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TENSOR PRODUCTS OF PRECLOSED OPERATORS
ON C*-ALGEBRAS

LIANG-SEN WU

ABSTRACT. In this paper, we prove the following result: If 4,, 4, are C*-algebras,
and T, T, are preclosed operators on A,, A, respectively, then 7| ® T, is preclosed
on A, ® 4in A,. Furthermore, we show that the injective C*-cross norm || - |
reflexive on the algebraic tensor product 4, ® A4,.
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Since Turumaru (8] introduced tensor products of C*-algebras, mysterious proper-
ties of C*-cross norms received much attention from many specialists. For example,
Takesaki [6] found out that the C*-norm on the algebraic tensor product is not
unique. Furthermore, Okayasu [3] showed that the minimal C*-norm is not a
uniform cross norm. Therefore, it is natural to ask the question: when o and = are
bounded operators on C*-algebras A, and 4,, is ¢ ® 7 bounded on 4, ® ;, 4,? The
answer is negative. In 1970, Okayasu [3] gave an example of o, T and C*-algebras 4,,
A, in such a way that 0 ® 7 is unbounded on 4, ® ,;, 4,. Naturally, we will ask the
question: what can we say about 0 ® T when ¢ and 7 are bounded? What kind of
properties of the operators o and T are preserved under the tensor product opera-
tion?

The purpose of this paper is to answer these questions. (1) If o and 7 are bounded,
then ¢ ® 7 is preclosed on 4, ® i, 4,. (2) If 0 and = are densely defined and
preclosed, then ¢ ® 7 is densely defined and preclosed on 4, ® i, 4,.

In Theorem 3, we show that the minimal C*-cross norm is reflexive.

LEMMA 1. Let E be a Banach space and T be a densely defined linear operator on E.
Then the following statements are equivalent.

(1) T is preclosed.

(2) T has a minimal closed linear extension; i.e., there exists a closed linear extension
T of T such that any closed linear extension of T is a closed linear extension of T.

(3) Forany y # 0in E, (0, y) is not in the closure of the graph of T.

(4) S)(T™) is total in E*.

(5) )(T*) is o( E*, E)-dense in E*.
(T™* is the conjugate operator of T; E* is the conjugate space of E.)

Since we can find the proof of Lemma 1 in general Banach space text books, we
omit it.
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LEMMA 2. Let A,, A, be C*-algebras and AT and A% be the conjugate spaces of A,,
A,, respectively. Then the algebraic tensor product

F= A% ® A%
is 6((A; ®min 42)*, A Oin A,)-dense in (A ® yin 4,)*.

PROOF. From p. 208 in [7], if f, E A}, , EA5and x = 37_ \x,,® x,, €A, ® 4,,
then

| (x, fy ® fo )< Ixll i TANI AL

Thus, we have AT ® A% C (A, O yin Ay)*.

To be o((A, ®min A,)*, A; @ pin A,)-dense in (A, O, A,)* is equivalent to
being total in (A, ® i, 4,)* so we have to prove that Fis total in (4, ® i, 4,)*.

Suppose x € A, ® in 4, and (x, f )= 0, Vf € F. We shall show x = 0.

Let 0(A,) and o(A4,) be the state spaces of A, and A, respectively, w, € o(4,)
and w, € a(4,).

Let IT, and II, be the cyclic representations corresponding to w, and w, with

representation Hilbert spaces &, and &, respectively. We construct the tensor
representation of I, and IT,, ,

Im,=1, ®II,.
Therefore, for all §;,m, €8, and §;,1, € G,
(T (x)(§,®&,)|n ®n,) =(x,f®g)=0,
in which (x,, f)= (1, (x,)§, |n,) and (x,, g)= (II, (x;)§; | n,). Then
(Hw(x)(& ®¢,)| g

711,j®"72,j) =0.
Jj=1

Hence IT (x)(§, ®¢,) L&, ® 6.
Since &, ® &, isdensein &, IT (x)(§, ® §;) = 0; also

Hw(x)( gl,i®§2.i) :O, Hw(‘x) =0.
i=1
This implies
W, (S5 O(AI)
_ 0 0= w0 ®w,, =0.
xh Sup{\l WX w=w ®w, w, € 6(4,)

Thus we have x = 0. Q.E.D.

THEOREM 1. Let A, and A, be C*-algebras and T, and T, be densely defined
preclosed operators on A and A,. Then T, ® T, is preclosed on A) ® min A,.

PrOOF. From Lemma 1,as T, and T, are densely defined preclosed operators on
A, and 4,, it follows that ®)(T}) is o( A}, 4,)-dense in A} and D(TY) is (43, 4,)-
dense in A3.

It is easy to verify D(TF) ® D(Ty) is 6((A; ®min A3)* (A, O nin A))-dense in
A} @ A3.
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By Lemma 2, we can conclude
D(TYF) ®(T¥)

1s6((A, ®min 45)*. (A, ®in 4,))-dense in (A, B in 4,5)*.
Since

D(Ty) © NTF) C (T, ® Th)*).

