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SELFADJOINTNESS OF
*-REPRESENTATIONS GENERATED BY
POSITIVE LINEAR FUNCTIONALS

A. INOUE

ABSTRACT. The first purpose of this paper is to prove that 7, is selfadjoint when 7 is
selfadjoint and , is bounded, where 7 is the sum of positive linear functionals ¢, ¢
on a *-algebra &/ and =, m, and m, are *-representations generated by 7, ¢ and ¥,
respectively. The second purpose is to prove that , is standard, where ¢ is a positive
linear functional on 2/ such that there exists a net { ¢, } of positive linear functionals
on & satisfying ¢, < ¢, m, is bounded for all « and lim, ¢,(x) = ¢(x) for each
x €.

1. Introduction. Unbounded operator algebras are important in connection with
quantum field theory, the representation of Lie algebras and so on. This fact has led
a number of mathematicians to start studying algebras of unbounded operators
(Borchers, Uhlmann, Lassner, Powers, Schmiuidgen, Gudder, etc.). In particular,
Powers introduced the notions of closed hermitian and selfadjoint representations in
analogy with the notions of closed, hermitian and selfadjoint operators, respectively;
and further he introduced the notion of standard representation which is stronger
than that of selfadjoint representation. The notions of selfadjointness and standard-
ness have been indispensable in order to study unbounded representations in detail.
However, since one difficulty lies in the judgement of selfadjointness and standard-
ness, it seems worthwhile to study these questions. From this view point, we have
attacked this problem [4, 5, 9].

In this paper we obtain some results with respect to the selfadjointness and
standardness of *-representations generated by positive linear functionals.

Let ¢ be a positive linear functional on a *-algebra .« with identity e. The
well-known GNS-construction yields a triple (7, A ¢ 9g), where 7, is a closed
*-representation of &7 on a Hilbert space $,, and A, is a linear map of &/ into the
domain 2 (7,) of 7, satisfying: A ,(.%7) is dense in 2 (7, ) with respect to the induced
topology t,, and Ay(xy) =7 (x)A,(p) for all x, y € o/ [7]. Let ¢ and ¢ be positive
linear functionals on &7and 7 = ¢ + . As an analogy of the well-known fact in the
operator theory, we obtain that if =, is selfadjoint (resp. standard) and =, is
bounded, then , is selfadjoint (resp. standard). Further, we obtain that =, is
selfadjoint if and only if 7, is standard when 7, and 7, are standard.

Received by the editors February 27, 1984.
1980 Mathematics Subject Classification. Primary 47D40, 46K10.

©1985 American Mathematical Society
0002-9939 /85 $1.00 + $.25 per page




644 A. INOUE

We next consider a positive linear functional ¢ on .2 such that there exists a net
{¢,} of positive linear functionals on &/ satisfying ¢, < ¢ for each a and lim , ¢, (x)
= ¢(x) for each x € &/. Suppose 7,_is bounded for all a. Takesue proved in [9] that
if 7, is selfadjoint then it is standard. We obtain that 7, is always standard without
the assumption of selfadjointness of 7,. Further, we obtain that 7, is selfadjoint if

and only if =, is standard when =,_is standard for all a.

2. Preliminaries. We state some definitions and notation used in this paper. Let ¢
be a positive linear functional on a *-algebra ./ and (7,, A,, $,) the GNS-con-
struction for ¢. We now put

9(774,*)= nﬂ@(%(x)*), 7 (x)€ = m,(x*)*¢ forxed,ge.@(wg‘);

.@(wg‘*) =N 9(77:()()*), Ti*(x)é = af(x*)*¢ forxeo b€ .@(77;‘*).
xes
Then 7 is a closed representation of &7, but it is not necessarily a *-representation;
7t* is a closed *-representation of &7 ; m, C m}* C 7%, where m; C 7, means that &
(m) C @D (m,) and m(x)§ = my(x)§ for all x € and § € D ().

We define the notions of bounded, standard and selfadjoint representations as
follows: =, is said to be bounded if 7,(x) is a bounded operator on 9, for all
x € ; m, is said to be standard if 7,(x)* = 7,(x*) for all x € &; 7, is said to be
selfadjoint if , = @}, It is clear that if 7, is bounded then it is standard, and if =, is

standard then it is selfadjoint.

3. Selfadjointness of the *-representation generated by the sum of two positive
linear functionals. In this section let ¢ and y be positive linear functionals on a
*-algebra &7 with identity e and 7 = ¢ + . We consider when =, is selfadjoint. The
following theorem is an analogy of the well-known fact in the operator theory.

