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THE CAPACITY OF C5 AND FREE SETS IN C2

D. G. MEAD AND W. NARKIEWICZ

Abstract. In a recent paper, S. K. Stein examined the problem of determining the

cardinality, t(C*), of the largest subset S of the direct product C¿ of k copies of

Cm such that distinct sums of elements of S yield distinct elements of C*. In this

paper we show that t*(C5) = limt_,0O(T(C*)//c) = 2, answering a question raised

by Stein. We also produce an infinite set of m's such that t(C^) > 2[log2 m].

Introduction. In [3], S. K. Stein examined from an algebraic standpoint a

problem in information theory raised by Shannon [2] in 1956. Stein says that a

subset {bx, . . ., br) of a group G is free if 2 e,b, = 0, e, = 0, ±1 implies e, = 0 for

all i. The number of elements, t(G), in the largest free set in G, is also clearly equal

to the cardinality of the largest subset 5 of G such that distinct sums of elements of

S yield distinct elements of G. In [3], the free capacity of Cm, r*(Cm) is defined to

be lim^^, T(C£)/k, where Cm is a cyclic group of order m. In this paper we show

that t*(C5) = 2 and compute r(C2) for certain values of m.

The free capacity of C5. With E¡ = (0, . . . , 0, I, . . ., 0), the standard ith vector,

we see that the set E¡, 2E¡, i = 1, . . ., k, is free in C*, hence t(C*) > 2k. Let

S = {gj = (aXi, . . . , aki)\aß G C5, i = 1, . . ., N} he a free set in C*. Since the

only elements in Z5 which are squares are 0, ±1, the equation 2f_i e,g, = 0 is

equivalent to the system 2f_i x2aß = 0, j = I, . . ., k, to which the following

corollary of the theorem of Chevalley-Warning [1] can be applied:

With K = C5, let {fj G K[XX, . . . , XN]} he a set of homogeneous polynomials

in N variables such that 2 deg fj < N. Then the^ have a nontrivial common zero.

In our case, the degree of each f is 2. If A^ > 2k = 2 degjfT, the fj have a

nontrivial zero, i.e. the set S is not a free set. This is a contradiction and we can

conclude that r(C¡) = 2k. Consequently, the free capacity of C5, t*(C5) =

limbec r(C*/k) = 2.

Free sets in C2. Since [log2 m] < r(Cm) < log2 m and t(C*+/) > t(C¿) + t(C¿),

it follows that

2[log2 m] < 2t(CJ < r(C2) < [log2 m2] < 2[log2 m] + 1.

When m is a power of 2, t(C*) = k log2 m; we find r(C2) for certain other values

of m.

Theorem. t(C2) = 2[log2 m] + 1 if 3 <■ 2a~x < m < 2a+x for a > 2.
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Proof. It is sufficient to show that the following set of 2a + 1 elements is free:

{«, = (1, 0), u2 = (0, 1), vx = (1, 2), v2 = (1, -2), w,. = (3 • 2', -3 • 2'),

i « 0, 1.a - 3,2j - (3 • 2\ 3 • 2J),j = 0, 1, . . . , a - 2).

We first show that the set of w's, v's, w's, and z, with/ < a — 3 is free. Assume

that

a-3

(1) 2 6,«,. + 2 c,vt + 2 diWi +  2  44 = 0

where the b¡, c¡, d¡, and e¡ are chosen from {0, 1, -1}. Since

a-3

3 2   2'+1 = 3(2°"' - 2) < w - 6,

it follows that the equation(1) must hold inZX Z. Thus

a-3

6, + c, + c2 + 3 2   2'(4 + <?,) = 0,

b22cx - 2c2 + 3 2 2''(-4 + e,) = 0.

If not all of b¡, c„ ^, and e, are zero, then some di or e, is not zero. Assume some

e¡ ¥= 0 and let / be the largest i for which e, ¥= 0. Adding the equations (2) we find

3 • 2'+1 = ± (bx + b2 + 3c, - c2 + 3 • 2 2  2'e,)

which could only be true if ¿>, = b2 = c, = -c2 =£ 0. Subtracting the second equa-

tion of (2) from the first, we see that some d¡ ^= 0. With j representing the largest i

such that d¡ =£ 0, we have

3 • 2f+x = ± (bx - b2 - c, + 3c2 + 3 • 2 2   2W,.)

which could only occur if bx = -b2 =£ 0. This is a contradiction and since the same

sort of reasoning can be used if some d¡ is assumed to be nonzero, we conclude that

the set of m's, v's, w's, and Zj with/ < a — 3 is free.

We will now show that the assumption that

(3) o = za_2 + 2 *>,«,. + 2 c,v, + 2 m + 2 <&

leads to a contradiction.

Let

a-3

A = 3 • 2"-2 + bx + cx + c2 + 3 2   2'W- + <>■),

a-3

5 = 3- 2a"2 + b2 + 2c, - 2c2 + 3 2   ^(-4 + */)•

Since -w <^4, 5 < 2w, equation (3) can hold only if A and 5 are in the set

{0, m).
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Assume A = B = m. Then,

a-3

\A + B\ < 3 • 2"-1 + I6J + |è2| + 3|c,| + |-c2| + 3-22   2'|e,|

< 3 • 2"-x + 6 + 3 • 2(2a"2 - 1) = 3 • 2" < 2m = A + B.

This contradiction shows that not both A and B can be m. Assume one of A and B

is m and the other zero. Then,

a-3

\A - B\ < |6,| + \-b2\ + |-c,| + 3|c2| +3-22   2*141

< 6 + 3 • 2(2a"2 - 1) = 3 • 2""1 < m = \A - B\.

From this we can conclude that A = B = 0. Therefore

a-3

A + B = 3 • 2"-1 + bx + b2 + 3c, - c2 + 3 • 2 2  2'e,- = 0,

whence

a-3

3 .2"-1 = bx + b2 + 3c, - c2 4- 3 • 2 2   2'e, < 6 + 3 • 2(2a"2 - 1) = 3 • 2a_1,

with equality only if bx = b2 = c, = -c2 =£ 0. However, if these conditions are

satisfied, then

a-3

A - B = bx - b2 - c, + 3c2 + 3 • 2 2   2'd, ¥= 0.

From this final contradiction we conclude that the set of t/'s, u's, w's, and z's is a

free set and that t(Q;) = 2[log2 m] + 1 if 3 • 2a~x < m < 2a+1 for a > 2. This

completes the proof of the theorem.
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