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THE MINIMAL NORMAL FILTER ON P A
DONNA M. CARR!

ABSTRACT. Let « be an uncountable regular cardinal, let CF, be the cub filter on x
and let FSF, be the filter generated by ({8 <«:B > a)}: a <«}. It is well known
that CF, is normal, that CF, = AFSF, and hence that every normal filter on x
extends CF,.

Jech extended some of these results to the context of PA. Let A be a cardinal = «
and let CF,, denote the cub filter on P, A as defined by Jech; he showed that CF,, is
normal and that every normal u/trafilter on P A extends CF,,

In this paper we extend these results further. In particular, we show that
CF,, = AAFSF,, where FSF,, is the filter generated by ({y€PA:xCy}:x€
P,A}, and that every normal filter on P\ extends CF,

Finally, we show that for any A = x and any 1dea] l on PA, v VVI =vvl

1. Introduction and notation.

1.1 Unless specified otherwise, k denotes an uncountable regular cardinal and A is
a cardinal = «.

P\ denotes the set {x CA: |x|<k}, and for each x € P\, % is the set
{y € PA: x Cy}. Notice that the family {£: x € PA\} generates a proper, non-
principal, k-complete filter over PA. We denote this filter by FSF,, (the “final
segment filter”) and its dual by I,

By a filter on P\ we mean a proper, nonprincipal, k-complete filter on P A
extending FSF,,. Dually, an ideal on P A is a proper, nonprincipal, k-complete ideal
on P\ extending

1.2 As in Jech [3] we say that X C P\ is unbounded iff (V y € PA) X N y % 0).
Thus I, is the ideal of “not unbounded > subsets of P,\.

C C P A is said to be closed iff (V X C C)(| X|< « & X is directed = U X € C).
Note that by a result of Solovay (e.g. see [6]), C C P Ais closed iff (V X C C)(| X |< «
& Xisachain = U X € C). Finally C C P_A is called a cub iff it is both closed and
unbounded.

We denote the family of all cub subsets of P,A by C,,, and say that S C P is
stationary iff (W C € C, }(S N C # 0). _

G, is easily seen to generate a filter on P, A (e.g. see Jech [3]). We denote this filter
by CF,, and call it the cub filter on P A. Its dual NS,, is the nonstationary ideal on
P .
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1.3 CC P\ is said to be strongly closed iff (WX C C)(| X|<k= U X € C).
Thus C C P_A is called a strong cub iff it is both unbounded and strongly closed.
Notice that Menas in [6] used the term “strongly closed” for a different but related
concept. See 2.4 below for particulars of his concept.

It is easy to see that the family SC,, of strong cub subsets of P, A generates a filter
on P A. We call this the strong cub filter and denote it by SCF,,. Its dual SNS,, is
called the strongly nonstationary ideal.

It is easy to see that SCF,, = CF,,. But this is not the case if A > «; in §2 below
we will use an argument due to Menas [6] to show that (V A > k)(SCF,, C CF,,).

1.4 The diagonal intersection A(X,: a <X) and the diagonal union V(;fXa Ta<)
of a A-sequence (X, : a < A) of subsets of P_A are defined by A(X,: a <A) = {x €
PA: (Va€x)x € X)}and V(X,: a<A)={x € PA: Qa € x)(x € X,)}.

A filter F (an ideal I) on P\ is said to be normal iff F (1) is closed under
diagonal intersections (diagonal unions).

1.5 A generalization of some notation developed by Baumgartner, Taylor and
Wagon in [1] will be useful.

For any filter F on P\, AF denotes the set {X C PA:(A(X,: a <) E *F)(X
= A(X,:a<A))}. It is easy to see that AF is a (not necessarily proper) filter
extending F, and that F is normal iff F = AF. The dual definition and facts for
ideals are clear.

1.6 In this paper we will use some results of Menas [6] to prove the following

THEOREM. (i) (V A = k)(AFSF,, = SCF,,),

(i) (¥ A > K)(SCE,y G CEy),

(iii) (V A = k)(CF,, = AAFSE,)),

(iv) (V A = k)(CF,, is the smallest normal filter on P_\),
) (¥ A > k)(SCF,, is not normal).

