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RESTRICTION OF SPHERICAL REPRESENTATIONS
OF PGL, (Q,) TO A DISCRETE SUBGROUP

ALESSANDRO FIGA - TALAMANCA AND MASSIMO A. PICARDELLO

ABSTRACT. We study the action on the homogeneous tree associated with PGL,(Q,,),
of a suitably chosen discrete subgroup which is isomorphic to Z,* - -- *Z, and is
cocompact. We prove that the spherical representations of PGL,(Q,) remain
irreducible when restricted to this subgroup.

Introduction. P. Cartier’s combinatorial approach to the theory of representations
of PGL,(Q,) (the two by two projective linear group over a p-adic field Q,) is
based on the realization of the group as a group of isometries of a homogeneous tree
T of order p + 1 [5]. One defines a boundary Q of T and a probability measure on &
by means of the simple random walk. The action of PGL,(Q,) on 7 induces an
action on £, and the measure » is quasi-invariant with respect to the action of
PGL,(Q,). That is, letting »,(E) = »(gE), the measure », is absolutely continuous
with respect to », and one may define a Poisson kernel as the Radon-Nikodym
derivative P(g, w) = dv,(w)/dv, for w € Q. Finally, if z € C, one defines the
spherical representations of PGL,(Q,), on the space of simple functions on £, by the
formula

(7,(8)¢)(w) = P*(g, w)¢(gw).

Spherical functions are then obtained integrating P*(g, w) over the boundary.

The same approach was more recently applied to certain discrete groups of
isometries of T. In particular (for a homogeneous tree of order p + 1), to the free
group F((p + 1)/2) on (p + 1)/2 generators, and to the free product Z,* - - - *Z,
(p + 1 times) of the two element group Z,. The graph naturally associated with
such a group can be put in one-to-one correspondence with T, in such a way that the
vertices of T correspond to the elements of the group. The action on T resulting from
left multiplication turns out to be isometric, simply transitive and without fixed
points. Spherical representation and spherical functions are then defined as above
and one proves that the spherical unitary representations are irreducible [S, 7).

On the other hand PGL,(Q,) contains discrete subgroups isomorphic to free
groups or free products. It is natural therefore to ask whether a direct connection
exists between the spherical representations of PGL,(Q,) and those of its discrete
subgroups.
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In this note we exhibit a discrete subgroup I' of PGL,(Q,), with compact
quotient, which is isomorphic to Z,* --- *Z, (p + 1 times) and which acts in
exactly the same way on its associated graph and on the tree of PGL,(Q,). The
latter group splits in the product of I' and the compact stabilizer of a vertex of the
tree.

Because spherical representations both in PGL,(Q,) and T are defined solely by
means of the group action on 7, this implies that the spherical representations of
PGL,(Q,) restrict to spherical representations of I'. In particular, irreducibility is
preserved under restriction to I' for the unitary spherical representations of
PGL,(Q,).

This result suggests a more general question, which is not explored in this note.
Let G be a reductive group and T' a discrete subgroup such that G/T has finite
volume. Let 7 be an irreducible unitary representation of G: when is the restriction
of « to I irreducible?

This question is unresolved even for the classical case of SL(2, R) with I" = SL(2, Z).
One does know that, if 7 is an element of the discrete series of SL(2,R), then 7|y, 5,
is not irreducible (no infinite discrete group can have an irreducible subrepresenta-
tion of its regular representation). On the other hand, if 7 is a spherical representa-
tion of SL(2,R), it is unknown, so far as we know, whether the restriction of 7 to
SL(2,Z) is irreducible. In fact, Helgason has shown that such a restriction is not
algebraically irreducible (see [8, §5.5]), although it still, of course, may be topologi-
cally irreducible (the usual sense of irreducibility). In our first corollary, we show
that 7| is irreducible when  is a unitary spherical representation of PGL,(Q ,) and
I is a particular lattice.

Spherical representations of PGL,(Q,) are described in [11] without reference to
trees. J. P. Serre’s original monograph [12] is the best reference for the general theory
of groups acting on trees. The harmonic analysis on trees with special reference to
p-adic groups was developed by P. Cartier in [3-5]. Spherical functions and spherical
representations of free groups are treated in [7, 8] (see also [6, 10]). This theory was
extended to Z,* --- *Z, in [2]. Other related references may be found in [8].

