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TOTALLY REAL MINIMAL IMMERSIONS
OF n-DIMENSIONAL REAL SPACE FORMS
INTO n-DIMENSIONAL COMPLEX SPACE FORMS

NORIO EJIRI

ABSTRACT. n-dimensional totally real minimal submanifolds of constant sectional
curvature in n-dimensional complex space forms are totally geodesic or flat.

1. Introduction. B. Y. Chen and K. Ogiue [1] showed that an n-dimensional,
totally real, minimal submanifold of constant curvature ¢ in an n-dimensional
complex space form is totally geodesic or ¢ < 0. On the other hand, [2, Theorem 7]
implies that a complete totally real minimal surface of constant sectional curvature
in a 2-dimensional complex space form is totally geodesic or flat. We shall prove a
generalization of these results.

THEOREM. Let M be an n-dimensional, totally real, minimal submanifold of
constant sectional curvature c, immersed in an n-dimensional complex space form.
Then M is totally geodesic or flat (¢ = 0).

2. Preliminary. We denote by M"(4¢) an n-dimensional complex space form of
constant holomorphic sectional curvature 4¢ with complex structure J and metric
g. Let M be an n-dimensional Riemannian manifold of constant sectional curva-
ture ¢ isometrically immersed in M"(4¢) as a totally real submanifold. We denote
by o the second fundamental form of the immersion

o(X,Y) =V, Y — V,Y,
where V (resp. V) is the covariant differentiation with respect to g (resp. the metric
g of M).

We put T = —Jo. Then T is a symmetric tensor field of type (1, 2) on M and it
satisfies

(2.1) 8(T(X, Y), Z) = g(T(X, Z), Y).

Moreover, the equations of Gauss, Ricci and Codazzi are given respectively by [1],

(¢ —o){s(X, Z)g(Y, W) — g(X, W)g(Y, Z)} + g(T(X, Z), T(Y, W))
-g(T(X, W), T(Y, Z)) = 0 (the equations of Gauss and Ricci),

(2.3) (Ve T)Y,Z) — (V4T)X, Z) = 0 (the equation of Codazzi).
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3. A lemma. In this section, we prove the following.

LEMMA. Let T be a symmetric 3-linear map of R" X R" X R" into R such that

n

A{g(X’ Z)g(Y’ W) - g(X’ W)g(Y, Z)} + 2 T(X’ Z’fm)T(Y’ W»fm)

3.1 m=1
n
- > TX,W,f)T(Y,Z,f,) =0 and A >0,
m=1
n
(32) 2 T(X, f f) =0,
m=1
where g is the Euclidean metric of R" and f,, . . . , f, is an orthonormal basis. If we
choose an orthonormal basis e, . . . , e,, such that each e; is a maximum point of the
cubic function T(X, X, X), restricted to {X € R": | X|| = 1, and X is orthogonal to
ey, ..., ¢e_,)}, then T has the following expression:
A A
T s €ao = - —+ -+ ’
(e e ) =1 =N\ G =25 (n—a+1)...n
A A

T“’a’ef-"ff-)“\/u-—‘m*“' CETT R

where 1 < a <nanda <i,j, <nunlessi,=j, =a.

PrOOF. If 4 = 0, the assumption (3.1) and (3.2) imply T = 0. Hence we may
consider the case A > 0. We shall prove this lemma by induction on the dimension
of R”. It is easy to prove that T(e,, e,, X) = O for all X orthogonal to e,. Since
T(e,, X, Y) is symmetric with respect to X and Y, we can choose an orthonormal
basis fi(= e,), fy, - - - , f, which satisfies T(f,, £, f}) = A;§;. Using (3.1) and (3.2), we
obtain

(3.3) A >0,
(34) M+ oA =0,
(3.5) A+A\, —(A)V=0 forl<a<n.

If n = 2, the result follows from (3.3), (3.4) and (3.5).
Assume that the lemma is true for < n — 1 and consider the lemma for R”. Let

fis - - - » f, be the orthogonal basis chosen above. From (3.5), we must consider two
cases.

