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NONCONTRACTIVE UNIFORMLY LIPSHITZIAN SEMIGROUPS
IN HILBERT SPACE

DARYL TINGLEY!

ABSTRACT. It is shown that any k-Lipshitzian, k < 7/2, noncontractive
commutative semigroup acting on a closed bounded convex set in Hilbert space
has a common fixed point.

1. Introduction. Let ¥ = {f,|a € A} be a semigroup of mappings of a metric
space (M, d) into itself. The semigroup ¥ is said to have a fixed point if there exists
zo € M with f,(zo) = zo for all & € A, and ¥ is said to be uniformly k-Lipshitzian
if for each z,y € M and each o € A,

d(fa(2), fa(y)) < kd(z,y).

7 is said to be left reversible if every two right ideals of 7 have a nonempty inter-
section (i.e. for f,g € 7, fFNgF # 0). Commutative semigroups, and in particular
{f™ n=0,1,...} for some function f, are left reversible.

In [4] Goebel, Kirk, and Thele showed that if X is a Banach space with §(1) > 0
(where 6 is the modulus of convexity function) then there is a constant kj > 1
such that any left reversible uniformly k-Lipshitzian semigroup 7, k < kg, acting
on a closed bounded convex set K in X has a fixed point. Clearly there is a
maximum choice of kj which we call ko. In [4] it was shown that for Hilbert space
(X), v/5/2 < ko < 2. Downing and Ray [3] improved this estimate of ko, for Hilbert
space, by showing that /2 < ko while in [1], Baillon has an example (presented
here in §2) which shows that ko < 7/2. (Lim [6 and 7] has improved the results of
(4] for the LP spaces.)

In this note we show that under the additional assumption that ¥ be a noncon-
tractive (i.e. ||z — y|| < ||f(z) — f(y)| for each f € ¥ and all z,y € K) uniformly
(w/2 — é)-Lipshitzian (6 > 0) commutative semigroup, then ¥ has a fixed point.
The example of Baillon, showing that ko < m/2, is noncontractive (this is proven
in §2 of this paper), hence 7/2 is the exact value of ko in the case of noncontractive
commutative semigroups. We note that the example in [4] showing that ko < 2 is
also noncontractive.

2. In this section we present Baillon’s example [1] of a noncontractive uniformly
7/2-Lipshitzian semigroup of mappings of a closed bounded convex subset of [2
which contains no fixed point.
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Let S be the shift operator. That is, S((z1,22,...)) = (0,z1,22,...). Let
er = (1,0,0,...) and K = {z € I%: = = (z1,72,...),||7|| < 1,2, > 0,s = 1,2,...}.
Define f by

_ T . (T S(z)

§(@) = cos (2l ) ex +sin (=) T
Several properties of f are immediate,
(2.1) |f(z)]| =1 forallzeK.
(2.2) If ||z] =1 then f(z) = S(z).
(2.3) f"(z) = S™1f(z) (from 2.1 and 2.2).
If f(z) = z(z € K) then z = f%(z) = Sf(z) = S(x). Since S(z) = = implies that
z =0, and f(0) = (1,0,...), f has no fixed points. Once it is estabished that
(24) Hz—yil <) =Ffll <=/2llz—yll, =zyeK,

the semigroup ¥ = {f™ | n = 1,2,...} is readily seen to be noncontractive uniformly
w/2-Lipshitzian with no fixed points. Note that the second inequality of 2.4 is strict,
so 7/2 is a strict Lipshitz constant for 7.

The fact that 7 is noncontractive has not been mentioned in the literature, we
believe, and as it shows that the constant 7/2 in our main theorem is the “best
possible”, we present a brief proof (due to the referee).

PROOF THAT ¥ IS NONCONTRACTIVE. We readily compute that

17(2) ~ F@)I” ~ e~ 911 = (cos (5 el ) — cos (Z 1))
2
o (3t = o sin (3|~ e -l
=2 = 2cos (Zllell) cos (3 l1yll) = (=l + llyl?)

