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A NOTE ON FREE PRODUCTS
OF LINEAR GROUPS

ZBIGNIEW S. MARCINIAK

ABSTRACT. For a field K, let K denote its algebraic closure. Assume that

\K : K\ = oo. Then for any linear groups G,H Ç GLn(íf) their free product

G * H can be embedded into Ghff(K(t)). Here N is an integer depending on

K only and t stands for an indeterminate.

If K is a field, let K denote its algebraic closure. We are going to prove

THEOREM. Let G,H C GLn(Ä") be subgroups such that all entries of matrices

g G G, h G H lie in a subfield Ko Ç K with \Kq : Kq\ = oo. Then the free product
G * H can be embedded into GLN(K(t)). Here t is an indeterminate and N is an

integer depending on Ko and n only.

We need two lemmata.

LEMMA A. Let L be a field satisfying \L :L\ = oo. For any integer m there

exists a € L such that degL a > m.

PROOF. If L is separable over L it follows from the Theorem of Primitive

Element [1, Chapter VII, §6, Theorem 14, p. 185]. If not, i.e. if L is not perfect,

say a € L\LP, then the elements o1//p, o1//p ,... have degrees p,p2,... over L.    D

LEMMA B.   Let L be afield satisfying \L: L\ = oo. If S Ç GLn(L) is a subgroup

with S fi L • ln = {ln}, then there exists an embedding S Ç GLn(L) such that

(i) \L :L\ < oo,
(ii) for any s 6 S\{1}, Sij ^ 0 for all i,j.

PROOF. Choose a matrix x = {xíj) of indeterminates and consider xSx-1 Ç

GLn(L(xij)). Since any s E S\{1} is a nonscalar matrix we get by [3, Theorem

2.13] that all entries of xsx-1 are nontrivial elements of L{xij). Moreover, each

entry of xsx"1 is of the form p(xij)/ det x where p is a polynomial of degree not

exceeding n. In particular,

xSx'1 Ç GLn(L[xij, (detz)-1]).

Now, applying Lemma A n2 times, we find a sequence of simple algebraic exten-

sions, each of degree > n over the previous field

L Ç ¿(an) C L(axx,ax2) Q ••■ Q L(axi,. ■ ■ ,ann) = L.

Before we conclude the proof let us make a

REMARK. If p e L[xij] is a nonzero polynomial and degp < n, then p{a{j) ^ 0.

It is clear from the construction of L.
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Consider the L-algebra homomorphism <f>: L[xij] —> L defined by <¡>{xíj) — üíj.

It factors to
<j>: L[xi:j,(detx)- ] -? L

as degdet = n (see Remark). It defines

<j)t: GLniLlxij^detx)-1}) - GLn(L).

From the Remark it follows that each entry of xsx-1 is mapped by <\> onto a nonzero

element, so in particular <f>*\S is an isomorphism. Thus <f>*{S) Ç GL„(¿) is the

required embedding.    D

PROOF OF THE THEOREM. Let G,H Ç GLn(K0) be subgroups with K0 Ç

K, \Kq- Ko\ = oo. Let p+,p- denote the natural embeddings GLn(ifo) —*

GL2n{Ko),

p+{a) =
a    0

0    1„
p-(a)

1»    0

0     a

Then G Sí P+(G), H £* p_(H) C GL2n{K0) and H n G = {l2n}.
Let 5 = {G, H) C GL2„(iï"o) be the subgroup generated by G U H. Consider

the image of S under the embedding GL2„(/C0) Q GL2n+i(.K"o), a i-> [«*]. Then

S nifo • l2n+l = {l2n+l}.

By Lemma B, we can embed S into GL2n+1(Ä"o) so that

(i) \K0: /CoI < oo,
(ii) for s G 5\{1}, all Sij ¿ 0.

This gives in particular embeddings G,H Ç S Ç GL2ri+i(/C0) with

(i) G H # = {!},

(ii) g G G\{1} =► ffl>2n+1 ¿ O,
(iii) h G ff\{l} =» fe2n+1,i ¿ 0.

These are precisely the assumptions of Shalen's Theorem [2, Proposition 1.3].  It

follows that the map

p: G * H -» GL2„+Ä[M-1])
defined by

G9<?

Í

0 i2n+1

■9-

f-(2n+l)

H 3 h>-^ h,

has the following property:

If o = p(gx)p(hx) ■ ■ ■ p(gr)p(hr) and all &, /i¿ / 1, then Trace(o) =

a ■ t2nr+ lower (possibly negative) powers of t; a/ 0.

Clearly, p is an embedding oiGöH. Further, each element w of G * H\{GUH)

is conjugate to one in the form gxh\ ■ ■ ■ grhr with Qi G G\{1}, hi G i/\{l}. There-

fore, Tracep(u;) ^ Tracep(l), hence p(w) ^ 1. Thus p embeds G * H into

GL2n+i(Ä"o(i)). To finish the proof, notice that Ko(t) = Kn(t)(a»y) and so

|K0(i):/iCo(t)|= d<oo.
Therefore,

G*ffç GL(2n+1)d(Kb(í)) Ç GL(2n+1)d(/C(í)).   D
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REMARK. The value of N = (2n+l)d depends on the set of integers occurring as

degrees of elements of Ko over K0. In particular, if fío has irreducible polynomials

of all degrees we can take TV = (2n + 1) • (2n 4- 2)(2n+1) , as easily follows from [1,

p. 223]. I am indebted to the referee for this remark.

COROLLARY 1. Let K be a field such that \K: K\ — oo (which is equivalent to

K ¿ K(y/-£), see [1, p. 223, Corollary 2]). For any groups G,H Ç GLn(K), G *

H C GLN(K(t)).    O

COROLLARY 2. If G,H are finitely generated groups, K any field and G,H Ç

GLn(X), then G*HC GLN(K(t)).

_ PROOF.   Notice that an extension /C0 of a prime field by a finite set satisfies

\K0 :/Co| = oo.    D
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