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THE RADON TRANSFORM ON A FAMILY
OF CURVES IN THE PLANE. 11

A. M. CORMACK

ABSTRACT. A further discussion of Radon’s problem for curves in the plane given,
for fixed (p. &), by r*cos{a(6 — ¢)} = p°, a real, a 0. Functions yielding null
transforms, and zeros of the Fourier components of the transforms are given for
general a, and several orthogonal expansions are given for a = =1/m, m =
1,2,3....

1. Introduction. If f is a function in the plane and f represents the integral of f
along a straight line in the plane, the problem of recovering f from all the f was
originally solved by Radon, and f will be called the Radon transform of f. The
problem has been generalized in many ways [6, 5], and recently [4] formulae were
given for recovering f from f where the integrals were performed on the following
curves in the plane. Let (7, @) be polar coordinates to a point on the curve specified
by polar parameters ( p, ¢), then the equation of one family of curves, called the
a-curves, is

(1) recos{a(0 —¢)} =p*, a>0,|0—¢|<m/2a,
and the other, called the B-curves, is
(2) pPeos(B(8—¢)) =rf,  B>0,]0—¢|<m/2B.

For a = B an a-curve is an inversion in the unit circle ((r,8) - (1/r,0)) of a
B-curve, and conversely. Because they have somewhat different properties, it is
convenient to treat the two families separately, rather than as a single family with,
say, —o0 < a < 00, a ¥ 0. The function f will be considered to be smooth in all
cases. It will variously be assumed to fall off faster than (1/r), or to be rapidly
decreasing, or to be of compact support. The Radon transforms are

() (p.o)=[f(r.0)dss  f(p,8)=[f(r,0)ds5

where ds, and dsg are elements of length of an a-curve or a B-curve, respectively.
The following results were given in [4]. If f and f are expanded in Fourier series,

@ 0= 3 A0 fp0)= 3 jr)e

I=—o0
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then £, and f, are connected by an integral equation, but that this could be reduced to
a simpler form, reminiscent of the expansion of the ordinary Radon transform in
Tschebycheff polynomials, by writing

5) F(s) = L f(sV/2)sam,
(©) F(q) =f(q"*),

with the same relations for the B-curves. The F, and F; are related as follows. For the
a-curves
. o . cos{(l/a)cos™'(q/s)} ds
) F(q) = 2 F () el Wdees (a/5))
‘ (1= (a/s))

= 2q/:/2F,(qsec 0)cos{(1/a)0}cos'20 de,

and for the B-curves

®) £(q) = 2qu(s)cos{(l/,B)cos‘'(s/q)} ds
0

(1= (s/9))"”*
= quoﬂ/zF,(qcos 6)cos{(//B)0} de.

Inversion formulas were given in [4] but they are not needed here.

After a discussion of functions in the null-space of ¥, and of the zeros of F|, for
general values of a and 8, a number of results will be given for the special cases a or
B=1/m, m=123,.... The case a =1 corresponds to the ordinary Radon
transform which has been extensively written about, and the case 8 = 1 corresponds
to circles through the origin which have been discussed in [3]. The results to be given
for these special cases are all similar to known results, so proofs will only be
sketched and the reader will be referred to the original papers for details.

The following integral will be used frequently [8, p. 9). When Rl» > 0

9) I(v, a) =/ﬂ/zcos”“ﬂcos af dé
0

_ 7 T(v+1)

2’ T(1+v+a)/2)T(1+v—a)/2)’
We will use this only for real values of ». I'(z) is the gamma-function which is
analytic except for simple poles at z = 0,-1,-2,..., and it is positive on the real
axis. If a > 0 the poles of the second gamma-function in the denominator cause / to
vanish, so
(10) I(v,a)=0 forv=a—1,a—3,...,.a— (2k+ 1)
where k (=0, 1,2...) is the largest integer satisfying k < 1(a — 1).

2. Null transforms and zeros of F). It is well known that the ordinary Radon
transform is zero for p > 0 if f,(r) = (1/r)**2,r >0, and / — k is even, k <| | [10],
so it is natural to put F(s) = 1/s", 5 >0, or 57, y > 0. Putting these into (7) or (8)
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and applying (10) immediately yields the following results. If for a given / (# 0) and
a (or B) there is a k such that X then F,(q) = 0 for y = Y, where X is a restriction
on k and Y is a set of values of y given in the following table:

F, X Y
a-curves s k<i(i—1) (Ja),(I/a) = 2,...,(I/a) — 2k
B-curves s 2k+1<5<2k+2 2k+2—(/B)

B-curves sY k<iG—1) (/B) — 2,(I/B) —4,...,(I/B) — 2k +2)

Further argument is necessary to see whether or not the above F; comprise the entire
null-spaces of the transforms as they do in the cases « = 1 and 8 = 1[11}].

In [1] it was established that for the ordinary Radon transform (a = 1) f;, and
f;,ﬂ each had at least / zeros in [0, o) by first establishing that f§° f,(p)p" dp
vanished for certain values of k, and Ehen considering [5° f,( P ( pr— pjz)dp
where the p; were m assumed zeros of f,. A contradiction resulted unless m had at
least a certain value. The same method of proof, again using (10), works for the
a-curves and yields the following result. If //a = [I/a] + 8, where [x] denotes the
largest integer less than or equal to x, and where 0<§8 < 1, then I:“,(q) has r
(r=1,2,3,...) zeros, not including ¢ = 0, in (0, 00) if [//a] = 2r or 2r + 1. If / is
odd there is an additional zero at ¢ = 0.