#2202 {1el Il — sn (e i (G101

The well-known inequality sint > 2t/ (for 0 < t < m/2) shows that the expression
in curly brackets is less than or equal to 0, thus replacing (z/||z||,y/|ly|]) by one,
we get

™
1£(z) = f@II* ~ llz — ylI* > 2~ 2cos 3 Uzl = liyll) = (=l - llyl)?
Lo
= 4sin’ 7 Uzl =iyl = (=l - lyl)?.
A final appeal to sint > 2¢/m shows that this is nonnegative. O

3. In this section ¥ shall denote a Hilbert space, K a closed bounded convex
set of ¥, S a subset of K, f: K — K a noncontractive function, and 7: K — K a
noncontractive commutative semigroup. We show that if ¥ is uniformly (7/2 — §)-
Lipshitzian, § > 0, then 7 has a fixed point.

Let S C K. Then S is bounded, as K is. For z € ¥ define

(3.1) r(S,z) = sup{|jz — s||: s € S},
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(3.2) r(S) = inf{r(S,z): z € ¥},

and let ¢(S) be the unique point of ¥ such that r(S,¢(S)) = r(S). Equivalently,
¢(S) is the unique point of ¥ such that B(c(S),r(S)) 2 S (where B(z,r) denotes
the closed ball about z of radius 7). The point ¢(S) is called the Chebyshev center
of S. When no confusion arises, let r(z) = r(S,z), r = r(S) and ¢ = ¢(S). It is
well known and easily shown (cf. [5]) that ¢(S) lies in the closed convex hull of S
(denoted ©o(S)) and hence is in K.

LEMMA 3.1. Forz e X, r? + |c — z||? < r¥(2).

PROOF. To simplify notation, assume that ¢ = 0. Then |y|| < r for all y € S.
For a contadiction, suppose that

_ 4 |z)? - r¥(2)

2||z||
and let z = ez/||z||. We claim, then, that 72(z) < r2 — 2. To see this let y € S,
and consider the two cases (y,z/||z|]) > € and (y,z/||z||) < €. In the first case a

straightforward calculation shows that ||y — z||2 < 72 — £2. For the second case the
cosine law shows that

>0

ly = 2% = lly = 21> = = - 2II* + 2(y — 2,2 — 2).
It can now be shown that (y — 2,z — z) <0, hence
ly = 2lI* < r*(z) — |z - 2||*.
Using the definition of ¢ this then yields
ly = 2]|* <r? - €2

Thus r2(z) < r2 — €2. However this contradicts the definition of ¢, and hence
the lemma has been established. O

LEMMA 3.2. For every S C K, sup{r(T): T C S and T is finite} =r.

PROOF. Assume there is an r' < r such that r(T') < r’ for every finite set T C S.
The finite intersection property then shows that () ¢ B(z,r') # 0, implying that
r =7(s) <’ a contradiction. O

THEOREM 3.3 (KIRSZBRAUN). Let {z;: ¢ € I} and {y;: © € I} be sets in ¥
and {r;: 1t €1, r; > 0} be a set of real numbers such that
lzi =zl < llye —wsll (g€
Then . .
m B(z;,r;) =0  implies n B(yi,r:) = 0.
el i€l
PROOF. [8, p. 47].
LEMMA 3.4. For each S C K, r(S) < r(f(S)).
PROOF. For a contradiction, assume that ¢ = r(S) — r(f(S)) > 0. By the
definition of r(S),
() B(s,r(S) —¢) = 0.

seS
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As f is noncontractive,
1f(s1) — f(s2)|l = |ls1 — s2|| for all 51,82 € S.
Kirszbraun’s theorem implies that
0= B(j(s),r(S) —€) = [ BU(S),7(f(S)) = {e(/(5)}
seS s€S
leading to a contradiction. O

LEMMA 3.5. Assume that S C K satisfies f(S) € S. Then r(S) = r(f(S))
and ¢(S) = ¢(£(S)).

