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PINCHING THEOREMS OF SIMONS TYPE FOR
COMPLETE MINIMAL SUBMANIFOLDS IN THE SPHERE

PAN YANGLIAN!

ABSTRACT. In this paper the author proves some pinching theorems of Simons type
for complete minimal submanifolds in the sphere, which generalize the relative
results by Simons and Yau.

In this paper we first prove a pinching theorem for complete minimal submani-
folds in the sphere, which has been proved by J. Simons [4] in the compact case.
Namely, if M" is a complete submanifold in the sphere $”*7, and if the square of
the length of the second fundamental form of M" is not greater than n/(2 — 1/p),
then M" is totally geodesic. When p = 1, this theorem has been proved by T.
Hasanis [2].

Furthermore, it turns out that many pinching theorems in Yau’s paper [5] can be
proved to be still true for the complete case in the same way.

1. Local formulas and basic lemmas. Let M” be an n-dimensional manifold in the
Euclidian unit sphere S$"*?. We choose a local field of orthonormal frames
€15 1€p...r€,,, in S"TP such that, restricted to M", the vectors e,...,e, are
tangent to M". Let w,,...,w, be the field of dual frames. We shall make use of the
following convention on the ranges of indices: 1<, j, k,...<n, n+ 1<
a,B,7,...< n+ p; we shall agree that repeated indices are summed over the
respective ranges.

We denote the second fundamental form of M" by ¥, ; h{ww;e,. The square of
the length of the second fundamental form is defined by S = X, ; j(h;’j)z.

We call H = (1/n)Z, ;hj;)e, the mean curvature vector. M" is said to be a
minimal submanifold if H = 0 and a submanifold with parallel mean curvature if
the normalized mean curvature vector is parallel in the normal bundle of M".

The following equality is well known:

(1) R = (8,8, — 8,8,) + X (hihs — hihs),

a

where R, ,, are the components of the curvature tensor of M".
The following two lemmas are basic for our aim.
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LEMMA 1. Let M be a complete Riemannian manifold whose sectional curvature is
bounded from below, and let f be a nonnegative C*-function on M bounded from above.
If there exists a positive constant ¢ such that & f > cf holds, where Af is the Laplacian

of f, then f = 0.

PROOF. Otherwise, for a point p, f( p) > 0. According to Omori’s Theorem A’ in
[3], there exists another point g such that f(¢q) > f(p) > 0 and Af(q) < ¢f(p). On
the other hand, A f(q) > ¢f(q) = ¢f(p). This is a contradiction.

LEMMA 2. Let M" be an n-dimensional submanifold in the sphere S"*?. If the square
of the length of the second fundamental form of M" is bounded from above, then the
sectional curvature of M " is bounded from below.

PROOF. Let X = L Ne;, Y = L p'e, be any two orthogonal unit vectors of 7,(M").
From (1) the sectional curvature determined by X and Y is equal to

Q) RN = SOVE (W) (S

. (hmw)(h;wu')—;(Zhw )

i, j.k.d
2
-1 T () () - Z( S|
a,i,j.k.d a

For fixed a we choose orthonormal frames such that 47,a§; .. Thus,

(3) (Zh")\‘ ) = (;a;wp")zg nS
and

@ £ (h00) ) = Zarar ()
i

ijkl

Since ,(a%)? < S, we have
(5) atay > -3((ap)* +(a2)’) > -5/2.
Thus, we obtain from (4) and (5),

(6) Z (hka}"}‘k)(h,/l‘ ) Za;’af(}\’pf)z Z(}" j)

ij.k.d i+) i#)
Sn(n-1)
A
Noting that the estimations (3) and (6) hold for each index a, we conclude
(7) Rijklxl"j)\kﬂl >1-CS,

where C is a positive constant. The lemma follows from (7).
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2. Results. Now we can state our result as follows.

THEOREM 1. Let M" be an n-dimensional complete minimal submanifold in the
sphere S"*P. If S < n/(2 —1/p)— € for a positive constant ¢, then M" is totally
geodesic.

PROOF. In this case, referring to [4, 5.31 and 5.32, p. 93], we have
aS>8Sn—-2-1/p)S)> (2 - 1/p)eS,
and the sectional curvature of M" is bounded from below by the assumption and
Lemma 2. Applying Lemma 1, we complete the proof.
Referring to the corresponding proofs in [5] and using our lemmas in the same
way as above, we can easily obtain the following theorems, which are proved by S. T.
Yau in the compact case.

THEOREM 2. Let M" be a complete minimal submanifold in the sphere S"*?. Suppose
the sectional curvature of M" is everywhere not less than (p — 1)/(2p — 1) + ¢ for a
positive constant €. Then M " is totally geodesic.

PROOF. Since the sectional curvature of M" is bounded from below and M” is
minimal, we deduce from R = n(n — 1) — S that S is bounded from above. The rest
of the proof is identical to that of [5, Theorem 15, p. 95].

THEOREM 3. Let M" be a complete minimal submanifold immersed in the sphere
S"*P_ Let K(x) be the function which assigns to each point of M" the infinimum of the
sectional curvatures of M" at that point. If S > pn(1 — 2K)—¢(or S = pn(1 — K)
— & when K < 0) for a positive constant e, then either

(1) S is unbounded from above, or

(2) M" is totally geodesic.

PROOF. Refer to [5, Theorem 12, p. 89] and use Lemmas 1 and 2.

THEOREM 4. Let M" be an n-dimensional complete submanifold with parallel mean
curvature in the sphere S"*? withp > 1. If 3+ n/? —(p—-1)")S<n—c¢fora
positive constant e, then M " lies in a totally geodesic S"*'.

PROOF. Refer to [S, Theorem 8§, p. 78] and use our lemmas.
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