The tree associated with PGL,(Q,). Let K be the subgroup of SL,(Q,) consisting
of matrices with entries in the ring @, of p-adic integers. Let w = () 7) and
K’ =wKw! C SL,(Q,). We introduce a tree of cosets as follows. The vertices are
the cosets { gK: g € SL,(Q,)} U {gK": g € SL,(Q,)}. Two vertices belong to the
same edge if their intersection is nonempty [1, p. 262]. On this tree SL,(Q,,) acts by
left multiplication. The stabilizer of a given vertex under this action is a subgroup of
the type gKg ™' or gK’g"!, with g € SL,(Q,). Thus

{gKg‘I: g€ SLZ(QP)} v {gK’g’I: gE SLZ(QP)} = {gKg‘I: g€ GLZ(QP)}

can be identified with the set of vertices of a tree T isomorphic with the tree of
cosets. The group GL,(Q,) acts on T by conjugation: the scalar matrices act
trivially, and therefore PGL,(Q,) is isomorphic to a group of isometries of T.
Denote by | |, the p-adic norm, and let Ky = K N K’ = {(¢]) € K: |c|, < 1}. The
index of K, in K, and in wKw™, is p + 1. Let a5 = (7)) and a; = (}7), for
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j=1...,p. Then a;K,, j=0,...,p, are distinct cosets of K, in K, and K =
UP_oa,K, (a, € K, and a,K, = K,). The nearest neighbors of K are the p + 1
distinct vertices a;wKw™'a;',j = 0,...,p, because K N a wKkw™' = a,K,,.

The tree associated with Z,+ - - - *Z,. We consider the free product ' = Z* - -
*Z, of p + 1 copies of the two element group Z,. We define a tree as follows: let
{xg, x1,...,x,} be a given set of generators of I' satisfying sz =e. We let the
vertices of T be the elements of I'. Two elements x, y € T belong to the same edge if
x = yx;, for some j=0,...,p. The nearest neighbors of the identity e are the
generators {x,,...,x,}. Every element of T' can be written uniquely as a reduced
word in the generators x;, 0 < j < p, therefore T'is a tree [2, 12].

The group T acts isometrically on T by left multiplication.

THEOREM. There exists a closed discrete subgroup I' of PGL,(Q,) isomorphic to
Z,x --- sZ, (p + 1 times), and such that the action of T on the tree of PGL,(Q,)
coincides with the action of Z,x - - - xZ, on its associated tree, as described above.

PROOF. Let " be the subgroup of PGL,(Q,) generated by x; = awa;',j = 0,...,p,
so that x;Kx j‘l =a ijw'laj’1 are the nearest neighbors of K in the tree T associated
with PGL,(Q,). Observe that x,Kx,' = wKw™!, since wlaw=(51) € K. We
show that T acts transitively on 7, in other words that I' carries, under conjugation,
K into any other vertex gKg™! of T. Let gKg™! be a vertex of T. If gKg™' has
distance one from K then

gKg™' = awkw™'a;! = ajwa;'Kawla;! = x;Kx;!

for some j = 0,...,p. By induction, suppose that gKg™! € {xKx™': x € T'} for
every g € PGL,(Q,), such that gKg™" has distance n — 1 from K. Now let gKg™
have distance » from K. Then there exists an element of the type x;Kx j'l which has
distance n — 1 from gKg~'. It follows that x; gKg'x; has distance n — 1 from K,
and, by induction hypothesis, xj'gKg~'x; = xKx™! for some x € I'. Therefore
gKg™' = x;xKx7'x;!, and x;x € I. We show now that xKx™' = K, for x €T,
implies that x is the identity. Let x € T, x # e. Write x = Xt X, and x! = x;,
-++ x; with j; # j,; this is possible since x; = xj‘l. Suppose that xKx ! = Xj e
x;Kx; --- x, = K,andlety, = x; --- x;. Then the sequence K,y Ky, .y, Kyt
is a loop in T. The loop must be trivial because T is a tree, and therefore, for some i,
Vi1 Ky = »i-1Ky7y- Thus

-1 _ -1 _ -1
yixj,-HKxjiHyi =) Ky = Yixj,Kxj,Yi .

Therefore x; Kx; = = x;Kx;, which implies x; = x;. This contradicts the hy-
pothesis that j, # j,, ,. We have thus proved that the map x — xKx ™! is a bijection of
T onto the vertices of T, and also that T is isomorphic to the group of reduced words
in the generators x,,...,x,, that is T' is isomorphic to the free product of p + 1
copies of Z,. Under the correspondence x — xKx~!, left multiplication on T,
x — yx, corresponds to the action y(xKx~')y~! on the tree. This shows that the

action of T on its associated graph is the same as the action of I' on T. Finally, let
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G, = {g € PGL,(Q,): gKg™' = K }. Then G, is open and compact and the proof
above shows that G, N T' = {e}. This implies that I is discrete and that PGL,(Q,)
= Gor .

COROLLARY. Let w be a unitary spherical representation of PGL,(Q,). Then the
restriction of m to the discrete subgroup T is irreducible.

PROOF. The corollary follows from the fact that unitary spherical representations
of Z,* - -- +Z, are irreducible [2].

The next result could be obtained directly, adapting the techniques of [9]. It is also
a consequence of the corresponding result for PGL,(Q,), which was proved in [11].

COROLLARY. Let 0 < Rez < 1 and let w, be a spherical representation of Z,*
*Z, (p + 1 times), as defined in [2). Then =, is uniformly bounded.
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