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THE MINIMAL NORMAL FILTER ON PX

Abstract. Let k be an uncountable regular cardinal, let CFK be the cub filter on k

and let FSFK be the filter generated by {{/? < k : ß > a} : a < k}. It is well known

that CFK is normal, that CFK = A FSFK and hence that every normal filter on k

extends CFK.

Jech extended some of these results to the context of PK\. Let X be a cardinal > k

and let CFkX denote the cub filter on PKX as defined by Jech; he showed that CFkX is

normal and that every normal w/irafilter on PK\ extends CFkX.

In this paper we extend these results further. In particular, we show that

CFkX = iS,AFSF,x where FSFkX is the filter generated by {{y S PKX : x C y) : x G

PKX}, and that every normal filter on PKX extends CFkX.

Finally, we show that for any \> k and any ideal / on PKX, wv/= vv/.

1. Introduction and notation.

1.1 Unless specified otherwise, k denotes an uncountable regular cardinal and X is

a cardinal > k.

PKX denotes the set [x C X: |x|<k}, and for each x G PKX, x is the set

[y E PKX: x <Zy}. Notice that the family {x : x G PKX) generates a proper, non-

principal, «-complete filter over PKX. We denote this filter by FSFkX (the "final

segment filter") and its dual by IkX.

By a filter on PKX we mean a proper, nonprincipal, «-complete filter on PKX

extending FSFkX. Dually, an ideal on PKX is a proper, nonprincipal, K-complete ideal

on PKX extending IkX.

1.2 As in Jech [3] we say that X C PKX is unbounded iff (Vy G PKX\X n y ¥= 0).

Thus IkX is the ideal of "not unbounded " subsets of P^X.

C C PKX is said to be closed iff (V X C C)(| X \ < k & X is directed =* U X <E C).

Note that by a result of Solovay (e.g. see [6]), C C PKX is closed iff (VIC C)(\ X\<k

& X is a chain ^> UleC). Finally C C PKX is called a cm¿> iff it is both closed and

unbounded.

We denote the family of all cub subsets of PKX by CkX, and say that S C PKX is

stationary iff (V C G CkX)(S flC^O).

CkX is easily seen to generate a filter on PKX (e.g. see Jech [3]). We denote this filter

by CFkX and call it the cub filter on PKX. Its dual NSkX is the nonstationary ideal on

PJX.
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1.3 C C PKX is said to be strongly closed iff (VIC C)(\X\< k => U X G C).

Thus C C PKX is called a strong cub iff it is both unbounded and strongly closed.

Notice that Menas in [6] used the term "strongly closed" for a different but related

concept. See 2.4 below for particulars of his concept.

It is easy to see that the family SCkX of strong cub subsets of PKX generates a filter

on PKX. We call this the strong cub filter and denote it by SCFsX. Its dual SNSkX is

called the strongly nonstationary ideal.

It is easy to see that SCFKK = CFKK. But this is not the case if X > k; in §2 below

we will use an argument due to Menas [6] to show that (V X > k)(SCFkX C CFkX).

1.4 The diagonal intersection ¡A(Xa : a < X) and the diagonal union V(Xa : a < X)

of a X-sequence (Xa : a < X) of subsets of PKX axe defined by A(Xa : a < X) = {x G

PKX: (Va G x)(x G Xa)} and V(Xa : a < X) = [x G PKX: (3a G x)(x G Xa)}.

A filter F (an ideal /) on PKX is said to be normal iff F (I) is closed under

diagonal intersections (diagonal unions).

1.5 A generalization of some notation developed by Baumgartner, Taylor and

Wagon in [1] will be useful.

For any filter F on PKX, AF denotes the set {X C PKX : (3(Xa : a < X) G XF)(X

— A(Xa: a <X))}. It is easy to see that A F is a (not necessarily proper) filter

extending F, and that F is normal iff F — A F. The dual definition and facts for

ideals are clear.

1.6 In this paper we will use some results of Menas [6] to prove the following

Theorem, (i) (V X s= k)(/iFSFkX = SCFkX),

(ü)(VX>K)(SCFkXc_cFkX),

(üí)(VX>k)(CFkA = AAF5FkX),

(iv) (V X s* k)(CFkX is the smallest normal filter on PKX),

(v) (V X > k)(SCFkX is not normal).

The main results are (ii), (iii) and (iv) which appear below in 2.7, 2.10 and 2.11

respectively.

2. The strong cub filter and the minimality of CFkX. SCFkX is easily obtained from

FSFkX as we now show.

2.1 Theorem. (V X > k)(SCFkX = &FSFkX).

Proof. First, pick (xa : a < X) G XPKX and set C = A(xa : a < X) = [x G

PKX : (Va G x)(xa C x)}. Clearly C is a cub. Let X G [C]<K. Clearly U X G PKX.

