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CHARACTERIZATION OF APPROXIMATELY INNER
AUTOMORPHISMS

MARIE CHODA

ABSTRACT. Let M be a finite factor acting standardly on a Hilbert space H. An
automorphism @ of M is approximately inner on M if and only if there exists a
state ¢ on B(H) such that ¢(JuJO(u)) = 1 for every unitary u in M, where J is the
canonical involution. Specially, # is inner on M if and only if such a state is a
vector state.

1. Introduction. Let M be a finite factor with the canonical trace 7. An automor-
phism @ of M is called approximately inner on M if there is a sequence (u,), of
unitaries in M such that ||§(x) — u,xu}|, converges to O as n tends to infinity, for
every x in M. Let H = L*(M, ) be the Hilbert space of closed operators affiliated
with M whose domain is strongly dense with respect to M due to Dixmier [4] and
Segal [7] and let M act on H standardly. Denote by n the canonical imbedding of
M into H and by J the canonical involution induced by 7: Jyn(x) = n(x*)
(x e M).

In [1, Theorem 1], we showed that, if an automorphism 4 of M is approximately
inner on M, then there exists a state ¢ on B(H) such that ¢(Ju/d(u)) = 1 for every
unitary » in M. The referee of the paper [1] and Professor Sakai proposed the
following problem to the author: Is the converse of [1, Theorem 1] true?

In this paper, we shall give an affirmative answer to the problem in Theorem 2,
and an analogous characterization to Theorem 1 of inner automorphisms on finite
factors in Theorem 3.

The author would like to express her hearty thanks to Professor Sakai and the
referee of the Proceedings for proposing the above problem to her, and to Professor
Araki for indicating the simple proof of Lemma 1 below.

2. Results. Let Tr be the usual trace on B(H), where B(H) is the set of all
bounded linear operators on H. We shall denote by ||x||ys and ||x||;, the Hilbert-
Schmidt and trace norm of x in B(H): ||x||gs = Tr(x*x)/2, || x|lr, = Tr(|x]|).

We need the following Lemma 1 in order to prove Theorem 2. The following
simple proof of Lemma 1 is due to Professor Araki.

LEMMA 1. Let b be a positive Hilbert-Schmidt class operator on H and u a unitary
operator on H. Then

2|ub® — By, > I|ub — bllks.
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PrOOF.

lub — b||%is = Tr((ub — b)*(ub — b)) = Tr(b* — bub — bu*b + b?)
= Tr(b(1 — u)b + b(1 — u*)b)
= 2 Tr(Re(b(1 — u)b)) = 2 Tr(b(1 — Re u)b)
< 2|Tr(b(1 — Re u)b) — i Tr(b(Im u)b)|
= 2|Tr(b(1 — u)b)| = 2|Tr(b* — ub?))|
< 2 Tr(|6? — ub?|) = 2||b? — ub?||y,.

THEOREM 2. Let M be a factor of type 11, with the separable predual (acting on
H = L*(M,) standardly for the canonical trace t). An automorphism 8 of M is
approximately inner on M if and only if there exists a state ¢ on B(H) such that
&(JuJO(u)) = 1 for every unitary u in M.

PROOF. Assume that, for an automorphism 8 of M, there exists a state ¢ on B(H)
such that ¢(JuJ@(u)) = 1 for every unmitary u in M. By [2, Theorem 3.1}, It is
sufficient to prove that, for any finite set {«,, . .., u,} of unitaries in M and any
e > 0, there exists a £ in H such that ||£|| = 1 and ||§ — Ju,JO(w)¢|| <e for all
j=1,...,n. Take and fix a finite set {u,, ..., u,} of unitaries in M and & > 0.
For each j (1 < j < n), put v; = Ju;JO(;). Then v; is a unitary in B(H). For each
unitary u in B(H) and a state  on B(H), denote by yu the linear functional such
that Yu(x) = Y(xu) for all x in B(H). For the predual B(H), of B(H), let
(B(H),)" be the Banach space with norm ||(y, ..., ¥l = Zj.,llyll- Then
(B(H))" is the dual of (B(H),)" by the duality

ORISR 21 #(x) (4 € B(H),, x € B(H)).