The main results are (ii), (iii) and (iv) which appear below in 2.7, 2.10 and 2.11
respectively. '

2. The strong cub filter and the minimality of CF,,. SCF,, is easily obtained from
FSF,, as we now show.

2.1 THEOREM. (V A = k)(SCE,, = AFSFE.,).

PrOOF. First, pick (x,:a<A)€E*PA and set C=A(%X,:a<A)={x€E
PA:(Va € x)(x, C x)}. Clearly C is a cub. Let X € [C]™". Clearly U X € P.A.
Now let « € U X and pick x € X C C such that « € x. Then x, C x C U X, so
UXec

Conversely, let C C P,A be a strong cub. For each a < A pick x, € C such that
a € x,. We show that A(%,: a <A) C C. Pick x € A(%,: a <]A). Since Va €
x)(x, C x) and since x C U {x,: @ € x} it is clear that x = U {x,: « € x}. Then
since C is strongly closed, it follows that x € C. [

Note that our proof of Theorem 2.1 yields the following useful fact.

2.2 For any A-sequence (x,: a <)) of elements of P\, A(%,: a <]) is a strong
cub. 0O
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It is clear that (V A = k)(SCF,, C CF,,) and that this inclusion reverses if A = «.
If A > k however, then as a careful examination of Menas’ proof of 1.7 in [6] reveals,
SCF,, C CF,,. For the sake of completeness, we will give all of the particulars here

(2.6, 2.7 below). This requires two easy preliminaries (2.3, 2.5).

2.3 LEMMA. For any A-sequence (x,: a < M) of elements of P\, C = A(X,: a <A)
has the property that N X C CYX#0=>NXeC). O

2.4 REMARK. In [6] Menas called a closed subset C of P A strongly closed iff it has
the property given in the preceding lemma. We call these sets Menas closed. Thus we
call C C P\ a Menas cub iff it is a cub and has the property (VX C CY(X #0 =
NXxecdl).

It is easy to see that the intersection of any < k sequence of Menas cubs is a
Menas cub, and that the diagonal intersection of any A sequence of Menas cubs is a
Menas cub. Thus the Menas cub filter MCEF,, is a normal filter on P.A. In fact,
Menas proved in [6] that MCF,, = CF,,. This will also follow as a corollary to our
2.12 below.

2.5 LEMMA. (1) Forany f: AX A > X, G, = {x € PA: f"(x X x) C x} is a Menas
cub.
(2) Forany f: A > A, ;= {x € P\: f"(x) C x} is a strong cub. O

2.6 LEMMA. For any A > « and any bijection f: A X A & A, C; € CF,, — SCF,,.

PROOF. In view of 2.5(1) above, it will suffice to prove that C, & SCF,,.

We will show that C, & SCF,, where p: A X A & A is the canonical bijection. In
view of 2.5(2) above, this will suffice; if f: A X A & A is any (other) bijection, then
there is a bijection h: A & A (namely 2 = p o ') such that p = h o f and G nNg,
cG,.

Thus let p: A X A < X be the canonical bijection, and notice that gt k™ Xk™* is the
canonical bijection on k* Xx*. We will show that C, & SCF,,+; this will suffice
since for any strong cub subset C of P\, {y N k™ : y € C} is easily seen to be a
strong cub in P.k™ , and since C, = {y N k* : y € }

Suppose by way of contradiction that C, € SCF,,+ = AFSF,+, and let (z,: a <
k*) be a k™ -sequence of elements of P,x* such that C=A(,:a<k’)CC,. We
construct a regressive function g: (k* —k) —» k* and then use this to obtain the
required contradiction. This will require a few preliminaries.

For each a, B <«* define x,= N{xEC:aEx}, x,= N{x €EC: B Ex),

= N{x € C:{a, B} C x}. By 2.3, C is Menas closed s0 x,, Xz, X,z are all in
C C C,- And by 2. 2 Cis also strongly closed so x, U xg € C. Thus x5 = x, U xp.

Now pick « € k* —«k, and note that since g is one-one, | {g(a, B): B < a} |= k.
But | x,|<k, so (3B < a)(g(a, B) & x,). For each a € k* —«, pick B, < a such
that g(a, B) € x,, and then set g(a) = B,. Clearly g is regressive.

We can now obtain the required contradiction. Pick B < k* such that X =

g~ '({B}) € NS/ . The definition of g guarantees that (Va € X)(¢(a, B) € x,). But
(Va € X)q(a, B) € x5 = x, U xp) since {a, B} C x,5 = x, U xp, and since C C
C,. This means that (Va € X)(g(a, B) € xg) thus contradlctmg the one-oneness of
qsincelx‘,|<x<n+ =|Xx|. O
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2.7 THEOREM. For every A > k, SCF,, g CF,,.