DT, @ Tr)*)is o((A} ®min 45)*. (A} ®min 4,))-densein (4, ® i A,)*. By Lemma
1, T, ® T, is preclosed in (4, ® i, 45). Q.E.D.

COROLLARY 1. Let T, T, be bounded operators on A, and A,, respectively. Then
T, ® T, is preclosed on A, ® i, A,.

Now we turn to studying tensor products of Banach spaces. We will use the
notations in [7].

We assume that E, and E, denote any two Banach spaces while E¥ and E stand
for their conjugate spaces, E, ® E, and E¥ ® ES denote algebraic tensor products
of E|, E, and E}, E¥ respectively.

If Bisanorm in E, ® E,, then B induces naturally a norm on Eff ® E:

Il fllge = Sup{| (x, f)| : x EE, ®E,,lIxllg<1},

inwhichf =237, f, . ® f,, € E¥ ® E}, where (x, f) means, of course, the value

(x, f>: ‘21 ‘EI <x1,p S ><x2,j’ Lo >’
j=li=

foreachx = 37.x, ;® x, , E E, ® E,.

In the same way, we can define 8**.

If B** = Bon E, ® E,, we call B reflexive.

The completion of E, ® E, and E} ® E¥ under B and B* are denoted by
E, ®gE,and E} ®4. ES.

We suppose A is the least norm on E, ® E, [7].

THEOREM 2. If B is a reflexive norm on E, ® E,, B= X and T,, T, are densely

defined preclosed operators on E, and E, respectively, then T, ® T, is preclosed on
E, ®gE,.

PROOF. As T, and T, are preclosed, by Lemma 1, )(T}) is o( E}, E,)-dense in E¥
and (Ty) is 6( E}, E,)-dense in E} respectively.

Now we prove Ef ®g. EY is o((E, ®g E,)*,(E, ®gE,))-dense in (E, ®gzE,)*.
Equivalently, we have to prove E}f ®g. ES is total in (E, ®g E,)*.

Since 8 = A, from [4) E¥ ® E} C (E, ®gE,)* and EY ®4. EX C (E, ®gE,)*. As
B is reflexive, by Lemma 4.1 of [5], (E, ®g E,) C (E*} ®gus E*3).

Let x be an element in E, ®; E, such that f(x) = 0 for all f € E}f ®g. EF.

By continuity of 8* and definition, B**(x) is the least positive number for which
[f(x)|< CB*(f),forallf € E} ®4. E}.

Therefore, B**(x) = 0.

According to assumption, 8(x) = B**(x) = 0and x = 0.
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Hence, Ef ® Ey is o((E, ®3 E,)*, (E, ®g E,))-dense in (E, ®g E,)*. Therefore,
D(T}) ® D(TY)is o((E, ®g E,)*, E, ® E,)-densein (E, ®g E,)*.

Since

D(TY) ® D(TF) CD((T, ® T)*),

DUT, @ T,)*)is o((E, ®g E,)*, (E, ®gE,))-dense in (E, ®g E, )*.

By Lemma 1, T} ® T, is preclosed. Q.E.D.

Now we prove that the injective C*-cross norm is reflexive. Using this property,
we can give another proof of Theorem 1.

THEOREM 3. If A, and A, are C*-algebras, the injective C*-cross norm on the
algebraic tensor product A, ® A, is reflexive.

PrOOF. Let
A=A4,8,4,, V=A% Q. A%.
S,»» S, denote the unit ball of V, 4 respectively, that is,
S = {w|llwll@<1,w €V},
S, = {alllall,<1,a € A}.
We further set
(x,wa)= (ax,0), (x,aw)= (xa,w).
Since llawll ,» < llall lwll .« fora € 4, ®, A, and @ € V, V is invariant under 4.
Thatis,if w € V, thenwa € V, aw € Vforalla € 4.
For a € A4, we define |ja|| = Sup{llawll .: @ E V, llwll . < 1}.
It is easy to verify

lla + b < ap + wbw, Wabi < malnbi,
WAa =|A|manw, man<Ilall, fora,b€ A.

According to the minimal property of the norm [1], we have

ltan = llall,.
llall, = Sup{llawll so: w € S,.}
= Sup{| (b, aw)| :b € S,,w € S,.}
= Sup{| (ba,w)| : b ES,, w € S,.}
= Sup{|(a,wb)| :bES,,w € S,.}
< Sup{| (a,w)|: w € S,.} < llall,.

Therefore, llall, = llall ,».. Q.E.D.

COROLLARY 2. Let A, and A, be C*-algebras and T, and T, be densely defined
preclosed operators on A and A,. Then T, ® T, is preclosed on A, ® i, A,.

PROOF. Since ||, is reflexive and A < |- || ;,, by Theorem 2, T, ® T, is
preclosedon 4, ® ;. 4,. Q.E.D.
In fact, Corollary 2 gives another proof of Theorem 1.
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