Case . \y=--- =N, (=pand A, ="-- =)\, (=), where p #» and
1<p<n-2

Case2.\y=--- =X\, (= ).

If Case 1 holds, then, without loss of generality, we may assume 2p < n — 1.
From (3.4) and (3.5), it follows that

pi=@n-p4a/(p+1), »P=(p+14/(n-p),
Mp=(n-2p-1)4/(p+1) and Ap=-(n—2p —1)4/(n - p).
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Thus we have n — 2p — 1 > 0 and hence, n > 3,
p=V@-p4a/(p+1), y=-V(p+1)4/(n-p),
M=V (n-p)Aa/(p+1) =V (p+1)4/(n-p).

Therefore we use the following convention on the ranges of indices: a < a’ < p
+ 1 <a” < n. Using (3.1), we have A\, — A,)T(f,, f,» ;) =0, which, together
with A, — A, # 0, implies T(f, f,, f,-) = 0. Let N (resp. N’; N”) be the linear
subspace of R” spanned by f, ..., f, (tesp. f5, . . ., fo415 fo420 - - - » f)- Then we
obtain

T(X,Y,Z") =0, T(fi, X, Y)=V(n—p)A/(p + 1) g(X', Y),

T(fl’ X", Y")= _\/ (P + I)A/ (n—-p) g(x", Y"), T(fl’ X/, Y”) =0,
where X € N, X', Y € N'and X", Y”, Z” € N”, which, together with (3.1) and
(3.2), imply that
A(n+p)/(p+ D{g(X', Z)g(Y', W) — g(X', W)g(Y’, Z")}

p+1 p+1
+ 22 T(X', Z', f) T(Y', W', f) = 22 X', W, f)T(Y', Z', ;) = 0,
p+1
2 TX' fo f) = 0
a"

and
A(n+1)/(n—p){g(X",Z")g(Y", W") — g(X", W")g(Y", Z")}

n
+ 2 T(X”, Z”,f;n)T( Y”, W”,f;n)
a"=p+2

n
_ 2 T(X”, W”,f;n)T(Y”, Z”,f;n) = 0,

a’=p+2

S T S f) =0,

a”"=p+2
where X', Y, Z'’, W € N and X", YY", Z”, W” € N”. Since the dimensions of
N’ and N” are less than n, from the assumption we obtain unit vectors ¢’ € N’ and
e” € N” such that

T(e,e,e)=(p— )VA(n+ 1)/p(p + 1),
T(e",e",e")=(n—p-2)VA(n+ 1)/ (n—p - 1)(n—p) .
Therefore the definition of e, gives
VA(n-p)/(p+1) =VA(p + 1)/ (n - p)
> Max{(p — DVA(n + 1)/p(p + 1) ,
(n—p—-2VA(n+1/(n—p—-1(n—p) },
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which implies V(n—p)/(p+1) > (p — DV(n+1)/p(p +1). We im-
mediately obtain p = 1 or 2. This, together with the inequality, induces a contradic-
tion for n > 3. It is easy to treat Case 2 by the same argument as Case .
Q.E.D.

4. Proof of Theorem. Let T be the second fundamental form of the immersion as
a symmetric bilinear map TM X TM into TM. By (2.1), we may consider T as a
symmetric 3-linear map of TM X TM X TM into R. By (2.2) and the minimality
of M, it satisfies (3.1) and (3.2) for 4 = ¢ — ¢. We may assume that M is not
totally geodesic, i.e., 4 # 0. We easily obtain a local field of orthonormal frames
e, ..., e, such that the lemma holds. We denote by wji the Levi-Civita connection
with respect to ¢, . . ., e,. Using (2.3), we have

n

Vi Seltede - 3 o) e) - S oile)Tien )

i=1 i=1

—(n-1) % S wile)e, + 23 wi(e,)T(e, e,) =0, foralla 1.
i=1 i=1
Taking the innerproduct of it and e,, we obtain w)(e,) = 0. This, together with the
innerproduct of the above and e, (b # 1), implies wi(e,) = 0. As a result, e, is a
parallel vector field on M. Thus M is flat. Q.E.D.

The author is grateful to Professor K. Ogiue for his useful criticism.
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