communicated to the author by D. Eisen-
bud.
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PROPOSITION 2. Let A = k[|X,, . . ., X,|), H the Hilbert function of A, B = A/1I,
I generated by forms of degree > d. Suppose that the socle of A has p; generators of
degree i for each i, and that X, wH(i — d) < H(d). Then equality holds, all the
generators of I are of degree d + 1 and the resolution is linear (except in the first and
last term).

We now reformulate slightly the condition T'(B/k, B), = 0 for » < —1 in terms
of the canonical module K of B. Again we assume that B = k[|X,, ..., X,|]/1 is
an artinian graded algebra. Let 6 € K generate the 1-dimensional socle of K. Ky
is in a natural way a graded B-module with deg 6 = 0 and the canonical isomor-
phism

Hom(1/1% B) ~Homy(I ®, Ky, Kj)
is an isomorphism of graded B-modules. Hence for the Hilbert functions we have
the equality H;/;2i(2) = Hygx,(z7). It follows

PROPOSITION 3. T'(B/k, B), = 0 for v < -1 if and only if
(I®Kg),=0 forv>1

COROLLARY 1. let B be a Gorenstein ring. Then T'(B/k, B), = 0 for v < -1 if
and only if I* C (X, - .., X,)°*2, where c is the degree of the socle of B.

PROOF. In the Gorenstein case K = B(c). Thus T'(B/k, B), = 0 for » < -1 if
and only if (I/I1?),,, = 0 for » > 1. This is equivalent to saying that I, = I2
for v > 1. Since I, , = (mp),.,, for » > 1, the assertion follows.

COROLLARY 2. Let B be an extremal Gorenstein ring (as in Example (b)); then
I*=(X,...,X,)%
Where g is the degree of the forms generating 1I.

PROOF. Obviously I2 C (X}, ..., X,)%. Since 2g = ¢ + 2, the other inclusion
follows from Corollary 1.

In order to state the following result we have to recall the notion of linkage
studied by C. Peskine and L. Szpiro in [5]. The technique of linkage is a powerful
tool to produce examples for whatever. Here we discuss only a special case of
linkage.

Let B, = k[|X,, ..., X,|l/1, i = 1, 2 be two artinian graded algebras. B, is said
to be linked to B, with respect to a regular sequence f = f}, ..., f, of forms if
S € I,n I, and I, = (f): I,. In this case one also has I, = (f): I,. Thus linkage is
a symmetric relation.

PROPOSITION 4. Let B, = k[|X,, ..., X,|l/I, and B, = k[|X,, ..., X,|l/1, be
linked with respect to a regular sequence f of forms of degree d. Then the following
holds:

@

dimk Tl(Bl/k, B]),. - dimk TI(Bz/k’ Bz)r
= dimk(Bl)n(d—l)—d—v - dimk(B2)n(d-l)-d—v Jorv < -L
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®) dim, T'(8,/ k. By), = dikal(Bz/ka By, for v < -1, if and only if dim(B)),
© If (B), = Oforv >(n—1Dd—-—n + 2and(B,) = k[|X,,. X)), forv <d
— 2, then
dim, T'(B,/k, By), = dim, T'(B,/k, B,),
Jor v < -1.

Of course one could also consider the case where not all the f; in the linkage have
the same degree. The proof for this more general case is the same, but obviously
the resulting formulas will be even more technical.

Before proving the proposition we consider an explicit example. Let I, =
(X),...,X,)and f= X2 ..., X2 Then B, = k and d = 2. Trivially the condi-
tions (c) are satisfied. Furthermore it is easy to see that (f): I, = (X2, ..., X7,
X,: ... X,). Thus B, = k[|X,, ..., X,|l/(X% ..., X% X, ... X,) is strict,
since B, = k is strict. The example shows that for a strict algebra not necessarily all
generators of the defining ideal must be of the same degree.

PROOF OF PROPOSITION 4. The proof uses essentially an idea due to R. O.
Buchweitz communicated to the author (see [2]). We write B, = P/I,, B, = P/I,
and B = P/(f). Since Kp(-n(d - 1)) =1, /(f) we obtain the following exact
sequence of graded P-modules:

0— Ky (-n(d — 1)) > B— B, —0.

Tensorizing this sequence with B, over P we obtain the long exact sequence
— Tory(B,B) — Tory(B),B) — Tor,(Ks(-n(d— 1), By
> Tor(B, By — Tor(B, B, —
Exchanging the role of B, and B, we obtain a similar exact sequence
Tory(B, B;) Ez) Tory(B,, B)) — Tory(Kg(-n(d — 1)), B,)
— Tor(B, B)) ﬂ Tor((B,, B)) —
The crucial point is now that Ima; = Im B, fori = 1, 2, .. . . In fact, consider the

following commutative diagram:
B

/ Tor/(B, B,) - Tory(B,, B,)
o
Tor(B, B) L

I Tor/(B, B,) K Tor/(B,, B,)

i

Using the Koszul complex to compute Tor,(B, B), Tor,(B, B,) and Tor,(B, B,) one
sees immediately that o, and r; are surjective. Hence the conclusion.
The above sequences now yield

= dlmk TOl'l(KBI(—n(d - l)), Bl), - dimk TOI'I(B, Bl)p’
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Observing that
Tor,(Kz(-n(d — 1)), B)) = I; ® Kz(-n(d — 1)),
Tor,(B, B,) ~ B(-d) and H,p(z) = Hiex,(27),

the assertion (a) follows easily.

(b) follows from (a) taking into account that the Hilbert function of B, can be
derived from the Hilbert function of B,. In fact, from the exact sequence 0 —
Kg(-n(d — 1)) >B— B, > 0 we obtain

Hp(z) + 27" DHy, (2) = Hp(2).

On the other hand H sz(z) =H, Bz(z"). Finally (c) is a simple consequence of (b).

It would be interesting to describe all graded artinian algebras B for which
T'(B/k, B), = 0 for » < —1. If for instance edim B = 2, then it is easy to see that
T'(B/k, B), = 0 for » < -1 if and only if all defining relations are of the same
degree and B is not a complete intersection.

It seems to be even more complicated to describe all strict algebras. Theorem 1
gives only a sufficient condition for an algebra to be strict. The easiest example is
k[e] = k[X]/(X?). It is obviously strict; however T'(k[e]/k, k{e])_, # O.
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