PROOF. Because f(S) C S we have r(f(S)) < r(S). On the other hand Lemma
3.4 shows that r(S) < r(f(S)). Hence r(S) = r(f(S)). Now
f(8) € S € B(c(8),r(8)) = B(c(S),r(£(5)))-

However ¢(f(S)) is the unique point in ¥ such that B(c(f(S)), r(f(S))) € f(S).
Thus ¢(S) = ¢(f(S)). O

LEMMA 3.6. Let S C K satisfy f(S) C S. Then for each z € K, ||f(z) —
(S = llz — ()]l

PROOF. From Lemma 3.5, ¢(S) = ¢(f(S)) and r(S) = r(f(S)). Letting ¢ =
¢(S) and r = r(S), assume for some z € K that [z — c|| > [f(z) —c|. Let
€=z —cll = f(z) —c|l. Now N,es B(s,7) = {c}, so

¢= () B(s,r) N Bz, ||z —c| ).
SES
By Kirszbraun’s Theorem (Theorem 3.3)
¢ = B(f(5),r) NB(f(2),[If(z) = cll) = {c}-
sES
Thus we have a contradiction, hence

lz—cl|l <|lf(z) —cl. D
If # = {fa: @ € A} is a commutative (or left reversible) semigroup then the set
A can be directed as follows. For o, 3 € A define
a<p ifandonlyif fo 7 D f37.
Thus for each z, 7(z) = {fo(z): @ € A} is a net. Also, without loss of generality
when finding fixed points, it may be assumed the identity is in ¥.

COROLLARY 3.7. If ¥: K — K s a commutative semigroup of noncontractive
mappings, K a closed bounded convezx set in ¥, and 7: S C K — S then for a > 3,

fa(z) = c(S)II > [1fp(x) = c(S)]l
for eachz € K.

PROOF. Because foF 2 f3¥, and the identity is in 7, fg = fofy, 1 € 4,
and as ¥ is commutative, fg(z) = fy(fa(z)). The corollary follows from Lemma
36. O

REMARK. This corollary is the only point in our argument where the com-
mutativity of ¥ is used. If ¥ were right-reversible, rather than commutative, the
corollary would be valid.
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LEMMA 3.8. For every € > 0 there is a finite subset T C S such that ||c(S) —
c(f(T))|| < € for every noncontractive function f with f(S) C S.

PROOF. Let € > 0 be given. Lemma 3.2 shows that there is a finite subset
T C S with r2(S) — 72(T) < €%. Let f be an arbitrary noncontractive function
with f(S) C S. From Lemma 3.1, we have

r2(f(T) + e(f(T)) = e(S)II? < r*(f(T),(S)) < ().
Lemma 3.4 shows that »(T') < r(f(T)), so
r(T) + le(S) = c(f(T))|I* < r*(8).
Hence ||¢(S) — ¢(f(T))|| < €, establishing the lemma. O

LEMMA 3.9. Let € > 0 be given. Then there is a finite subset T C S such
that for every linear functional h, ||h|| = 1, and each noncontractive function f
satisfying f(S) C S it is true that for some z € T,

h(f(2)) = h(c(S)) <e.

PROOF. By Lemma 3.8 there is a finite subset T C S such that for every
noncontractive function f, ||c(S)—c(f(T))|| < €. As has been mentioned, ¢(f(T)) €
co(f(T)), hence for some z € T, h(z) — h(c(f(T))) <0. Thus

h(z) = h(c(8)) < h(c(f(T))) — h(c(S)) <e. O

By an arc v in ¥ (or any metric space) we mean the image of a function v: [a,b] —
X for some interval [a, b] of R. The length of an arc may be defined by purely metric
means, without any differentiability assumption. We refer the reader to a book on
metric geometry such as [2] for a discussion of arcs and their lengths. Let [(v)
denote the arclength of (the image of) ~. If f satisfies

killz =yl < [1f(2) = F)]l < kallz -yl

and ~ lies in the domain of f, then f o~ is an arc and

kil(y) <UF(v) < k2l ().
LEMMA 3.10. Let ~(t), a <t <b be an arc satisfying
(v(a),¥(b))
—— - < cosé, 0<6<m,
(@)l v (Bl
and ||¥(t)|| > d, t € [a,b]. Then the length of y is at least d - 6.

