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PERFECT IMAGES OF p-SPACES
JOZEF CHABER

ABSTRACT. We give a new proof of the fact that paracompact p-spaces are preserved
by perfect mappings. This proof gives more information about the image space than
the preceding proofs. We construct some examples showing that the information we
get is complete in a way, and an example showing that a perfect image of a
o-paralindeldf and screenable p-space need not be a p-space.

We shall use the terminology and notation from [E]. All mappings are assumed to
be continuous and onto and all spaces are at least regular.

We shall consider the following property of a sequence {D,},., of subsets of a
space X. '

(@) If N,,,D,+ &, then N{4: A €R)} # @ for any centered collection & of
subsets of X containing {D,: n = 1}.

A space X is said to be a p-space [A] if X has a sequence {U,},., of open covers
such that each sequence {U,},., with U, € AL, for n = 1, has the property (p) [P].

If X is, in addition, a paracompact space, then X has a perfect mapping onto a
metric space such that each fiber of this mapping is contained in N, _, U, for a
certain sequence {U,},., with U, € U, forn = 1.

1. Perfect images of paracompact p-spaces. We shall consider the following
situation: g: X — S is a perfect mapping of X onto a metric space S and f: X — Y'is
a perfect mapping of X onto Y. It is known [F, I] that there exists a perfect mapping
h: Y - T of Y onto a metric space T.

From the results of [Chl, Ch2] it follows that, if Y is a perfect space, then one can
find such an h satisfying, fory € Y,

K(y) C{y: g () =g ()} € N {A(g7'8(x): x €' (1)}
In particular, each fiber of 4 is contained in the image of a fiber of g and
consequently, the fibers of 4 are metrizable (countable or finite) if the fibers of g are
metrizable (countable or finite).

In the second section we shall show that this may not be the case if Y is not a
perfect space. However, we have

THEOREM 1.1. Assume that f: X - Y is a perfect mapping. If X has a perfect
mapping g onto a metric space S, then Y has a perfect mapping h onto a metric space T
such that, for eachy € Y, there exists ay’ € Y satisfying h~'h(y) C (g™ 'g(f'(»"))).

Received by the editors March 12, 1981 and, in revised form, July 28, 1981.
1980 Mathematics Subject Classification. Primary 54C10, 54E18.

©1982 American Mathematical Society
0002-9939 /82 /0000-1095 /$02.50

609



610 JOZEF CHABER

Before proving Theorem 1.1, we list some consequence of this result. We assume
that f, g and h are as in the formulation of Theorem 1.1.

COROLLARY 1.1. Assume that the fibers of f are countable. If the fibers of g are
metrizable, then the fibers of h are metrizable too.

PrOOF. Each fiber of 4 is a compact subset of the image of a countable union of
fibers of g and is therefore metrizable [E, 3.1.20].

COROLLARY 1.2. Assume that the fibers of f are countable ( finite). If the fibers of g
are countable ( finite), then the fibers of h are countable ( finite) too.

COROLLARY 1.3. Assume that f is at most k-to-one. If g is at most n-to-one, then the
fibers of h are of cardinality not greater than k(n — 1) + 1.

PrROOF OF THEOREM 1.1. For n =1 let &, be a locally finite closed cover of X
obtained by taking inverse images under the mapping g of elements of a locally
finite closed cover of S consisting of sets of the diameter not greater than ;. Clearly,
for x € X, the sequence {St(x, &,)},- satisfies (p) and its intersection is the set
g 'g(x). Moreover, we can assume that x € E € &, implies x € E’ C E for a
certain E’ €&, .

For n=1 put %, = {f(E): E € &,} and observe that each ¥, is a locally finite
closed cover of Y and {St(y, 9,)},=, satisfies (p) for y € Y (compare with [I, Lemma
2.2)).

Let U, = {U(y): y €Y}, where U(y) = YN\U{F €Y, y & F}. It is easy to
see that, for eachy € Yand n=1, U,,(y) CU(y) CS(y,%,) and y € U,(y")
implies U,(y) C Uy(»").

Take Uy(y,) € U, and assume that y € N, _,U(»,). Theny € N _,S(y,,,)
and consequently, y, € St(y,%,) for n=1. Since {St(y,F,)},~, satisfies (p), it
follows that the sequence { y,},=; has an accumulation point y’ € Y.

