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RESTRICTIONS OF MODULES TO LOCAL SUBGROUPS

DAVID W. BURRY1 AND JON F. CARLSON2

Abstract. The main theorem of this paper is a strengthening of the uniqueness

statement in the Green correspondence for modules over certain group rings of

finite groups. One consequence of this result is an extension of the work of J. L.

Alperin and the first author on a module-theoretic approach to block theory.

Specifically, the stronger Green correspondence is used to complete the proof of

Brauer's First Main Theorem.

1. Introduction. Let/» be a prime and let P be a/»-subgroup of a finite group G.

Suppose that H is a subgroup of G with NG(P) E H. Under the usual Green

correspondence, each indecomposable Tf-module U, with vertex P, is related to a

unique indecomposable G-module V which has the property that U is a component

of VH (the restriction of V to an H-module) and which also has vertex P. The main

result of this paper is that the condition that V have vertex P is unnecessary. That

is, if an indecomposable component U of VH has vertex P, then V must also have

vertex P, and U and V must be Green correspondents. This theorem when

combined with the results in [1] yields a module-oriented proof of Brauer's First

Main Theorem of Blocks.

The proof of the main theorem (Theorem 5) has two major steps. The first is to

establish, in §2, an onto condition for certain trace maps. This was proved in a

more general context by Green [4], but we include a proof for the sake of

completeness. The second step uses well-known facts about the structure of the

endomorphism rings of indecomposable modules. The procedure is similar to that

which was employed by Scott in [5]. In fact, Theorem 5 can be viewed as a

generalization of Theorem 3(b) of [5]. We would like to thank J. L. Alperin for

directing our attention to Scott's result.

2. Trace functions. Let /» be a prime integer. Let R be a suitable /»-coefficient ring

such as a field of characteristic /» or a finite extension of the /»-adic integers (see

Hypothesis 52.lof [3]). We consider only finite groups in this paper. If G is a group,

then a G-module is a finitely generated Ä-free right ÄG-module. The reader is

referred to [2] or [3] for the definitions of such terms as "vertex", "relatively

projective" and "Green correspondence". A component of a G-module is an

indecomposable direct summand of that module.
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Suppose that H is a subgroup of G and that K is a G-module. Let VH denote the

restriction of V to an Tf-module and let EH(V) = Hom^^F,,, VH). If g G G,

<p G £H( F), then define <pg E EH,( V) to be the homomorphism given by (v)<pg =

(üg_1)<¡p • g for all v E V. Here Hg = g~xHg. The trace function TrHG: EH(V)^>

EG( V) is defined for qp G EH( V) by Trw c(<p) = 2 <pg where the sum is taken over

a complete set of representatives of the right cosets of H in G. The trace function is

independent of the choice of representatives. It is an Ä-module homomorphism,

but it is not a ring homomorphism. However, it is easy to verify that it has the

following property.

Lemma 1. If tp E EH(V) and \p E EG(V), then $ ° TrHG(<p) = Tthg(\(/ ° <p) and

Tth,g(<p) ° ^ = Tth,g(<P " «/O- In particular the set EHG(V) = 1xHG(EH(V)) is a

two-sided ideal in EG( V).

The definition of Trw G is motivated by the criterion of Higman which states that

a G-module V is relatively /7-projective if and only if the identity homomorphism,

IdK, is in EHG(V) (see Lemma 51.2 of [3]). Using Lemma 1 we may prove the

following.

Lemma 2 (Rosenberg's Lemma). Let S be a set of subgroups of G and let V be an

indecomposable G-module. 7/TdK G ^H(ES EHG(V) then Vis relatively H-projective

for some H E S.

Proof. Suppose that there exist elements <pH E EH(V) such that Id^ =

2 h es Tthg(<ph). Since V is indecomposable we know that EG(V) is a local ring

(see Theorem 43.3 of [3]). Hence for some H E S, TrHG((pH) E EHG(V) is

invertible in EG( V).

If H is a subgroup of G and if F is a G-module, then let ResGff: EG(V)-*

EH(V) denote the restriction homomorphism. It is in fact the inclusion EG(V) E

EH( V). This is always an Ä-algebra monomorphism.