Now let a G L> X and pick x Œ X C C such that a G x. Then xa C x C U X, so

U XEC.

Conversely, let C C PKX be a strong cub. For each a < X pick xa G C such that

a G xa. We show that A(jc„ : a < X) C C. Pick x G A(xa : a < X). Since (Va G

x)(xa C x) and since x C U [xa : a & x} it is clear that x = U {xa : a G x}. Then

since C is strongly closed, it follows that x G C.    D

Note that our proof of Theorem 2.1 yields the following useful fact.

2.2 For any X-sequence (xa: a < X) of elements of PKX, A(xa : a < X) is a strong

cub.    D
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It is clear that (V X 3= k)(SCFkX C CFkX) and that this inclusion reverses if X = k.

If X > k however, then as a careful examination of Menas' proof of 1.7 in [6] reveals,

SCFkX C CFkX. For the sake of completeness, we will give all of the particulars here

(2.6, 2.7 below). This requires two easy preliminaries (2.3, 2.5).

2.3 Lemma. For any X-sequence (xa : a < X) of elements of PKX, C = A(xa : a < X)

has the property that (V X C C)(X ¥= 0 =» D I G C).    D

2.4 Remark. In [6] Menas called a closed subset C of PKX strongly closed iff it has

the property given in the preceding lemma. We call these sets Menas closed. Thus we

call C C PKX a Menas cub iff it is a cub and has the property (V X <Z C)(X ¥= 0 =>

niEC).
It is easy to see that the intersection of any < k sequence of Menas cubs is a

Menas cub, and that the diagonal intersection of any X sequence of Menas cubs is a

Menas cub. Thus the Menas cub filter MCFkX is a normal filter on PKX. In fact,

Menas proved in [6] that MCFkX = CFkX. This will also follow as a corollary to our

2.12 below.

2.5 Lemma. (1) For anyf.XxX-* X, C, - {x G PKX : f"(x X x) C x} is a Menas

cub.

(2) For any f: X -> X, Cf - {x G PKX : f"(x) C x] is a strong cub.    D

2.6 Lemma. For any X > k and any bijection f: X X X <-> X, Cf G CFkX — SCFkX.

Proof. In view of 2.5(1) above, it will suffice to prove that Cf G SCFkX.

We will show that Cp £ SCFkX where p: X X X «-» X is the canonical bijection. In

view of 2.5(2) above, this will suffice; if /: X X X <-» X is any (other) bijection, then

there is a bijection «: X «-» X (namely « = p ° f~ ') such that p = h ° f and CflCj

Thus let p: X X X «-» X be the canonical bijection, and notice that q \ k+ Xk+ is the

canonical bijection on k+ Xk+ . We will show that Cq G SCFKK+ ; this will suffice

since for any strong cub subset C of PKX, [y n k+ : y G C) is easily seen to be a

strong cub in Pkk+ , and since C = {y D k+ : y G C^}.

Suppose by way of contradiction that C G SCFKK+ = AFSFKK+ , and let (za : a <

k+ ) be a k+ -sequence of elements of Pkk+ such that C = A(fa : a < k+ ) C C . We

construct a regressive function g: (k+ — k)->k+ and then use this to obtain the

required contradiction. This will require a few preliminaries.

For each a, ß < k+ define xa = D (x G C : a G x], xß= D (x G C : ¿8 G x},

xay8 = D {x G C: (a, /?} C x}. By 2.3, C is Menas closed so xa, xß, xaß are all in

C C C . And by 2.2, C is also strongly closed so xa U xß G C. Thus xa/3 = xa U xß.

Now pick a G k+ —k, and note that since q is one-one, | {q(a, ß) : ß < a) \ = k.

But | x„ |< k, so (3 y8 < a)(^(a, y8) £ xa). For each a G k+ — k, pick ßa < a such

that <7(a, y8) G xa, and then set g(a) = /Sa. Clearly g is regressive.

We can now obtain the required contradiction. Pick ß < k+ such that X —

g~\{ß}) G NS++ . The definition of g guarantees that (Va G X)(q(a, ß) $ xa). But

(Va G X)(q(a, ß) G xaß = xa U x^) since {a, ß) C xa/3 = xa U x^, and since C C

C?. This means that (Va E X)(q(a, ß) E xß) thus contradicting the one-oneness of

<¡r since |x/3|<K<K+=|Ar|.    D
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2.7 Theorem. For every X > k, SCFkX C CFkX.

Proof. Immediate by 2.6.    D

The minimality of CFkX. In view of 2.1 and 2.7 above we know that (V X >

k)(AFSFkX C CFkX). In 2.10 below we use a result of Menas to show that (V X >

k)(CFkX — AAFSFkX). We start with the following definition which is due to Menas

[6].
2.8 Definition. For any finite « > 1 and any w: X" -* PKX define &({w}) C PKX

by

G({w}) = [x E PKX: (VÍ G x")(w(S) C x)}.