Let S be the set of all normal states on B(H) and W the set of all (Y — Yv,, ..., ¢
— yv,), for ¢ in S. Since S is weakly dense in the state space of B(H), it follows
that the state ¢ belongs to the weak closure of S. Hence (0,...,0) =
(¢ — ¢vy, . .., & — ¢v,) belongs to the weak closure of W. On the other hand W is
a convex set. Therefore, the norm closure of W contains (0, ..., 0), so that we
have a normal state Y on B(H) such that 37_,|l¥ — Yy <¢€?/2. Let b be the
positive Hilbert-Schmidt class operator on H such that ||b||ys = 1 and that Y(x) =
(xb,b)ys- Then, by Lemma 1, we have that

e€>23 [v— gl =23 (18 — 0%l > X 116 — vblis:
Jj=1 Jj=1 j=1
Let b =3/ % A\& ® & be the form due to Schatten [6], then (), is the set of

eigenvalues of b and (§); is an orthonormal basis for H.
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Assume that there exists a k (1 < k < n) such that ||, — v, & > & for all i. Then
we have that

2> 3 Ib— gl = 3 Tr((b — 50)*(6 — 5b))

- ;(2 PRI — o)

> 3 (SPIE - ofl?) + SN >
ek \ i i
by the property that 3;|A|* = ||b||%s = 1. This is a contradiction. Hence we have a
unit vector § in H such that ||§ — JuJO(w)é|| <e for allj ( =1, ..., n). There-
fore, 8 is approximately inner on M.

Conversely, if 8 is approximately inner on M, by [1, Theorem 1], there exists a
state ¢ on B(H) with the desired property.

We shall call such a state ¢ as in Theorem 2 a state associated with 6. Next, we
shall show that the inner automorphisms of a finite factor M are precisely those
automorphisms, whose associated states are normal on B(H). The following
theorem is basically known in [3]. But we shall give a proof for completeness.

THEOREM 3. An automorphism 8 of a finite factor M (acting standardly on the
Hilbert space H = LX(M, 7)) is inner if and only if there exists a unit vector ¢ in H
such that (JuJO(u)¢, §) = 1 for all unitary u in M.

PROOF. Let 8 be an inner automorphism of M and v a unitary in M inducing 6.
Put £ = n(v), then we have that (JuJ@(u)n(v), n(v)) = ((@(W)ovu*), 9(v)) = T(v*v)
= 1, for all unitaries v in M.

Conversely, let £ be a vector in H such that ||§]| = 1 and (Jw8(uw)§, £§) = 1 for all
unitaries ¥ in M. Then we have that || Ju/O(u)¢ — &|* = 2||§> — (JwO(u)t, §) —
(¢ JuJO(u)t) = 0, so that JuJB(u)¢ = £ for all unitaries u in M. Let £ = w|§| be the
polar decomposition of the closed operator £, then w is a partial isometry in M and
|| is a nonzero positive operator which is affiliated with M. Denote by e, the
characteristic function of the real interval (¢, + 00). Then there exists a positive real
number r such that ¢,(|§|) # 0. Therefore, we have a nonzero operator x = we,(|£])
in M such that 8(u)x = xu for all unitaries u in M, so that 8(x)a = ax for all x in
M. Since M is factor, it follows that @ is inner on M.

The automorphism o on the tensor product M ® M of a von Neumann algebra
M is called the symmetry of M if it satisfies o(x ® y) = y ® x for all x, y in M. In
[S], Sakai proved that, if the symmetry of M is inner on M ® M, then M is type L.
As an application of Theorem 3, we shall give another proof of this result for a
finite factor M. Assume that the symmetry o of M is inner on M ® M. Then by
Theorem 3, we have a vector state ¢ on B(H) ® B(H) such that

(I ®JT)o(J ® J)o(v)) = 1
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for all unitaries v in M ® M. Put Yy(x) = ¢(x ® 1) for all x in B(H). Then, by the
proof of [1, Corollary 3], ¢ satisfies that Y(xa) = {(ax) for all x in B(H) and a in
M. On the other hand, ¢(v'a(J ® J)v'(J ® J)) = 1 for all unitaries v’ in M’ & M’
because J is a selfadjoint unitary and JMJ = M’. Hence for every unitary ¥’ in M’,
o(u @ Ju'J) = ¢((v' ® 1)o(Ju'J ® 1)) = 1. Using Schwarz’s inequality, we have
that (v’ ® Ju'J)z) = ¢p(z(u’ @ Ju'J)) for all unitaries ¥’ in M’ and z in B(H) ®
B(H). Therefore, we have that
Y(u'x) =p(u'x ®1) =¢((w' N JuJ)x ® Ju'*J))
= ¢((x ® Ju*J)u ® Ju'J)) = Y(xu)

for all unitaries ¥’ in M’ and x in B(H), so that Y(a’x) = Y(xa’) for all @’ in M’
and x in B(H). Since ¢ is a vector state, it follows that ¢ is o-weakly continuous on
B(H). So ¢ is a finite trace on B(H), because B(H) is generated by M and M'.
Hence H is finite-dimensional, and so M is a finite factor of type I.
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