For the B-curves the argument follows that given in [4] for the case 8 = 1, which is
similar to the above discussion of the a-curves except that the starting point is the
consideration of f§° }:",(q) dq/q" and the use of (10) again. The result is as follows:
F,(q) has at least r + 1 zeros in [0, 00) if [//r] = 2r or 2r + 1. If / is odd there is an
additional zero at ¢ = 0.

3. Special cases: a = 1/m, m = 1,2,3,.... In these cases cos{(//a)cos™'x} =
cos{lmcos™'x} = T}, (x) where T,(x) is the Tschebycheff polynomial of the first
kind. The ordinary Radon transform is given by m = 1, and some of the many
studies of this case form the bases of the results given below. Proofs will not be given
because the results are straightforward generalizations of published work.

()

(1) ST E@)e dg = 2m(0)'" [ Fis)st)s .

The proof is the same as in [2].

(b) Three orthogonal expansions. »

We need the four well-known sets of orthogonal functions given with their weights
and intervals of orthogonality in the following table [8]:

Name Symbol Weight Function Interval
Hermite H, (x) e (-0, 00)
Laguerre Li(x) x%*, a> -1 (0, )
Gegenbauer CMNx) (A—=xPHV2a>-4 L1

Shifted Jacobi G, (p,q,x) (1 —x)? %9\, p—g>-1,4>0 (0,1)
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(i) Smooth rapidly decreasing functions in (0, c0).
By applying (11) to F;(s) as given below, and by using exactly the same methods
as in [2] one finds that if

(12a) F(s) = s'e™'Lin(s?),
then
( )Im+k¢_ _
(12b) E(q)= iy ¢ Hlm+2k(q)
(ii) Smooth functions of compact support in (0, 1).
If

(132)  F(s)=s"(1=s)"""’G(Im + X, Im + 1,5%), A>-}
then
(13b) F(q)=22"'B(A\,Im + 2k)B(k+ A, Im+ k + \)

X (1- qz))‘_]/zczﬁwzk(Q)
where B(x, y) = I'(x)I'(y)/T(x + y). For the ordinary Radon transform (m = 1)
and for A = 1 this result has been extensively studied [2, 9], and the extension to
general A has been given by Louis [7]. The result given in (13a) and (13b) is obtained
in exactly the same way as Louis’s result.
(iii) Smooth rapidly decreasing functions in (1, ). .
Ifim=2r,r=0,1,2,3,... and if

(14a) F(s) = (1/5*)Gi(A,1/2,1/5%),

o AT (y+ N T(y+r+1/2)
(14b) F:(Q)"qzrﬂ y! T(y+2r+1)

G,(A+2r,2r+1,1/¢4%)
wherey =k — r.

Ifim=2r+1,r=0,1,2,... and if
(14c) F(s) = (1/5°)G(X,3/2,1/5%),

(40) £y = T Tt r 370

G,(A+2r,2r+2,1/4%)

where y = k — r. Except for a slight change in notation this is a generalization of a
result given by Perry [10]. If one uses the second form of equatlon (7), and if one
writes [8, p. 210]

(15)  G(p.q.x) —I‘L((g-.:-_znl) S (1’ _k(k)ﬂ%:)k)xﬂ

f} becomes a sum of integrals of the form I(», a) as given in equation (9). Many
terms vanish because of (10) and rearrangement of those remaining yields (14b) and
(14d).
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4. Special cases: $ = 1/m,m = 1,2,3,....

Two orthogonal expansions. Here one saves a deal of calculation by exploiting the
connection between the a-curves and the B-curves through inversion in the unit
circle: ((r, 8) - (1/r,8)). If r, and r, are radii to a- and B-curves with a = B, and if
ds, and dsg are elements of length of these curves then r,7, = 1 and ds,, /r, = dsg/rg.
Hence

(16a) L= [10n0)ds = [ 1(1/15.6) %
(16b) ;g=fpf(rﬁ,o)dsﬁ=fazﬁf(rla,o)%.

Applied to (13a), (13b), (14a) and (14b), these results immediately yield the follow-
ing two expansions:

(i) Smooth functions of compact support in (0, 1).

Ifim=2r,r=0,1,2,... and if

(17a) F(s) = Gi(A,1/2,5%),
(17b) F(g) = const x ¥ *'G (A + 2r,2r + 1, 4%)

where y = k — r and the constant is the same as in (14b).
Ifim=2r+1,r=0,1,2,... and if

(17¢) F(s) =sG,(\,3/2,s%),
(17d) F(q) = const xg*"*2G, (X + 2r,2r + 2, ¢%)

where y = k — r and the constant is the same as in (14d).
(ii) Smooth rapidly decreasing functions in (1, ).
Here (13a) yields the following;:

1If
(182)  F(s) = s m*3(1 — (1/52))7"2G,(im + A, Im + 1,1/52),
(18)  F(q) = const x(1 = (1/4%))" "/ *Chr2i(1/4%)

where the constant is the same as in (13b).
I am indebted to E. T. Quinto for discussions of a number of points in this note.
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