PROOF. Let P be the projection of ¥\{0} onto the sphere of radius d, defined
by P(z) = d- z/|z|. Certainly P is nonexpansive on {z € X: ||z|| > d} so
[(P(v)) < I(v). However P(~) is no shorter than the geodesic on S joining P(v(a))
to P(~v(b)), whose length is at least d- 6. O

THEOREM. Let 7 = {fo|a € A} be a commutative semigroup (with identity) of
self-mappings of a closed bounded convex set K in a Hilbert space X. Assume that
for some § >0,

Iz —yll < llfalz) = fa@) < (/2 = 6)llz —yll.
Then ¥ has a fized point.
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PROOF. Let zo € K be arbitrary, o = fo(zo) and S = {z,|a € A}. Note
that fo(S) C S for all @ € A. Let ¢ = ¢(S), r = r(S). As mentioned earlier, ¢ €
Co{zq: @ € A} C K (see [5]). Let [c,z4] denote the arc {y: y = AM(c)+(1—A)zq, 0 <
A < 1}. We now show that for some z € J,c4lc, Za), llc — falz)|| < (1 - 6/m)r,
for all a € A.

Clearly if r = 0, then z may be taken to be ¢ (which is a fixed point of 7).
Thus, for a contradiction, assume that r > 0 and that sup{||c — fa(z)||: a € A} >
(1=6/m)r for all z € Uy ale, zal-

Let € > 0 be given. By Lemma 3.9 choose a finite set T C S such that for any
a € A, and any linear functional h, ||h| = 1, thereis a z € T with h(fo(2)) —h(c) <
€. Since |J erle, y] is compact, Corollary 3.7 implies that for some 7 € A and for

every z € U,crle, y),

w—num>0-§>n

o= (=)

and let z € T satisfy h(f,(z)) — h(c) < €. Thus

fe)—c  fa(z)—c ‘
(= T2 =) <o

Hence angle f,(c)cfy(z) is greater than cos™!(e/(1 — §/m)r) and by Lemma 3.10

1(f e, 2]) > <1 - f-r) rcos—! (ﬁﬁ) .

As € > 0 was arbitrary, it must be that

Define

(3.3) sup{l(fylc,2]): n€ A,z€ S} > <g — g) T.

However, as || f(z) — fo(y)|| < (5 = 6)|lz — y|| for all 2,y € K and n € A, then for
eachneAand z€ S,

(3.4) Wil a) < (5 -8)le—2l < (5-6)r

Combining 3.3 and 3.4, we reach the desired contradiction, and conclude that for
some = € |, ¢ 4l¢, Tals

lle = fa(z)|l < (1 — %) r for all a € A.

Let yo € K be arbitrary and let r = 7({fa(y0): « € A}). Assume that for
n < k, yn has been defined so that

. 6 n—1
(35) -l <2(1-2) 7

and

(3.6) r{fa(un): @€ A} < (1 _ g)nr
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Using the above argument with zo = yx—1 we find a point y, = z such that

— 5 k
(3.7 {falye): @€ A} C B <C({fa(yk_1): a € A}), <1 - ;> r) ,

and hence (3.6) is satisfied with n = k, and

(38)  lluk — clfalue—1): @ € A}] < (1 . g)k < <1 _ é) .

(recall we assume that 7 contains the identity). Also,

(3.9) |lyk-1 — c{falyr_1): a € A} < r({falyk—-1): a € A}) < (1— f;) o

Hence 3.8 and 3.9 together show 3.5 is satisfied with n = k.

We conclude, using the continuity of the f,, that {y,} is a Cauchy sequence,
and its limit is a fixed point of #. O

REMARK. The above theorem holds for a right reversible, rather than commu-
tative, semigroup. See the remark following Corollary 3.6.
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