Menas proved in [6] that for any cub subset C of PKX, there is a w: X2 -* PKX such

that G({w}) C C. We use this result together with the following simple lemma to

prove that CFkX = AAFSFkX.

2.9 Lemma. For any « G (1,2} and any w: X" -* PKX,

e(ívv)) = íA(w(a)J^X) ifw:X-+PKX,

[A{A{w(a, ß): a < X): ß < X)     ifw: X2 -5 PKX.

Proof. It is clear that for any w: X ̂ > PKX, A(w(a) : a < X) = {x G PKX : (Va G

x)(w(a) C x)} = Q({w}). Now let w: X2 * PKX. Then for any x G PKX, x E Q({w})

iff (Vo^ßG x)(w(a, ß) C x) iff (\faEx)(\fß G x)(w(a, ß) C x) iff (V/î G x)(x

G A(iv(aT>) : a < X)) iff x G A(A(w(otTß) :a<X):ß<X).    D

2.10 Theorem. For every X > k, CFkX = AAFSFkX.

Proof. Since FSFkX C CFkX and since CFkX is normal, it is clear that AAFSFkX C

cfkX.

Now let C C ^X_be a cub and let w: X2 -* PKX be such that G({w}) C C. Then by

2.9 above, A( A(w(a^f : a <X): ß <X) C C, so C E AAFSFkX.    D

2.11 Corollary. For every X > k, CFkX is the smallest normal filter on PKX.

Proof. This is immediate from 2.10 since every normal filter on PKX must extend

aafsfkX.   d

2.12 Corollary. For every X > k, SCFkX is not normal.

Proof. This is immediate from 2.7 and 2.10 for if X > k, then AFSFkX C AAFSFkX.

D

Remark. An immediate consequence of 2.12 is that the family of strong cub

subsets of PKX (X > k) is not closed under diagonal intersections. In 1978, Jech [4]

provided a direct proof of this fact for Fs N,.

3. Some additional remarks.

3.1 We denote the dual of SCFkX by SNSkX and call it the strongly nonstationary

ideal on FKX. Notice that in view of Theorem 2.1, (V X 3* k)(SNSkX = vIkX).
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It is easy to see that for any ideal I on PKX and any X <Z PKX, X E v/ iff there is

an /-small regressive function on X, i.e. a function /: X -» X with the properties (i)

(Vx G XXf(x) E x) and (Ü) (Va < XX/"1««}) | ty
Finally, notice that the "dual" of Theorem 2.7 is (V X > k)(SNSkX C NSkX). Thus

we obtain the result expressed in Menas' Proposition 1.7 in [6].

It is well known that for any ideal ionic, Wl = Vl(e.g. see [1]). A PKX version

of the argument used to prove this shows that for any ideal I on PKX, iî SNSkX C /

then w/= V/ (3.2 below). An immediate consequence of this is that for any ideal

/ on PKX, VVV/= VV/ (3.3 below). Notice that in view of the fact that

(V X > k)(v/kx = SNSkX C NSkX — VV/.J, these results are the best we can ex-

pect.

3.2 Theorem. For every X s* k and any ideal I on PKX, if SNSkX C /, then

VV/ = VL

Proof. Clearly vl C V Vl, so it remains to prove the reverse inclusion.

Pick X E wl and let /: X -* X be a v/-small regressive function on X. For each

a < X set Xa = f~'({a}) and recall that (Va < X)(*a G Vi). Thus for each a < X

let /„ : Xa -> X be an /-small regressive function on Xa.

Now let p: X X X <-» X be any bijection, and set C — {x E PKX : p"(x X x) C x).

Since X — C E NSkX = vSNSkX C v/, we can complete the proof by showing that

incsvi.
Define g: X n C -» X by g(x) — p(f(x), ff(x)(x)). We show that g is /-small and

regressive. It is clear that g is regressive on ATI C since / is regressive on X, since

ff(x) is regressive on I/(l) C I and since X D C C C. Now pick ß < X and let

ß0, ßx<Xbe such thatp(y80, ßx) = ß. Then x E g~\{ß)) - g(x) = ß =»/(*) = ß0

& /,(„(*) =«„(*) = /?, =» * EfcKtfJ). Thus g-'ííiS}) Cj^^íiS,}), so g-l({ß))
ei.  n

3.3 Corollary. For every X > k and any ideal I on PKX, VVV/= V V/.

Proof. Since IkX C / and since SNSkX = vIK\, it is clear that SNSkX C v/. It now

follows by 3.2 that V VV/ = VV/    □
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