Lemma 3 (Mackey Decomposition). Let P and H be subgroups of G. Let V be a

G-module and suppose that X E EP( V). Then

ReSG,//(Tl>,g(À)) = Zi   ^TPlnH,Hy^esP',PT\HQl> ))'
t

where the sum is over a complete set of representatives of the (P, H)-double cosets in

G.

Proof. It is easy to see that if {«,, . . ., hs} is a complete set of representatives of

the right cosets of P' n H in H, then {thx,..., ths) is a complete set of repre-

sentatives of the right cosets of P in PtH. The lemma now follows from the

observation that

s

2 X'   = TrP,nHH(ResplP,nH(X')).
i = i

The following, which is the principal result of this section, is a special case of

Theorem 2(i) of [4]. It is a direct consequence of Lemma 3 and the fact that

*th,g ° *rp,H = Tr^c-
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Theorem 4. Suppose that P is a p-subgroup of G and that H is a subgroup of G

with NG(P) EH. Let S = {P' n H\t g H). For any G-module V let J =

2 Qes eq,g(v)- Then for any y E EP(V)

Resc,>y(Tr/',G(<P)) = Tr^m) modulo J.

If r: EPG( V) -» (EPH( V) + J)/J is the composition of ResG H and the natural

quotient modulo J, then r is an algebra epimorphism.

3. The main theorem. The above theory is now apphed to obtain a new result.

Theorem 5. Let P be a p-subgroup of a group G. Let H be a subgroup of G with

NG(P) E H. If V is an indecomposable G-module and if VH has a component U with

vertex P, then V has vertex P and V is the Green correspondent of U.

Proof. Let J, r be as in Theorem 4. Clearly r extends to a ring homomorphism

r:EG(V)^(EH(V) + J)/J

which is defined in the same fashion. Let e E EH( V) be the primitive idempotent

that is a projection onto U. Now e E EPH( V), but by Lemma 2,e$.J. Theorem 4

implies that there exists u E EPG(V) such that r(u) = e + J. Since V is indecom-

posable we have that EG( V) and EG( F)/ker r are local rings. But since u + ker f is

a nonzero idempotent in EG( V)/ker r, it must be invertible. So u is invertible in

EG( V), and we have that EG( V) E EG( V) • u E EPG( V) since EPG( V) is an ideal.

This implies that IdK G EPG(V) and that F has vertex P.

Another useful form of Theorem 5 is the following. Let F be an indecomposable

G-module. For a G-module X write X = Xx © • • • ®X, where each X¡ is inde-

composable, the multiplicity of F in A' is the number of the components X¡ which

are isomorphic to V.

Theorem 6. Let P be a p-subgroup of G, and let H be a subgroup of G with

NG(P) E H. Let U be an indecomposable H-module with vertex P, and suppose that

V is an indecomposable G-module which is the Green correspondent of U. For any

G-module X, the multiplicity of V in X is the same as the multiplicity of U in XH.

Moreover the number of components with vertex P in any decomposition of X is the

same as the number of components with vertex P in any decomposition of XH.

4. An application to the module-oriented theory of blocks. The article [1] presents

a treatment of block theory that relies solely on the general properties of modules

for group rings. The program is satisfactorily complete except for a proof of

Brauer's First Main Theorem. Fix a /»-subgroup P of G and let H be a subgroup of

G with NG(P) E H. The authors in [1] were only able to establish that the Brauer

correspondence gives a bijection between the set of blocks of G with defect group P

and a subset of the blocks of H with defect group P (see Theorem 3.6(2)). What has

been missing is a general module-theoretic result which shows that G and H have

the same number of blocks with defect group P. Relying on the results and

notation of [1] we can easily establish this missing fact using Theorem 6. The

blocks of G with defect group P are by definition the components of the (G X G)-

module RG which have vertex 8(P). By Theorem 6, RG and (RG)HXH have the

same number of components with vertex 8(P). Now Lemma 3.3 of [1] states that
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there is a decomposition (RG)H><H = RH © M where none of the components in

M have vertex 8(P). Hence relative to this decomposition, any component of

(RG)HxH which has vertex 8(P) must he in KH. Such components are, by

definition, the blocks of H with defect group P.
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