PrOOF. Immediate by 2.6. O
The minimality of CF,,. In view of 2.1 and 2.7 above we know that (VA >
k)(AFSF,, C CF,)). In 2.10 below we use a result of Menas to show that (VA =
k) CF,, = AAFSF ") We start with the following definition which is due to Menas
[6].
2.8 DErFINITION. For any finite n = 1 and any w: X" > P, define C({w}) C P\
by
C{w}) = {x€PA:(Vaex")(w(a) Cx)}.
Menas proved in [6) that for any cub subset C of P\, there is a w: N> > P\ such
that C({w}) C C. We use this result together with the following simple lemma to
prove that CF,, = AAFSF,,.

2.9 LEMMA. For any n € (1,2} and any w: X" - P,

P
_ [A(w(a): a<A) ifw:A > FA,
S = {A(A(w@): a<A):B<A) ifw:N =P

PROOF. It is clear that for any w: A - P.A, A(f(}): a<A)={x€PA:(Va€E
x)(w(a) C x)} = C({w}). Now let w: A* > P_\. Then for any x € P\, x € C({w})
1ff (Va, € x)(w(a, B) C x) iff (Vo E x)(VB € x)(w(a, B) C x) iff (VB € x)(x

a, ): a<>\))1ffxEA(A w(a, B):a<A):B<A) O

2.10 THEOREM. For every A = k, CF,, = AAFSF,,

PRrOOF. Since FSF,, C CF,, and since CF,, is normal, it is clear that AAFSF,, C
CF,,.

Now let C C P A be a cub and let w: A? > P be such that C({w}) C C. Then by
2.9 above, A(A(W(a, B): a<A): B<A)CC,s0C € AAFSE,. O

2.11 COROLLARY. For every A = «, CF,, is the smallest normal filter on P \.

ProOF. This is immediate from 2.10 since every normal filter on P.A must extend
AAFSF,. O

2.12 COROLLARY. For every A > k, SCF,, is not normal.

PROOF. This is immediate from 2.7 and 2.10 for if A > k, then AFSF,, CAAFSF,,.
%

O

REMARK. An immediate consequence of 2.12 is that the family of strong cub
subsets of P.A (A > k) is not closed under diagonal intersections. In 1978, Jech [4]
provided a direct proof of this fact for Py N,.

3. Some additional remarks.
3.1 We denote the dual of SCF,, by SNS,, and call it the strongly nonstationary
ideal on P A. Notice that in view of Theorem 2.1, (V A = k)(SNS,, = VI,,).



320 D. M. CARR

It is easy to see that for any ideal I on P\ and any X C P A, X € VI iff there is
an I-small regressive function on X, i.e. a function f: X — A with the propertlcs @)
(Vx € X)(f(x) € x) and (i) (V& <A)f"'({a}) € ).

Finally, notice that the “dual” of Theorem 2.7 is (V A > k)}(SNS,, C NS,,). Thus
we obtain the result expressed in Menas’ Proposition 1.7 in [6].

It is well known that for any ideal I on k, v VI = VI (e.g. see [1]). A P A version
of the argument used to prove this shows that for any ideal 7 on PA, if SNS,, C I
then v vI = vI (3.2 below). An immediate consequence of this is that for any ideal
I on PN, vvvl=vvI (33 below). Notice that in view of the fact that
(VA >«) VI, = SNS,, C NS, = v VI,,), these results are the best we can ex-

pect.

3.2 THEOREM. For every A =« and any ideal I on P, if SNS,, C I, then
vvl=vl

PRrOOF. Clearly VI C v VI, so it remains to prove the reverse inclusion.

Pick X € v vI and let f: X —» A be a VI-small regressive function on X. For each
a <A set X, = f '({a}) and recall that (Va <A) X, € vI). Thus for each a <A
let f,: X, — A be an I-small regressive function on X,,.

Now let p: A X A & A be any bijection, and set C = {x € PA: p”(x X x) C x}.
Since X — C € NS, = VSNS,, C VI, we can complete the proof by showing that
XNncCevl

Define g: X N C - A by g(x) = p(f(x), fyx)(x)). We show that g is I-small and
regressive. It is clear that g is regressive on X N C since f is regressive on X, since
Jexy is regressive on X,y C X and since X N C C C. Now pick B <A and let
Bo, By <\ be such that p(B,, B,) = B. Then x € g~ '({B)) = g(x) = B = f(x) = B,
& fo(x) = fo(x) = By = x € f5:'(B)). Thus g~'({B)) C £5.'({B1). s0 g~ ((BY)
el O

3.3 COROLLARY. For every A = « and any ideal I on P\, VYV VI = v V1.

PROOF. Since I, C I and since SNS,, = VI,,, it is clear that SNS,, C VI. It now
follows by 3.2 that vyvyvI=vvl 0O
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