THEOREM 3.1. Suppose that 7, is selfadjoint and m,, is bounded. Then 7, is selfadjoint.
PrOOF. We put
K, A (x)=A,(x) forxes.
Then K, , is extended to the bounded linear map of ©, into $,, which is also

denoted by K, ,. Similarly we define the map K, , of §, into §,. Since 7 = ¢ + ¢,
we have

(3.1) KXK,,+K*XK, =1,

where I denotes the identity operator on &,. Since 7, is selfadjoint and =, is
bounded, we can easily show that 7, (x)K, , > K, j7**(x) and 7w, (x)K, 6D

K, m¥*(x) for all x €. Since =, is bounded, it follows that =, (x)K, ,
= K, m**(x) = K, yn.(x*)* for all x € o. Hence we have

(3.2) K, m(x)" cm(x)K,,
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for all x € &7, which implies that

(3.3) Kréca(m(x)) and m(x)Kr&=Kxm(x)$

foreachx € & and § € $, . Then it follows from (3.1) that

(7, (NG (DIK, gn) + (7, ()N (D)K. yn)

= (Kx K, ()N (p)n) + (KX K, g ()N ()n)
= (m (X)X (»)n)
= (A, (D), (x)*n)
= (A ONK,gm, (x)*0) + (A (P)IK, g7, (x)*n)

for eachn € 2(m,(x)*)and y € «. By (3.3) we have

(7o (NG (DK, g1) = (A (P)IK, g, (x)*n)
forall x, y € &« andn € 2 (7, (x)*). Hence,
(3.4) "7¢(X)*K7.¢ - K7.¢7TT(x)*
for all x € &/, which implies that
(3.5) K*me2(m(x)) and = (x)K*m=K*m(x)n

for each x €/ and n € 9(m,). Take arbitrary n € 9(7*). By (3.4) we have
K, € 2(7,), and hence it follows from (3.3) and (3.5) that K*, K, ,n € D(7,)
and KX K, n € 9(m,), so that n = KX, K, . + KX K, ,n € D(m,). Hence, =, is
selfadjoint. This completes the proof.

As in the proof of Theorem 3.1 we can prove the following

THEOREM 3.2. Suppose m, and m, are standard. Then _ is selfadjoint if and only if m,
is standard.

By Theorems 3.1 and 3.2 we have the following
COROLLARY 3.3. Suppose m, is standard and m,, is bounded. Then m_is standard.

4. Standardness of *-representations generated by approximately admissible posi-
tive linear functionals. Let ¢ be a positive linear functional on a *-algebra ./ with
identity e. When 7, is bounded, ¢ is said to be admissible. If there exists a net { ¢, }
of admissible positive linear functionals on & such that ¢, < ¢ for each a and
lim, ¢,(x) = ¢(x) for each x € &, then ¢ is said to be approximately admissible.

Takesue proved in [9] that 7, is selfadjoint if and only if 7, is standard for every
approximately admissible positive linear functional ¢ on &/. In this section we show
that, for every approximately admissible positive linear functional ¢ on 2/, 7, is
standard without the assumption of the selfadjointness of .

THEOREM 4.1. Suppose that ¢ is an approximately admissible positive linear func-
tional on &/ . Then m, is standard.
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PROOF. Since ¢ is approximately admissible, there exists a net {¢,} of admissible
positive linear functionals on &/ such that ¢, < ¢ for each a and lim ,¢,(x) = ¢(x)
for each x € &7. Since Ty, is bounded for each a, it follows that

(4.1) Ty (X)*K g 4, D Ky 4,7, (x)"

for each a and x € . Since ¢, < ¢ for each a and lim,¢,(x) = ¢(x) for each
x € o/, we see that K}, K, , converges weakly to the identity operator I on 9.
Take arbitrary x € 7. Since

(7o (x)*€1K g om) = (Kq.p,me(x)*EI)
= ('”%(x)*Kwtbuﬂ")
= (ﬂKf%'”m(x)")

for each § € 2(7,(x)*),n € §,_and a, it follows that
(4.2) K}, € 9( 7r¢(x)) and 7r¢(x) K}, thenn=Kx 7, (x)n
for each @ and n € 9§, , which implies that

(4.3) —7;("—)1{:.%1(4».4».,5 = KoM (X) Ky 08

(by (4.1))

_ (by(a1)
=KJ K,y o my(x*)76
for each £ € 2 (7,(x*)*) and a. Hence it follows that
(7, (x)*¢18) = lim (7, (x)*$1K 2 Ky o)
Jppp— (by (4.2))
= liin(“ 7y (x) K:,%K%%g)
(by (4.3))

= li;n(§|K;¢aK¢.¢.."’¢(x*)*§)

= (§|'”¢(x*)*§)
for each { € 9(7,(x)*) and £ € D(m,(x*)*), which implies that 7, (x) = 7,(x*)*
for each x € &. This completes the proof.
As in the proof of Theorem 4.1 we can prove the following

THEOREM 4.2. Suppose ¢ is a positive linear functional on s such that there exists a
net {¢,} of positive linear functionals on o satisfying: m, is standard for each a,
&, < ¢ for each a, and lim , ¢,(x) = ¢(x) for each x € o/ . Then 7, is selfadjoint if
and only if m, is standard.
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