We shall show that for each n =1 there exists an m =1 such that U, (y,) C
St(y’, 9,). This will imply, on one hand, that the sequence {U,(y,)},=, satisfies (p)
—for {St(y’, %,)},> satisfies (p)—and, on the other hand, that

N U(y) c N sy, 9F,)

n=1 n=1

=1( N s(r'0.8,)) = (5757 0).

n=1

Consequently, we shall obtain that Y is a p-space and, according to the observation
following our definition of p-spaces, Y has a perfect mapping A onto a metric space
T such that each fiber of & is contained in a set f(g~ 'g(f '(y")) for a certain
y ey

Thus, in order to finish the proof, we have to show that for each n = 1, St(y’, %)
contains some U,(y,,)- To this end, take n = 1 and an m = n such that y,, € U(y").
From the properties of the families {U,(y): y € Y}, we obtain U,(y,,) C U,(»,,) C
U(y) C Sy, 5,). |



PERFECT IMAGES OF p-SPACES 611

Observe that in the above proof we did not use the fact that paracompact p-spaces
are preserved by perfect mappings.

2. Examples. We shall construct examples illustrating the results of the first
section. Again, X, Y, S and f, g are as in the formulation of Theorem 1.1. The
examples are modifications of the Alexandroff double circle [E, 3.1.26] which is a
compact nonperfect space. The fact that in our constructions X and Y are not
perfect spaces is, in view of [Ch2, Theorem 1.2.A}, essential.

The first example shows that the assumption that the fibers of f are countable in
Corollaries 1.1 and 1.2 is essential and that one cannot claim that y* = y in Theorem
1.1.

ExaMPLE 2.1. Let X = A(C) be the Alexandroff double circle consisting of the
topological circle C, and the set of isolated points C,. The natural projection g of X
onto § = C; is a two-to-one mapping and the mapping f identifying C, to a point y,
is a perfect mapping of X onto Y which is the Alexandroff compactification of the
discrete space C,. If A maps Y onto a metric space, then the fiber of 4 containing y,
is a Gg-set in Y and consequently, has a countable completion in Y. Thus the fibers
of h are neither countable nor metrizable. If y € h™'h(y,) and y # y,, then
(g 'g(f~\(»))) consists of two points and does not contain the fiber A~ 'h( y).

We shall need the following auxiliary example:

ExaMpLE 2.2. For each m =1 there exists a compact space 4, which has an
(m + 1)-to-one mapping onto a circle and is such that any mapping & of 4,, onto a
metric space has a fiber containing at least m + 1 points.

The space 4,, is a natural modification of the Alexandroff double circle 4(C)
which is exactly 4,. Namely, 4,, is the union of m + 1 circles C, U C, U --- UC,,,
where C, C 4,, is a topological circle while C,,...,C,, consist of isolated points of
A,, and are densein 4.

The topology of 4,, is such that the natural projection p of 4, onto C, is a
continuous ((m + 1)-to-one) mapping of 4,, onto the circle C,. Moreover, 4,, has
the property that any G,-set in A4,,, containing C,, contains p~'(c) for all but a
countable number of ¢ € C,.

Assume that h: A, - T is a mapping of 4,, onto a space T with a metric p.
Consider r: 4,, —» R defined by r(y) = p(h(y), h p(y)). Clearly r is continuous and
r~'(0) is a Gyset in 4,, containing C,. Let ¢ € C, be such that p~'(c) C r~'(0).
From the definition of r, it follows that p~'(¢) C h™ 'h(c), which shows that 4 has a
fiber containing at least m + 1 points.

The next example shows that the cardinality of the fibers of 4 in Corollary 1.3
cannot be decreased.

ExaMpLE 2.3. For each k, n = 1 there exists a compact space X which has an
n-to-one mapping onto a metric space S and an at most k-to-one mapping f onto the
space A,, from Example 2.2, where m = k(n — 1).

The space X is the sum of k copies of 4,_,. Clearly, X has an n-to-one mapping g
onto the sum of k circles S. On the other hand, the mapping f, identifying the
corresponding points of k circles corresponding to C, in each copy of 4,,_, in X, is a
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mapping of X onto Y =A4,, where m = k(n — 1) and the fibers of f are of
cardinality not greater than k.

Observe that the above construction can be used in order to define 4,, from 4,.
To obtain A4, it is sufficient to put n = 2 and k = m. The next example generalizes
this construction.

ExXAMPLE 2.4. For each compact metric space M, there exists a compact space X
which has a two-to-one mapping g onto the metric space M X C and can be mapped
by a mapping f, with nontrivial fibers homeomorphic to M, onto a space A4,, such
that any mapping of 4,, onto a metric space has a fiber containing M (in fact, it has
a fiber containing the sum of M and an isolated point).

Let X =M X A,. Clearly g = id X p, where p is the projection of 4, onto the
circle G, is a two-to-one mapping of X onto M X C,. On the other hand, the
mapping f which is the projection of M X C, C X onto C, and the identity on
M X C,, maps X onto a space which we denote, according to the notation of
Example 2.2, by 4,,. The proof of the fact that any mapping of 4,, onto a metric
space has a fiber containing M (plus an isolated point) is the same as in Example 2.2.

If M is the convergent sequence, then we obtain an example illustrating the part of
Corollary 1.2 concerning finite-to-one mappings.

EXAMPLE 2.5. There exists a compact space X which has a two-to-one mapping
onto a metric space and can be mapped by a countable-to-one mapping f onto a
space Y such that any mapping of Y onto a metric space has an infinite fiber.

The above constructions can be generalized still further:

If e: P > M is a perfect mapping of a paracompact p-space P onto a metric space
M, then one can define a paracompact p-space 4,, by identifying in P X A, each set
of the form e~ '(m) X {c}, where m € M and ¢ € C,, to a point. Thus the quotient
space 4, = (M X C;) U (P X C)) has a natural projection onto M X C, which is
perfect and has the fibers corresponding to the fibers of e. Moreover, any mapping
of A, onto a metric space has to have fibers corresponding to the fibers of e.

If eg: P - M and f;: M - M’ are perfect mappings and M, M’ are metric spaces,
then X = A, has a perfect mapping f generated by f, onto Y = A4,, where e = fe,.
If h is a mapping of Y onto a metric space, then for each m € M’, there exists a
¢ € C, such that y = (m,c) € M’ X C, C Y satisfies h~'h(y) D f(g7'g(f'(»))),
where g is the natural projection of X onto M X C,.

Observe that for M = {1,...,k}, P= M X {1,...,n — 1}, e, being the projection
of P onto M and f, identifying M to a point, the above construction becomes our
Example 2.3.

3. Perfect images of p-spaces. It is known that perfect images of p-spaces
satisfying certain covering properties such as metacompactness, subparacompactness
or, more generally, submetacompactness (= f-refinability) are p-spaces (see [B,
Table 1]). We shall use an example from [DGN, D] and a method from [W] in order
to construct an example of a perfect mapping f of a p-space X with a o-locally
countable and o-disjoint base onto a space Y which is not a p-space. This shows that
the covering properties listed above cannot be replaced by the property of being
metalindelof nor even screenable and o-paralindelof space [FR].
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First we need the example from [DGN, Example 3.3 and D}.

ExaMPLE 3.1. There exists a Cech complete space Z with a o-locally countable and
o-disjoint base containing a discrete closed subset F which is not a Gg-set in Z.

ExaMPLE 3.2. There exists a perfect mapping f of a p-space X with a o-locally
countable and o-disjoint base onto a space Y which is not a p-space.

Let Z be the space from Example 3.1 and M = {0} U {4: n = 1} the convergent
sequence. Put X =Z X M\((Z\F) X {0}). Clearly, X has a o-locally countable
and o-disjoint base. To see that X is a p-space, assume that {?U, },, is a decreasing
sequence of open covers of Z such that U, € U, for k =1 implies that {U,},5,
satisfies (p). Moreover, since F is closed and discrete in Z, we can assume that z € F
and z € N, U, implies that {U, },., forms a base of neighbourhoods of z in Z.

Define

Ve={xXn(UX({0}u{s:n=k})):UeU,}
ulU {Ux {{}:ve,).
n=>1
Consider a sequence {V, },., such that ¥, € V, and suppose that x € N, V,. If
x =(z,%), then ¥V, = U, X {1} for k > n. If x = (2,0), then z € F, V, = X N (U,
X ({0} U {{:n=k}))and z € N,_,U,, which shows that {V,},., forms a base of
neighbourhoods of x in X. Thus, in both cases, {V}}, satisfies (p) and conse-
quently, X is a p-space.

The quotient mapping f identifying each set of the form {z} X M, wherez € F, to
a point is perfect. It remains to show that the quotient space Y is not a p-space.

Assume that {9, )}, is a sequence of open covers of Y. For each z € F and
k=1 find an open in Z set G,(z) and an element W, (z) of W, such that
{(z} XM C XN (G(z) X M) C f~(W,(2)). Since F is not a Gs-set in Z, it follows
that there exists a z € Z\ F and a sequence {z,};-, of elements of F such that
z € N,,,G(z,). Then {z} X {3: n=1} C N, , W, (z,), which shows that
{W(2,)}x>1 does not satisfy (p).

A technique for constructing examples such as Example 3.2 is implicit in [W] and
the verification of Example 3.2. The following remark has a similar proof:

REMARK 3.3. Suppose Z is a p-space containing a closed discrete subset F where F
is not a G,-set but every element of F has a countable local base. If X = Z X
M\((Z\F) X {0}) then X is a p-space and the quotient mapping f obtained by
identifying each set {z} X M, where z € F, to a point is a perfect mapping onto a
quotient space Y which is not a p-space.

The following problem seems to be natural in view of the above remark:

Problem 3.4. Let f: X » Y be a perfect mapping of a p-space X onto a perfect
space Y. Is Y a p-space?
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